Statistics 431
Statistical Inference

Lecture 10: More on one-way ANOVA



One-way ANOVA and the F test

There are | groups under consideration.

Assume: the population distrn associated with the ith group is N (ui, ?)
(note again the equal variances).

If all the group means are equal, then E(MSTr) = ¢2. If not, E(MSTr) > ¢2.
Regardless of whether the group means are equal, E(MSE) = ¢°.

Therefore, F = MSTr/MSE should be close to 1 when the group means are
equal, and well above 1 when they are not.

In particular, under Hyo : 41 = uo = ... = u,, the F statistic,

F = MSTr/MSE, has the F distrn with vy = | — 1 numerator df and

v, = | (J — 1) denominator df. This distrn has a mode close to 1 for most
values of (vq, vo).

— where do those degrees-of-freedom counts come from, intuitively?

So the F test of the equal-means null hypothesis is to “reject for large
values of F”: ie, reject when F > F,.|_1.13-1).

— note carefully: totest Hy: 11 = u> = ... = u; vs Ha : “Hg is false,” we
use a one-tailed rejection region for the F statistic.
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One-way ANOVA with unequal group sizes
Up to now, we have assumed that each level of the factor (each group) has
a sample of size J.
Equal group sizes make the ideas simpler, but are an impediment.

Luckily, for the one-way F test of equal group means, the
equal-group-sizes assumption is not required: we just need to re-define
MSTr and MSE slightly.

Let J be the sample size for group i, and n = > . J; be the total number of
obsvns. Note > . (J —1)=n—1.

I
1 S 30—V Z J-1

Caution: unequal group sizes are easy to handle in one-way ANOVA, but
not in two-way or higher ANOVA (later in the course).

Terminology: when group sizes are all equal, we are doing balanced
ANOVA, otherwise it is unbalanced ANOVA.
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The sum-of-squares decomposition

There Is a fundamental identity we use to understand the F statistic.
Define
— the “total sum of squares,” SST =" _; >, (Yj; — Y.)2
7] " | Ji 7/ 7/
— the “treatment sum of squares,” SSTr= >, _; > 7" 1 (Yi. — Y.)2.
“ n | Ji /
— the “error sum of squares,” SSE = >/_; >, (Yij — Yi.)2

Then
SST = SSTr + SSE .

Proof: interlude at the board.

Terminology:

— total SS is called “corrected” SS or “corrected total” SS by some people
— treatment SS is called “model” SS by some people (your lecturer)
— error SS is called “residual” SS by some people (your lecturer)

Don’t confuse the notation SST with SSTr!
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e The SS decomposition partitions SST, the total variability in the data
(ignoring groups), into

1. between-group variability (of the group averages)

2. within-group variability (of each group’s data around its average)
e \We can show that

— MSTr = SSTr/(l —1)

— MSE =SSE/(n—1)

— $=SST/(n-1)

which explains the terminology “mean square.” Here S* means the sample
variance of all the observations around the grand mean, ignoring groups.

¢ |f between-group variability is big compared to within-group variability, then

MSTr is big compared to MSE, so F is big and Hg : “equal group means” is
rejected.

e The denominators have names too:

— | — 1is called the treatment degrees of freedom, dfy;
— n — | is called the error degrees of freedom, dfg

—n—1=(M-=1)+ (I —1) is the total degrees of freedom, dfy
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The ANOVA table

e Statisticians like to present the various mean squares, sums of squares,
degrees of freedom counts, and the F statistic in a tidy little table called the
ANOVA table.

Source of Sum of

Variation  df Squares Mean Square F
Treatment | —1 SSTr MSTr = SSTr/(I — 1) | MSTr/MSE
Error n—1 SSE MSE = SSE/(n—|)

Total n—1 SST & =SST/(n—-1)

e Note that vMSE = Sooled, the pooled estimate of o. We call vVMSE the
‘root mean square error,” or RMSE.

e You need to know the relationships among the entries in this table!

Statistics 431 5



JMP ANOVA table example

Oneway Analysis of Bacteria Countl By Tryptone Conc
300

N

U1

o
l

Bacteria Countl
|_l
(Ua |
o
|

0.6 0.8 1 1.2 1.4

Tryptone Conc
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| Oneway Anova
Summary of Fit

Rsquare 0.296239

Adj Rsquare 0.183638

Root Mean Square Error 61.21302

Mean of Response 126.5

Observations (or Sum Wgts) 30
Analysis of Variance

Source DF Sum of Squares Mean Square F Ratio Prob > F
Tryptone Conc 4 39431.67 9857.92 2.6309 0.0582
Error 25 93675.83 3747.03

C. Total 29 133107.50

Means for Oneway Anova

Level Number Mean Std Error Lower 95% Upper 95%

0.6 6 83.833 24.990 32.37 135.30

0.8 6 101.500 24.990 50.03 152.97

1 6 119.333 24.990 67.87 170.80

1.2 6 189.167 24.990 137.70 240.63

1.4 6 138.667 24.990 87.20 190.13

Std Error uses a pooled estimate of error variance
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The F test vs the t test

In the special case that | =2, ANOVA tests Ho : 11 = uo VS Ha @ 11 # uo,
under the equal-variance assumption.

We have seen this setup before: the pooled t-test.

It turns out that two-group ANOVA and the pooled t-test are equivalent: for
a given data set and a given «a, either both tests reject or both don’'t. The
tests have the same p-value.

ANOVA can only test the alternative Ha : u1 # uo, but a pooled t-test works
for one-sided alternatives also.

In this setting, the F statistic is just the square of the t statistic.

Tryptone example continued: compare conc = 0.6 to conc = 1.2.
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