
Stochastic Calculus and Financial Applications
Mid-Term Take Home Exam (Fall 2006)

THE SOLUTIONS

Problem 1. Show that for square integrable martingales {Xn} and {Yn} with
Y0 6= 0 one has for all n = 0, 1, 2... that

E(X2
n+1)−

(E(Xn+1Yn+1))2

E(Y 2
n+1)

≥ E(X2
n)− (E(XnYn))2

E(Y 2
n )

(1)

Hint: For for each λ the process Mλ
n ≡ (Xn − λYn)2 is a submartingale.

Problem 1 Solution.
We have E(Mλ

n+1) ≥ E(Mλ
n ) for all λ, so minimizing over both sides gives

us minλ E[Mλ
n+1] ≥ minλ E[Mλ

n ]. By calculus we also have for each n that

E(X2
n)− (E(XnYn))2

E(Y 2
n )

= min
λ

E[(Xn − λYn)2] = min
λ

E[Mλ
n ].

Incidentally, this inequality occurs in the theory of image coding, Dekking
(1996).

Problem 2. Consider two money managers, Alice and Bob. Each starts out
with a million dollars under management. Customers come along in a sequence,
each with one million dollars. The first customer gives a million dollars to Alice
or Bob at random. The second customer gives Alice or Bob another million, but
the customer choose the money manager with probabilities that are proportional
to the amount of money they already have under management. In general, let
An and Bn denote the numbers of millions that Alice and Bob have under
management after the nth customer. Now, when the n + 1’st customer arrives
he gives his million to Alice with probability An/(An + Bn) and otherwise he
gives it to Bob.

(a) Let Mn denote the fraction of money that is invested with Alice. Show
that {Mn} is a martingale.

(b) Argue that the sequence {Mn} converges with probability one to some
random variable Y .

(c) Show that Y has the uniform distribution on [0, 1].

Problem 2 Solution To calculate E(Mn+1|Fn), first note that Mn+1 is equal
to (An + 1)/(An + Bn + 1) with probability Mn = An/(An + Bn) and Mn+1
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equals An/(An + Bn + 1) with probability 1−Mn. Thus,

E(Mn+1|Fn) =
An + 1

(An + Bn + 1)
An

An + Bn
+

An

(An + Bn + 1)
Bn

An + Bn

=
1

(An + Bn + 1)

{
An(An + Bn + 1)

An + Bn

}
=

An

An + Bn
= Mn.

Since {Mn} is bounded between 0 and 1, the martingale convergence theorem
tells us that with probability one {Mn} converges to some random variable Y .
To see that Y has the uniform distribution, on can compute the distribution
of An. Just by considering cases we find P (A1 = 1) = P (A1 = 2) = 1/2 and
P (A2 = k) = 1/3 for k = 1, 2, 3. Thus, we take the induction hypothesis that
An is uniformly distributed on the set S = {1, 2, ..., n + 1}. For k ∈ S we have
the recursion

P (An = k) = P (An−1 = k)
(

1− k

n + 1

)
+ P (An−1 = k − 1)

k − 1
n + 1

.

The induction hypothesis and arithmetic now give P (An = k) = 1/(n + 1) for
all k ∈ S, completing the induction step. Since Mn = An/(n + 2) it is then
easy to check that Mn converges in distribution to the uniform distribution on
[0, 1]. Since Y is the almost sure limit of Mn, we see that Y has the uniform
distribution. Incidentally, and this model is equivalent to the simplest case of
the famous Pólya urn model.

Problem 3. A guy bets on baseball and wins about 50% of the time. When he
wins he collects $100 and when he loses he pays $110 (his bet plus 10% vigorish).

(a) Introduce an appropriate continuous time model and use martingale
theory to estimate the expected time until the guy loses $10,000.

(b) Use martingale theory (or its known consequences) to estimate the ex-
pected value of the most money the guy is ever ahead.

(c) Comment on how these computations add to your intuition.

Problem 3 Solution. An individual game has mean −5 and variance 1052.
A continuous time model is Xt = −αt + σBt with α = 5 and σ = 105. Let τ be
the time when this process hits −10, 000. Since Mt = Xt + αt is a martingale
we have 0 = E(Mτ ) = −104 + αE(τ), so E(τ) = 104/5 = 2000. For the second
question, first recall that we know that max Xt is exponentially distributed
with parameter λ = 2α/σ2. Its expected value is therefore 1/λ = 1052/10 or
$1,102.50.

