
Statistics 431:
Statistical Inference

Lecture 5:  Hypothesis testing



A dial og

¥Adapted from Freedman, Pisani, and Purves, Statistics, 3rd ed.

¥Setting:

- a new tax bill is proposed in the Senate
- a random sample of 100 tax returns is selected
- the sampled returns are re-computed, using the proposed 

rule changes
- results:  average change =  -$219,  SD =  $725

¥A congressional aide discusses the results with the Treasury 
ofÞcial who obtained them.

Treasury:  I estimate the rule change will cost us around $200
               per return.  Times 100 million returns, is not trißing.
Aide:  You only looked at 100 returns...  and, $219 is a small
         fraction of the SD.  I say the real average change is zero,
         and the average you got was the luck of the draw.
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¥T:  No, you need to compare the sample mean to its SE, not to
     the SD of the sample.
A:  But the SE is              , and I donÕt know    - thatÕs the
     SD of the revenue change across all 100 million tax returns.
      We canÕt compute that!
T:   Just plug in the sample SD for    .  Then you get
     $725 / 10 = $72.5.

A:  Okay, now what?
T:   Suppose for a moment that youÕre right, and the population
     mean change is 0.  Then the sample mean should be about 0,
     plus or minus about 1 SE or so. But our sample mean was
     -219 / 72.5      -3 SEs below 0.
A:  DoesnÕt sound good for my theory.
T:   ItÕs not.  With a sample of size 100, we can use a normal
     approximation for the distribution of the sample mean.  A
     Z-value as small as -3 happens less than 1 time in 1,000.
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¥A:  What if I still INSIST that the population mean change is 0?
T:   You can insist... but then you need a small miracle to explain
     the results from our sample.  The sample average has about
     1 chance in 1,000 of being that far below zero, under your
     theory.

A:   I guess I give up! What do you conclude?
T:    The new rules will entail the Treasury losing money.  I canÕt
      be sure of the exact amount;  it may be a $219 loss, it may
      be a bit more or less.  But it canÕt be 0.  (Nor can it be a
      gain.)

A:   YouÕve convinced me to reject my original (null) hypothesis
      that the mean is zero in favor of the alternative hypothesis
      that the mean is negative.  Can you give me more speciÞc
      information on the size of the loss per return?
T:    Well, a 99% CI is
      and a 99%  UCB is  
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! 219 ± 2.58 á72.5 = (! 406, ! 32)
! 219 + 2.33 á72.5 = ! 50



¥The Treasury dispute has all the elements of a standard statistical 
hypothesis test.

- rather than estimating a parameter or constructing a CI for 
it, we want to choose between two competing theories about 
the parameter (does            or is           ?)

- one of the theories is a baseline: the null hypothesis.  we will 
accept this theory in the absence of sufÞciently strong 
evidence to the contrary.  in the example,                   .

- the other theory is the alternative hypothesis:  we will believe it 
only when the data support it strongly.  in the example,
                   (a one-sided alternative).

¥As a metaphor, the null hypothesis is ÒinnocentÓ until proven 
ÒguiltyÓ beyond a reasonable doubt.

Hypothesis testing: basics
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µ = 0 µ < 0

H0 : µ = 0

HA : µ < 0



¥We want to use the data (revenue changes in sampled returns) 
to test                    vs.                    .

¥We need to choose two things:

1. a test statistic:  a random variable
¥ computable from the data, under 
¥ with distribution known (at least approximately) under  
¥ in the example, we could choose

-                               (and estimate      by      )
-                                                     (this is what the 

Treasury ofÞcial used)
2. a critical value    :  if the test statistic falls on one side of    , it 

is ÒsmallÓ and we accept      , else it is ÒlargeÓ and we reject.  
in the example, we could have chosen to reject if and only if
          , with    chosen negative enough to make       highly 
implausible.
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¥The point of     is to specify values of the test statistic which are 
highly improbable under      :  the rejection region.

¥The critical value is determined by the significance level at which 
we choose to test:

- at signiÞcance level    , we have probability     of mistakenly 
rejecting      when it is true.  in the example, if we choose
corresponding to               , then there is (only) a 5% 
probability that we will reject                   if it is true.

¥Conventional signiÞcance levels:

-                (rejection is moderate evidence against      )
-                (rejection is strong evidence against      )

SigniÞca nce lev els
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Conducting the test

¥Calculate the critical value     corresponding to    .     will be an 
(upper or lower) quantile of the test statisticÕs null distribution, or 
distrn under     .

- in the example, using    ,                                         , so the 
corresponding to                 is -1.645.

- in the example, using    ,                                                     ,
so the    corresponding to                is                         .

¥Observe the data, and compare the test statistic to the critical 
value.

- in the example, we could use              , as we saw.  since
                    , we reject                   at level               .
(this is something like what the Treasury ofÞcial did.)

- in the example, we could use                 .  then since
                                        ,            , so again we reject      .
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Hypothesis test r esults: mea ning

¥When the null hypothesis is rejected, it means the data give 
conclusive evidence favoring the alternative.

¥But when the null hypothesis is accepted, it does not mean the 
data give conclusive evidence favoring the null.

-      has special status:  we believe it until convinced otherwise
- when we accept      :

¥ it might actually be true
¥ it might be false, but the data we gathered did not give 

strong enough evidence against it to warrant rejection

¥If you hope to ÒproveÓ or ÒdiscoverÓ that something is true, put 
that something in      , not      .

-      :  drug has no beneÞcial effect;       :  it does
-      :  new web site feature has no positive effect on sales;

     :  feature improves sales
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Another exa mple

¥A coin is spun 250 times to test whether it is ÒfairÓ (whether
                               ).  It comes up heads 140 times.  Is it 
plausible to hypothesize that the coin is fair?

¥Let                   .  Large values of                                     
suggest the coin is not fair.  So we will reject                       in 
favor of                       (a two-sided alternative) when
                    , a critical value determined by our chosen 
signiÞcance level.

¥ If       is true,  then                       ,  so

where     is the cdf of the              distrn.
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p = P(heads) = 1/ 2

X = #heads |X ! np| = |X ! 125|
H0 : p = 1/ 2

HA : p != 1/ 2
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¥If we choose               , then

¥Since                              , we do not reject     .  Either

- the coin is fair, or
- we made a mistake, because the data looked reasonably 

consistent with the null hypothesis.
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