
Statistics 431:
Statistical Inference

Lecture 12: Two-factor (two-way) ANOVA



A model for one-way ANOVA
• So far, we have viewed ANOVA as a test of H0 : µ1 = . . . = µI vs

HA : “H0 is false”. The validity of the procedure depends on some
assumptions.

• We can also think of ANOVA as specifying a model for grouped data. This
new viewpoint puts the assumptions center stage and the testing
procedure in the background. The model is

Yi j = µi + εi j , i = 1, . . . , I ; j = 1, . . . , Ji .

Here εi j ∼ N(0, σ 2), and the εi j ’s are all mutually independent.

• You should recognize that this model is exactly equivalent to the ANOVA
assumptions stated earlier.

• Define the weighted population mean

µ =
1

n

I∑
i =1

Jiµi .
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• Now rewrite the ANOVA model equation as

Yi j = µ + (µi − µ) + εi j

= µ + αi + εi j , i = 1, . . . , I ; j = 1, . . . , Ji ,

where we define αi = µi − µ for each i .

• So µ is an overall mean, and αi is the change in the overall mean due to
the i th treatment (the treatment effect ).

• The hypothesis H0 : µ1 = . . . = µI may now just as well be written
H0 : α1 = . . . = αI = 0: both forms specify the same set of distributions for
the data.

• We can now think of ANOVA as a procedure for choosing between two
models to describe the data:

1. the simple model Yi j = µ + noise (no effect due to the factor)
2 the more complex model Yi j = µ + αi + noise, where at least one

αi 6= 0.

• This point of view generalizes cleanly to situations with more than one
factor.
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Parameter estimation in one-way ANOVA
• The ANOVA F test is based in part on the group means Ȳ1·, . . . , ȲI ·. It is

natural to view Ȳ1· as an estimate of µ1, Ȳ2· as an estimate of µ2, etc.

• Since

Ȳ·· =
1

n

I∑
i =1

Ji Ȳi ·

in the unequal-group-sizes (unbalanced) case, we can also view Ȳ·· as an
estimate of µ.

• This implies that αi in the ANOVA model is estimated as α̂i = Ȳi · − Ȳ··.

• Then, with the definitions µ̂ = Ȳ·· and µ̂i = Ȳi ·, we can write

µ̂i = µ̂ + α̂i

which corresponds to the ANOVA model identity

E(Yi j ) = µi = µ + αi

for i = 1, . . . , I .
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Two-factor ANOVA: basics
• Up to now we have considered the response variable to depend on only

one factor (grouping variable). Often, there are several factors. We will only
consider the case of two factors.

• Example: the power consumption of a range could depend both on the
manufacturer of the range and on the dish being prepared. For each of I
manufacturers and J dishes, we use the i th range to prepare the j th dish,
and we repeat the preparation K times. Each preparation gives an
observed power consumption Yi jk .

• Put another way, each time we gather an observation of power
consumption, it comes from exactly one of the I ranges and exactly one of
the J dishes. In a table with one row per manufacturer and one column per
dish, every observation belongs to one entry in the table.

• When level i of factor A and level j of factor B come together to produce an
observation Yi jk , the pair (i, j ) is called the combination, configuration, or
cell for that observation.

• K is called the number of replications. We are assuming for now that K is
the same for every configuration (i, j ). (A balanced design.)
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Models for two-way ANOVA
• We will look at two types of model for two-way ANOVA:

– the “additive model”
– the “additive model with interactions”

When K = 1, only the additive model is possible. (We will see why later.)
When K ≥ 2, either model is possible, but the textbook only looks at the
model with interactions.

• The general additive model for two-way ANOVA with K ≥ 1 assumes

Yi jk = µ + αi + β j + εi jk

for i = 1, . . . , I , j = 1, . . . , J, k = 1, . . . , K , with the εi jk ’s iid N(0, σ 2). This
is the same as the model for one-way ANOVA, except for the addition of β j ,
the mean effect due to the j th treatment of factor B.

• In addition to the normality and independence assumptions, the additive
model has an additivity assumption: the average effect of combining level i
(of factor A) and level j (of factor B) is just the sum of the two separate
average effects αi and β j .
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More on additivity
• Additivity is a strong assumption. It means that the effect of factor A, level i

is exactly the same, no matter which level of factor B is applied. (And
vice-versa.)

• In the example, the additivity assumption says

– The change in mean power consumption associated with manufacturer
i is exactly the same, no matter which dish is being prepared.

– The change in mean power consumption associated with dish j is
exactly the same, no matter which manufacturer made the range.

• If manufacturer 3’s range consumes a bit more power than average for
soups, but a lot more power than average for sauces, the additivity
assumption is violated.