Since sports betting is widely regarded as particularly stupid, many people
find it unintuitive that the expected time to ruin is so long and that the expected
maximum winning is so large.

Problem 4. Let {Bt} and {B′
t} denote two independent Brownian motions
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and consider the process {Xt : 0 ≤ t < ∞} defined by

Xt =
∫ ∞

0

cos(ut)
√

f(u) dBu +
∫ ∞

0

sin(ut)
√

f(u) dB′
u, (2)

where f is a non-negative integrable function. We know that {Xt} is a mean
zero Gaussian process. Show that its covariance function is given by

E(XsXt) =
∫ ∞

0

cos(u(t− s))f(u) du. (3)

The noteworthy feature of this formula is that it is known that the covariance
function for every stationary Gaussian process can be written as an integral of
the form (3) provided that we replace f(u) du by a more general measure dµ,
known as the spectral measure.

Problem 4 Solution. When we expand the product XsXt and take expecta-
tions, the cross terms vanish by independence. To evaluate the cosine product
we note by the polarized Itô isometry that

E
(∫ ∞

0

cos(us)
√

f(u) dBu

∫ ∞

0

cos(ut)
√

f(u) dBu

)
=

∫ ∞

0

cos(us) cos(ut)f(u) du.

We get a similar formula for the sine product, and these combine by the addition
formula for the cosine to give us the covariance formula (3).

Problem 5. Consider the subset of the plane defined by

D4 = {(x, y) : x4 + y4 ≤ 1},

so D4 is somewhat like the unit disk D2. Next, consider a standard 2-dimensional
Brownian motion Bt = (Xt, Yt), 0 ≤ t < ∞, and consider the first hitting time
of the boundary of D4:

τ = min
{
t : X4

t + Y 4
t = 1

}
.

After showing that P (τ < ∞) = 1, prove that we have the curious identity that
1 + 6E[τ2] = 12E[τX2

τ ].

Problem 5 Solution. Consider the event En = {|Xn −Xn−1| > 2} and let
N(ω) be the least n such that ω ∈ En. If we set p = P (En), then P (N > k) = qk

where q = 1− p < 1, and we find E(N) < ∞. This implies P (N < ∞) = 1, and
since τ ≤ N this completes the first step.

For the second step, we need to think of an appropriate martingale. We
have to exploit the boundary relationship boundary condition x4 + y4 = 1,
and we need to get tx2 and t2 into the game. If we then stir in symmetry,
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we find ourselves looking for a martingale of the form Mt = f(t,Xt, Yt) where
f(t, x, y) = (x4+y4)+At(x2+y2)+Bt2 for constants A and B to be determined.
For Mt to be a local martingale we would need ft + (1/2)(fxx + fyy) = 0, or

A(x2 + y2) + 2Bt + 6(x2 + y2) + 2At = 0, so A = −6 and B = 6.

Moreover, since Brownian motion has all moments, it is immediate that both
fx(t,Xt, Yt) and fy(t,Xt, Yt) are in H2, so Mt is actually an honest martingale.
By Doob’s stopping time theorem and the DCT, we then have E(Mτ ) = 0. This
gives us

E[X4
τ + Y 4

τ − 6τ(X2
τ + Y 2

τ ) + 6τ2] = 0

We have X4
τ +Y 4

τ ≡ 1 by the definition of τ , and symmetry gives us the relation
E[τX2

τ ] = E[τY 2
τ ]. Thus, in the end we find: 1− 12E[τX2

τ ] + 6E[τ2] = 0.
Note: Numerical work suggests that E(τX2

τ ) = 1/3. If you find a proof of
this please let me know!

Problem 6.
(a) Let Dn = maxn≤t≤n+1 |Bt−Bn| and combine probability estimates with

a Borel-Cantelli argument to show that Dn/n converges to zero with probability
one.

(b) Use the result of part (a) and the usual strong law of large numbers to
prove the SLLN for Brownian motion:

P

(
lim

t→∞
Bt

t
= 0

)
= 1.

Problem 6 Solution. By symmetry, the reflection principle, and the Gaussian
tail bound (applied in that order) we find for all n = 1, 2, ... that

P (Dn ≥ x) ≤ 2P ( max
0≤t≤1

Bt ≥ x) = 4P (B1 ≥ x) ≤ 4e−x2/2/(x
√

2π).

