Statistics 431.:
Statistical Irdrence

Lecture 3:Conbdence Interals



Intr oduction

¥ A point estimate (egsample mear® estimating population
meanp ) could beery preciseor not at all. Cantiell from just
the numbet

¥ Instead of eporting single estimate gi can eport a range of
plausible values based on dadazonbPdence int@&tfor .

¥ Each Cl has an associamzhbdenceve like 90%95%, ..

- the higher the conbPdenceve,the more likely the Cl is to
contain

¥ A wide interval implies w donthave a @od handle orn ;a
narow interval impliegt Is knon precisey.

¥ To bnd the Cl dr a given conbdence \el,we need assumption
plus a pobability calculation.



Basics

¥ To get stated with the ideasassume

1. population distribution isV(u, ! °)
2. ! %is known

¥Ass~umption (1) Is sometimegasonablg?) almost nger Is,but
weOllelax it next lectue.

¥ Obsene: X1, ..., Xn ! N(u,! ?) ,a sample of size
¥ Our conbdence bel:100: % (eg, = .95 impl 95%)
¥Debne! = 1! " ( =.95impl alpha = .05)

¥ Debnez the ' th upper quantile oN(0,1) ( =.05 implies
ll — 1.64)



¥ Then:

P Rl z1ad8 —<u< ¥+z2.8—= =#
2. n 2N

¥ Interlude:derivation at the boad.

¥ Therefore,a 100 % conbdence intal br the meanu of a
normal population [ > knan) is gien by

4]

Xl z1 & — B+ 7z & —
2 N 2 N

¥ eg,a95% Cl is

)4 1.96é"'—ﬁ, X+ 1.96:’51"'—ﬁ



¥ Befor e the data ae obsewned:

- the Cl is arandom intesal(in this casecenterd at X )
- there is pobability: that the obsered CI will coer p
- note: center is random but width Is not

¥ After the data ae obsewed:

- the Cl is aPed Intevaldetermined ly xg, ..., Xn
- this Pyed interval either caversp or it doesn@dno probability
statement aplies)



Mor e on inter pretation

¥ After the data is obsered and a 95% Cl is computeththing is
random.

¥ In patticular .95 isnot the probability that the obseared
Interval containgu the interval is nov Pxed,not random,and
L IS an unknavn constantnot a random variable

¥ Meaning of .95f | build 95% Cls ém mary independent
samples of size then in the long run95% of those interals
will cover p ,and 5% will not.

L
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Conbdence vs. width

¥ Higher conbdence ¢pd) = wider interval (bad)

¥ The only way to get higher conbdence and a rawer interval is
to increase the sample size

¥ For conbdence 100 % and width eweed
- 2

n(w) = 22!7 aw

(Againwe dontknow ! : weOll come back to this.)
¥ ExampleFisheiris data hadh = 50 ¢ = 3.5,95% ClI
5.0+ 1.9643.5/ 50= 5.0+ 0.97 = (4.03, 5.97)

Clwidthw = 240.97= 1.94 .
To achiere w = 0.5 on a nev sample

n= (241.96 43.5/0.5)*! 753

~



¥ If the ansver n were smallywe@treat it as ery goproximate
because w dontknow the true ! .



Gener al der vation of CI

¥ X1, ..., Xn sample fom distribution with unknavn parameterd

¥ We bnd a functiom(X1:n,!) whose distribution is kmo
exacty (it does not depermah ).

- egwhen! = g ,and: knavn, (X — W)/ (! / +/n) has the
N(O, 1) distribution,no matter what valugt tads on
- this function is called pivot

¥Write P(a< h(X1n,!) < b)=": we know that a andb do
not depend oY (ega="! 1z, , b= z.)

¥ Rearange the gent to get conbdence statement
P((X1n,a) <0 <u(Xyn, b)) =y

This is callegbivoting



Der ivation of CI: exa mple

¥Xq, ..., X! Exp(l) ; p(x)=1!e'X, x>0 !>0.

¥ Can shov h(X1p, ) = 20! X has chi-squardistribution with
2n degees of feedorrl,! on . Since this Is a kvan distribution
(in patticular it doesntGlepend on! ),h(X1:n,!) is a piot.

Chi-Square PDF (Two-Sided Test at Alpha = 0.05)
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¥ So
Pla< 2n! X< b)=1"!"

iImplies

¥ We pivoted h(X1n,!) to getthe 100(1¢ )% CI

a b
2n¥ 2nX0

for ! .
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Large-sa mple Cls

¥ Up to now, popn distrn wasN (i, ! %), and! ? was knan.

¥ When n is largewe can get rid of both assumptiores)d our
previous CI 6r the popn mearu Is still@proximatel correct.

¥ Let X1, ..., Xn be a sample dm anydistrn with unknavn
meanpu and unknan variance 4 (both Pnite).

- Central LimitTheorem sgs ¥! N(u,! “/n)
- s0Z= (%! w/(/ n)# N, 1)

¥ We are back to our pevious Cl derivation.

12



¥ What about ! 2 ? Large sample also justibes substituting sal
variances® dr ! 2 (When n is not largethis doesn Ot work:
next lecture.)

¥ Result: approximate 100(1+ )% Cbf H is

and this ho
¥ What is aO

S
X+ 7z a—
2. n

dsegadless of shae of popn distri
arge®  ? Wnfunatel, no universa

oution.

anyel.

Certainly n < 50 isOsmaf) noOlarg®n > 50 will sometimes
(but not alvays) sufbce

¥ The shae of the popn distributiordoesafect how large n  nust
be or the goproximation to work.

- eg,we already knev that the gproximation is exact if popn
distribution is normal and 2 is kmn
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Large-sa mple Cl widths

¥ When we knewv ! 4, we could achiee Cl widthw using

: 2
n(w) = 22!7 aw
samples.

¥ With ! 2unknown,we are out of luck:canfsubstitutes® until
we obseke the samplgout we need to pick sample size beé
sample Is obserd.

¥ Alternatives:

- male a guess about? based on othemimhation

- draw a sample of arbitrar sizecompute s computen(w) ,
draw a second sample of sizgw)

- other suchsequentiahethods (not par of this course)
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