• If boiling water requires a lot less power than average on manufacturer 1’s
range, but only a bit less on manufacturer 2’s range, the additivity
assumption is again violated.
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Testing in the two-way additive model
• In one-way ANOVA, there was just one overall null hypothesis,

H0 : α1 = . . . = αI = 0. If we reject, we go on to look at pairwise equality
hypotheses.

• In the two-way additive model, there are more overall nulls:

1. H0 : α1 = . . . = αI = 0 and β1 = . . . = βJ = 0 vs HA : “H0 is false”
2. H0A : α1 = . . . = αI = 0 vs HA : “H0A is false”
3. H0B : β1 = . . . = βJ = 0 vs HA : “H0B is false”

Each overall null hypothesis has its own ANOVA F test.

• The F statistics are based on sums of squares, just like in one-way
ANOVA. The sums of squares are now defined in terms of

– the observations Yi jk

– the group means for factor A, Ȳi ··

– the group means for factor B, Ȳ· j ·

– the grand mean, Ȳ···
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Two-way sums of squares
• There is still a total sum of squares around the grand mean:

SST =

∑
i

∑
j

∑
k

(Yi jk − Ȳ···)
2 .

• The treatment (model) sum of squares is broken up into sums of squares
for the two factors:

SSA =

∑
i

∑
j

∑
k

(Ȳi ·· − Ȳ···)
2

SSB =

∑
i

∑
j

∑
k

(Ȳ· j · − Ȳ···)
2

SSM = SSA + SSB

• There is still an error sum of squares:

SSE =

∑
i

∑
j

∑
k

(Yi jk − Ȳi ·· − Ȳ· j · + Ȳ···)
2

NOTE: this is not the same as SSE for the additive model with interactions,
which appears on p. 458 of Devore.
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Two-way degrees of freedom
• Factor A has (I − 1) df, like the single factor in one-way ANOVA.

• Factor B has (J − 1) df, also like the single factor in one-way ANOVA.

• The model therefore has (I − 1) + (J − 1) = I + J − 2 df.

• The total df is n − 1, as usual.

• That leaves (n − 1)− (I + J − 2) = n − I − J + 1 df for the errors (residuals).

• All this leads to the two-way mean square quantities:

– MSM = SSM/dfM = SSM/(I + J − 2)

– MSA = SSA/dfA = SSA/(I − 1)

– MSB = SSB/dfB = SSB/(J − 1)

– MSE = SSE/dfE = SSE/(n − I − J + 1)
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F statistics in two-way ANOVA
• There is still a sum of squares decomposition: SST = SSA + SSB + SSE.

• Here are the F ratios, the null hypotheses they test, and the numerator and
denominator df for their null distributions:

1. FM = MSM/MSE tests H0; it has (dfM, dfE) degrees of freedom.
2. FA = MSA/MSE tests H0A; it has (dfA, dfE) degrees of freedom.
3. FB = MSB/MSE tests H0B; it has (dfB, dfE) degrees of freedom.

• This leads to extensions of the one-way ANOVA table for two-way ANOVA.

• The “model” ANOVA table presents ANOVA for the overall null H0:

Source of Sum of
Variation df Squares Mean Square F

Model I + SSM MSM = SSM/ FM = MSM/MSE
J − 2 I + J − 2

Error n − I − SSE MSE = SSE/
J + 1 n − I − J + 1

Total n − 1 SST S2
= SST/(n − 1)
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• The “effects” ANOVA table presents ANOVA for H0A (first row) and H0B

(second row):

Source of Sum of
Variation df Squares Mean Square F

Factor A I − 1 SSA MSA = SSA/(I − 1) FA = MSA/MSE

Factor B J − 1 SSB MSB = SSB/(J − 1) FB = MSB/MSE
Error n − I − SSE MSE = SSE/

J + 1 n − I − J + 1
Total n − 1 SST S2

= SST/(n − 1)
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Example: iron retention in mice
• This is taken from Rice, Mathematical Statistics and Data Analysis, 2nd ed.

• We’re interested in whether two different types of iron (Fe2+ and Fe3+) are
retained differently. (If so, one would make a better vitamin supplement.)

• But we also have to see whether the dose size matters.

• 108 mice are divided into 6 groups of 18. Each group is given one of the
two types of iron, at one of three concentrations (in millimolars, i.e.,
millimoles per liter). Thus, 2 × 3 = 6 groups in total.

• Later, we measure what percentage of the dose is retained by each mouse.
The log percentages are closer to normally distributed than the raw
percentages.

• In two-way ANOVA language,

– the response is Log(% Retained)
– factor A is Iron Type, with 2 levels: Fe2+ and Fe3+

– factor B is Dose Concentration, with 3 levels: 10.2mM, 1.2mM, and
0.3mM
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