For each ε > 0, we then see that P (Dn/n ≥ ε) is summable. From the first
Borel-Cantelli lemma we therefore find that Dn/n → 0 with probability one.
Next, for n ≤ t ≤ n + 1 we have |Bt|/t ≤ |Bn|/n + Dn/n, and, since Bn is
the sum of n i.i.d. standard normals, the traditional strong law tells us that
Bn/n → 0 with probability one. Therefore, with probability one we have

lim sup
t→∞

|Bt|/t ≤ lim sup
n→∞

|Bn|/n + lim sup
n→∞

Dn/n = 0.

Remark: One can also prove Dn/n → 0 by with a Borel-Cantelli argument that
starts off with the Doob maximal inequality for L2. In this case one does not
need the refection principle or the Gaussian tail bound. All that is needed is
E(B2

1) = 1.
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Problem 7.
(a) Consider square integrable random vectors Yn = (Yn(1), Yn(2), ..., Yn(d)),

n = 1, 2, ... and Y = (Y (1), Y (2), ..., Y (d)) that satisfy E(|Yn(j) − Y (j)|2) → 0
for each j as n →∞. Show that the mean µn of Yn converges to the mean µ of
Y and the covariance matrix Σn of Yn converges to the covariance matrix Σ of
Y .

(b) Show that if each Yn is a Gaussian vector then Y is a Gaussian vector.

Problem 7 Solution . For each j the difference |E(Yn(j)) − E(Y (j))| is
bounded by E(|Yn(j)−Y (j)|2)1/2, and this gives the convergence of the means.
If one applies the elementary identity ab − αβ = a(b − β) + β(a − α) to the
random variables

a = Yn(j)− µn(j), b = Yn(k)− µn(k), α = Y (j)− µ(j), β = Y (k)− µ(k),

convergence of the covariances follows from the Cauchy-Schwarz inequality.
This shows φn(θ) = E(exp(iθT Yn) converges to exp(iθT µ − 1

2θT Σθ), so for
part (b) we need to show φn(θ) also converges to φ(θ) = E(exp(iθT Y ). We’ll
give an “inequalities” proof. First, recall that for |αj | ≤ 1, |βj | ≤ 1 and all a
and b we have the elementary bounds

|α1α2 · · ·αn − β1β2 · · ·βd| ≤
d∑

j=1

|αj − βj | and |eia − eib| ≤ |a− b| so

setting αj = exp(iθjY (j)), and βj = exp(iθjYn(j)) gives

|φ(θ)− φn(θ)| ≤
d∑

j=1

|θj |E(|Y (j)− Yn(j)|) ≤
d∑

j=1

|θj |(E(|Y (j)− Yn(j)|2)1/2.

Taking limits now shows φ(θ) = exp(iθT µ− 1
2θT Σθ), so Y is Gaussian.

Remark: Alternatively, one can get φn(θ) → φ(θ) by observing that Yn → Y
in L2 implies Yn → Y in distribution. One can then appeal to the fundamental
fact that convergence in distribution implies convergence of the characteristic
functions.

Problem 8. If C is a bounded Fs-measurable random variable with 0 ≤ s ≤ T ,
then it is perfectly intuitive that one for f ∈ H2[0, T ] one has the relation

∫ t

s

C(ω)f(ω, u) dBu = C(ω)
∫ t

s

f(ω, u) dBu. (4)

In fact, we used this without comment in our sketch of proof of the conditional
Itô isometry. Fill the gap and prove that the identity (4) holds with probability
one for all t ∈ [s, T ]. In the proof, you are certainly welcome to use the Itô
isometry, but it is not really fair to use the conditional Itô isometry.
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Problem 8 Solution. Fix t ∈ [s, T ] and for f ∈ H2 let ∆(f) denote the
difference between the two sides of the equation (4). Now take fn ∈ H2

0 such that
fn → f in L2(dP × dt). If f ∈ H2

0 one can check directly from the definitions
of each side that ∆(fn) = 0 for all n. From this observation we then see that
||∆(f)||L2(dP ) = ||∆(f − fn)||L2(dP ). Now, by the triangle inequality and the
definition of ∆, this is bounded in turn by

∣∣∣∣
∫ t

s

C(ω)(f − fn) dBu

∣∣∣∣
L2(dP )

+
∣∣∣∣C(ω)

∫ t

s

(f − fn) dBu

∣∣∣∣
L2(dP )

. (5)

If B is the bound on C then the Itô isometry applied to the first integral gives

∣∣∣∣
∫ t

s

C(ω)(f − fn) dBu

∣∣∣∣2
L2(dP )

= E

( ∫ t

s

C2(ω)(f(ω, u)− fn(ω, u)2 du

)

≤ B2||f − fn||2L2(dP×dt).

