Statistics 431
Statistical Irdrence

Lecture 5: Hypothesis testing




A dial og

¥ Adapted from FreedmanPisaniand Puves,Statistics, 3rd ed.
¥ Setting:

a nav tax bill is poposed in the Senate

a random sample of 100 tarturns Is selected

the sampled&turns ae re-computedusing the poposed
rule changes

results: average change = -$218D = $725

¥ A congessional aide discusses thesults with thelreasuy
ofPcial who obtained them.

Treasuy: | estimate the rule change will cost uand $200
per return. Times 100 million&turns,is not tril3ing.
Aide: You only looked at 100 eturns...and,$219 is a small
fraction of the SD | s& the real aerage change Is zgr
and the aerage wu got was the luck of the dna.
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. No, you need to compag the sample mean to its Sigt to
the SD of the sample

. Butthe SEid/ 100 gnd | dort®xnow ! - that®the

SD of the evenue change aoiss all 100 million taxaturns.
We can@ompute that!

. dust plug in the sample Sbrf: . Then you get

$725/10 =$72.5.

. Okay, now what?

. Supposedr a moment that pu€e right,and the population
mean change Is @hen the sample mean should be about
plus or minus about 1 SE or s8ut our sample mean was
-219/72.5" -3 SEs belo0.

. Doesntsound @od for my theory.

. 1t® not. With a sample of size 10&e can use a normal
approximation br the distribution of the sample meai
Z-value as small as -3pg@ens less than 1 time in 1,000.




¥ A: What if | still INSIST that the population mean change is
T. You can insist.but then yu need a small miracle to explali
the results fom our sample The sample\aerage has about

1 chance in 1,000 of being that far b&laero, under your
theory.

A: | guess | gerup!'What do you conclude?

T: The nav rules will entail th@reasuy losing mong | canO
be sue of the exact amountit may be a $219 los# may
be a bit moe or less.But it canie 0. (Nor can it be a

gain.)

A: You@e corvinced me to eject ny original full) hypothesis
that the mean Is zerin faror of the alternatie hypothesis
that the mean Is negagy Can yu gi\e me moe specibPc
iInformation on the size of the loss peeturn?

Well,a 99% Cl is! 219+ 2.58472.5= (! 406,! 32)
and a99% UCB I1$ 219+ 2.33472.5= ! 50
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Hypothesis testing: basics

¥ TheTreasuy dispute has all the elements of a stambstatistica
hypothesis test.

- rather than estimating a parameter or constructing a@l f
It, we want to choose betwen two competing theories abol
the parameter (doest = 0 origt< 0 ?)
one of the theories Is a baselirtbe null hypothesis. we will
accept this theoy in the absence of sufbcignitrong
evidence to the contray. in the example Hp: u = 0.
the other theoly is thealternative hypothesis: we will beliae it
only when the data suppoit strongl. in the example
Ha : 1 < O (aone-sided alternatie).

¥ As a metahor, the rull hypothesis i©innocentO until gven
OguiltyO gend a reasonable doubt.




¥ We want to use the data évenue changes in sampleéeturns)
totest Hp: pu =0 vs.HaA:nu < O.

¥ We need to choose tw things:

1. atest statistic. a random variable
¥ computable fom the dataunder Hg

¥ with distribution knawn (at least pproximatel) under Hg
¥ in the examplewe could choose

- X! N(u,!?2/n) (andestimates? P S?)

-Z=(R! W/(Y n)# N(O,1) (thisis what the
Treasuy ofPcial used)
2. acritical value c: If the test statistic falls on one side af it ,
isOsmallO andevacceptHg else it isOlargeO andewreject.
In the examplewe could hae chosen to eject if and oy If

Z < c,with ¢ chosen negateszenough to mad Hgp highy
iImplausible




Signibca nce lev els

¥ The point of ¢ is to specify values of the test statistic whic
highl improbable underHp the rejection region.

¥ The critical value is ©
we choose to test:

eterminedkihe significance level at which

- at signibcancevel : ,we hae probability: of mistaknly

rejectingHp when
corresponding to

it Is truein the examplaf we choosec
= 0.05 then there is (onY) a 5%

probability that ve will rejectHp : u = O ifitis true

¥ Conventional signibPcancevids:

0.05 (rejection is moderatevadence againgty )
0.01 (rejection is stong eszidence againsty )




Conducting the test

¥ Calculate the critical value  carsponding to: .c will be an
(upper or lower) quantile of the test statistefull distribution, Or
distrn underH, .

- In the exampleusingZ , Py,(Z < —1.645) = 0.05,so thec
corresponding to! = 0.05 Is -1.645.

- in the exampleusing ¥ , Py, (¥ <! 1.6454S/ n) # 0.05,
so thec corespondingto = 0.05 is! 1.64549 n .

¥ Observe the dataand compae the test statistic to the critical
value

- In the examplewe could useZ ! " 3 as we sav. since
| 3< ! 1.645we rejectHp: pu = 0 atlevel ! = 0.05.
(this Is something l&kwhat theTreasuy ofPcial did.)

- In the examplewe could use¥ = | 219 then since
c=1!1645a725="! 119, ¥ < c,S0 again & reject Hg .




Hypothesis testr  esults: mea ning

¥ When the rull hypothesis is @jectedjt means the data giv
conclusie evidence faoring the alternatie.

¥ But when the nill hypothesis is accepteifl,does not mean the
data gie conclusie evidence faoring the rull.

- Hg has special statusve beliee it until cornvinced otherwise
- when we acceptHg
¥ it might actuaif be true
¥ it might be falsgbut the data ve gatheed did not gie
strong enough wdence against it to waant rejection

¥ If you hope toOpoveO oiOdisceerO that something is truput
that something irH5 not Hp.

- Hp: drug has no benebcial&df; Ha: it does
- Hp: new web site €ature has no positie efect on sales;
H A feature improves sales
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Another exa mple

¥ A coin is spun 250 times to test whether it@fairO (whether
0 = P(heads) = 1/2). It comes up heads 140 timeks it
nlausible to fipothesize that the coin is fair?

¥ Let X = #heads. Large values of X! np| = |X! 125
suggest the coin is not faiso we will reject Hp : p= 1/2 In
favor of Ha : p =1/ 2 (a two-sided alternat®) when
| X — np| > c,a critical value determinedylour chosen
signiPcance Vel.

¥If Hp is true thenX ! Bin(n, p), so

C

| = Py (X! np|>c)" 2 11 " #
° np(1! p)

where @ is the cdf of theN (0, 1) distrn.




¥ If we choose! = 0.05 then

| 1 1

¥ Since|140! 125| < 15.5 we do not rejectHgp . Either

- the coin is fairor
- we made a mistakbecause the data loekl reasonaly
consistent with the all hypothesis.




