
Statistics 431:
Statistical Inference

Lecture 3: ConÞdence intervals



Intr oduction

¥A point estimate (eg, sample mean     estimating population 
mean    ) could be very precise, or not at all.  CanÕt tell from just 
the number.

¥ Instead of reporting single estimate of    , can report a range of 
plausible values based on data:  a conÞdence interval for    .

¥Each CI has an associated conÞdence level, like 90%, 95%, ...

- the higher the conÞdence level, the more likely the CI is to 
contain

¥A wide interval implies we donÕt have a good handle on    ;  a 
narrow interval implies     is known precisely.

¥To Þnd the CI for a given conÞdence level, we need assumptions 
plus a probability calculation.
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Basics

¥To get started with the ideas, assume

1. population distribution is
2.      is known

¥Assumption (1) is sometimes reasonable; (2) almost never is, but 
weÕll relax it next lecture.

¥Observe:                                      , a sample of size

¥Our conÞdence level: 100   % (eg,    = .95 impl 95%)

¥DeÞne                  (    = .95 impl alpha = .05)

¥DeÞne     , the    th upper quantile of             (    = .05 implies
    = 1.64)
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¥Then:

¥Interlude: derivation at the board.

¥Therefore, a 100   % conÞdence interval for the mean    of a 
normal population (     known) is given by

¥eg, a 95% CI is

4

P
!

øX ! z!
2

á
"

"
n

< µ < øX + z!
2

á
"

"
n

"
= #

! µ
! 2

!
øX ! 1.96á

!
"

n
, øX + 1.96á

!
"

n

"

!
øX ! z!

2
á

"
"

n
, øX + z!

2
á

"
"

n

"



¥Befor e the data are observed:

- the CI is a random interval (in this case, centered at     )
- there is probability    that the observed CI will cover
- note:  center is random but width is not

¥After  the data are observed:

- the CI is a Þxed interval, determined by
- this Þxed interval either covers    or it doesnÕt (no probability 

statement applies)
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¥After the data is observed and a 95% CI is computed, nothing is 
random.

¥In particular,  .95 is not  the probability that the observed 
interval contains    :  the interval is now Þxed, not random, and
    is an unknown constant, not a random variable.

¥Meaning of .95: if I build 95% CIs from many independent 
samples of size    , then in the long run, 95% of those intervals 
will cover    , and 5% will not.
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ConÞdence vs. width

¥Higher conÞdence (good) = wider interval (bad)

¥The only way to get higher conÞdence and a narrower interval is 
to increase the sample size    .

¥For conÞdence 100   % and width     we need

(Again, we donÕt know     :  weÕll come back to this.)

¥Example: FisherÕs iris data had            ,              , 95% CI

CI width                                .
To achieve               on a new sample,
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¥If the answer     were small, weÕd treat it as very approximate, 
because we donÕt know the true    .
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Gener al der ivation of  CI

¥                  sample from distribution with unknown parameter

¥We Þnd a function                 whose distribution is known 
exactly (it does not depend on   ).

- eg, when           , and     known,                            has the
            distribution, no matter what value     takes on

- this function is called a pivot

¥Write                                          ;  we know that    and    do 
not depend on    (eg,               ,             )

¥Rearrange the event to get conÞdence statement

This is called pivoting.
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Der ivation of  CI: exa mple

¥                                 ;                                                   .

¥Can show                               has chi-square distribution with
     degrees of freedom,       . Since this is a known distribution 
(in particular, it doesnÕt depend on    ),                  is a pivot.
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¥So

implies

¥We pivoted                  to get the 100(1-    )% CI

 for   .
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Large-sa mple CIs

¥Up to now, popn distrn was            ,   , and     was known.

¥When     is large, we can get rid of both assumptions, and our 
previous CI for the popn mean     is still approximately correct.

¥Let                   be a sample from any distrn with unknown 
mean     and unknown variance     (both Þnite).

- Central Limit Theorem says
- so

¥We are back to our previous CI derivation.
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¥What about      ? Large sample also justiÞes substituting sample 
variance     for     . (When n is not large, this doesn Õt wor k : 
next lecture.)

¥Result:  approximate 100(1-    )% CI for     is

and this holds regardless of shape of popn distribution.

¥What is a ÒlargeÓ     ? Unfortunately, no universal answer. 
Certainly             is Òsmall,Ó not Òlarge.Ó             will sometimes 
(but not always) sufÞce.

¥The shape of the popn distribution does affect how large     must 
be for the approximation to work.

- eg, we already know that the approximation is exact if popn 
distribution is normal and      is known
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¥When we knew     , we could achieve CI width     using

samples.

¥With      unknown, we are out of luck: canÕt substitute     until 
we observe the sample, but we need to pick sample size before 
sample is observed.

¥Alternatives:

- make a guess about      based on other information
- draw a sample of arbitrary size, compute     , compute         , 

draw a second sample of size
- other such sequential methods (not part of this course)

Large-sa mple CI widths
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