A similar (microscopically simpler) argument gives the exact same bound for
the second term of the sum (5). These bounds go to zero as n →∞, so we must
have ||∆(f)||L2(dP ) = 0. Thus, for each fixed t, the two sides of the identity (4)
are equal with probability one. Since each side is a continuous function of t,
this implies that with probability one the identity (4) holds for all t ∈ [s, T ]

Problem 9.
Suppose that {Xt} and {Yt} are both standard Brownian motions and sup-

pose that they are independent. Let Ft denote the σ-field σ(Xs, Ys : 0 ≤ s ≤ t )
and show that the process

Zt = X2
t Yt −

∫ t

0

Yu du (6)

is an Ft-martingale. Incidentally, this martingale bears an interesting analogy
to the martingale B2

t − t, which one could recapture from the formula (6) if it
were permissible to take Yt ≡ 1.

Problem 9 Solution. Integrability and measurability are immediate, and the
martingale identity for 0 ≤ s ≤ t follows from the relations

E(X2
t Yt | Fs) = E(X2

t | Fs)E(Yt | Fs) = (X2
s + (t− s))Ys and

E(
∫ t

0

Yu du | Fs) = E(
∫ s

0

Yu du | Fs) + E(
∫ t

s

Yu du | Fs) =
∫ s

0

Yu du + Ys(t− s)

Problem 10. Find the variance of the process Zt defined by the repeated
integrals

Yt =
∫ t

0

sBs dBs and Zt =
∫ t

0

Ys dBs.
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Problem 10 Solution . We just need to apply the Itô isometry twice:

E(Y 2
t ) = E

∫ t

0

s2B2
s ds =

∫ t

0

s3 ds = t4/4

E(Z2
t ) = E

∫ t

0

Y 2
s ds =

∫ t

0

E(Y 2
s ) ds = t5/20.

Problem 11. For any two events A and B we define their set difference by
A∆B = (A ∪B) \ (A ∩B), so P (A∆B) = P (I(A) 6= I(B)) is a kind of distance
between A and B. Now, consider a sequence of increasing σ-fields Fn ⊂ Fn+1,
n = 1, 2, ... and let U denote the union of these σ-fields. Typically U is not itself
a σ-field, and we let F = σ(U) denote the smallest σ-field containing U . The
purpose of this exercise is to suggest how one can show that for every A ∈ F
there is a B in U that is close to A in the ∆-distance.

Let G denote the set of all A ∈ F such that for each ε > 0 there exist a B ∈ U
such that P (A∆B) ≤ ε. Prove that G = F by exploiting the minimality of F .
Specifically, show that G is also a σ-field that contains U , so F = σ(U) ⊂ G by
the minimality of F .

Problem 11 Solution. It’s trivial that G contains U — just note that for
each A ∈ U one can take B = A and have P (A∆B) = 0. It’s also trivial that
∅ ∈ G, so we just need to check the complementation property and the countable
union property to confirm that G is a σ-field. Take A ∈ G, by definition there
is a B in U such that P (A∆B) ≤ ε, but P (A∆B) = P (Ac∆Bc) so we also
have P (Ac∆Bc) ≤ ε. This shows that G is closed under complementation. Now
consider a countable sequence of elements A1, A2, ... of G. We need to show
the union A of these sets is in G. First note by the monotone convergence we
have

lim
N→∞

P (∪N
n=1An) = P (∪∞n=1An)

so we can choose N such that that the finite union on the left is within ε/2 of
the countable union. Since each An is in G we can choose Bn ∈ U such that
P (An∆Bn) ≤ ε/2n+1 for n = 1, 2, ..., N . We then have that B1 ∪B2 ∪ · · · ∪BN

is within ε of A. Hence A ∈ G. Thus G is a σ-field and consequently we have
F = σ(U) ⊂ G by the minimality of F .

Problem 12 Consider the area under the curve of Brownian motion:

At =
∫ t

0

Bsds.

Find the first four moments E(At), E(A2
t ), E(A3

t ), and E(A4
t ).

Problem 12 Solution. Since Bt has the same distribution as −Bt, we see
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that At is a symmetric random variable whose odd moments must vanish. Next,

E(A2
t ) = E

(∫ t

0

Budu

∫ t

0

Bvdv

)
= E

(∫ t

0

∫ t

0

BuBv dudv

)

=
∫ t

0

∫ t

0

min(u, v) dudv = t3/3.

The same idea gives

E(A4
t ) =

∫

[0,1]2
E(Bt1Bt2Bt3Bt4) dt1dt2dt3dt4,

so we need to evaluate the integral. First consider the set S of times that
satisfy 0 ≤ t1 ≤ t2 ≤ t3 ≤ t4. The direct (but slightly tedious) expansion of
I = E(Bt1Bt2Bt3Bt4) as an expectation of products of partial sums shows that
I = 2t1t2 + t1t3. There are 4! such time orderings, all of which make the same
contribution to E(A4

t ) so in the end we find

E(A4
t ) = 4!

∫

S

(2t1t2 + t1t3) dt1dt2dt3dt4 = t6/3.

This solves the problem, but since it is easy to make a mistake in such a
calculation, it is worthwhile to find an independent derivation. One instruc-
tive alternative starts by applying the two process version of Itô’s formula to
f(At, Bt). For polynomial f , this will give us the expectation formula

E[f(At, bt)]− f(0, 0) = E[
∫ t

0

{fx(As, Bs)Bs +
1
2
fxx(As, Bs)} ds]. (7)

Now, starting with f(x, y) = x4 we can apply this formula recursively, chasing
down just those the integrals that we need:

E(A4
t ) = 4E

∫ t

0

A3
sBs ds, E(A3

t Bt) = 3E

∫ t

0

A2
sB

2
s ds,

E(A2
t B

2
t ) = E

∫ t

0

(2AsB
3
s + A2

s) ds, E(AtB
3
t ) = E

∫ t

0

(B4
s + 3AsBs) ds

and finally E(AtBt) = E

∫ t

0

B2
s ds =

∫ t

0

s ds = t2/2.

We then finish off by working backwards using integrals that we have found:

E[AtB
3
t ] = 3t3/2, E[A2

t B
2
t ] = 5t4/6, E[A3

t Bt] = t5/2, and E(A4
t ) = t6/3.

Thus, we recover our previous result, and we can be reasonably confident that
both calculations are correct. Still, is there perhaps some easier way to do this?
Either of these methods would make computation of E(A6

t ) and unwelcome
bore.

8



In fact, there is a very easy way. One just needs to observe that At is a
Gaussian process. This follows since it is a limit of the Riemann sums, and
these are just sums of jointly Gaussian random variables. For any mean zero
Gaussian X we have E(X4) = 3E(X2)2, so E(A4

t ) = 3(t3/3)2 = t6/3. Two
pages of delicate work can be compressed into a single line! Moreover, we can
now jot down as many moments of At as we like with no more computation.

Problem 13.
(a) Fix 0 < t and let Gt = σ{Bt}, so knowing Gt is the same as knowing the

value of the random variable Bt. Note that here we are focusing on just one
point. In contrasts, knowing Ft = σ{Bs : 0 ≤ s ≤ t} is like knowing the full
Brownian motion path from time 0 to time t. Now, use your good gambling
sense to guess a formula for E(B1 | Gt) in terms of Bt. It will be useful to
consider separately the cases t ∈ [0, 1] and t ∈ (1,∞).

(b) Check that your guess is right. More specifically, use the definition of
the conditional expectation to show that your formulas are correct.

Remark: In Part b you may want to use the fact that to check that the
expectation identity holds for all A ∈ Gt it suffices to show that it holds for
all events of the form A = {ω : a ≤ Bt ≤ b}. Because we have not given
a systematic development of conditional expectations, part of the art of this
problem is to make an honest effort not to take steps that are bigger than the
thing you are trying to prove. Just use your own good sense about what is
cheating and what is fair. This is actually part of the exercise.

Problem 13 Solution. The gamblers will have no trouble guessing that

E(B1 | Gt) =

{
Bt for t ∈ [0, 1]
Bt/t for t ∈ (1,∞).

To prove the first formula, we take A ∈ Gt and calculate using the independent
increment property of Brownian motion:

E(B1IA) = E((B1−Bt)IA)+E(BtIA) = E(B1−Bt)E(IA)+E(BtIA) = E(BtIA).

This identity and the definition of conditional expectation confirms the first
formula.

Following the hint given in the remark, to prove the second formula it suffices
to show that for 1 ≤ t one has

E(B1I(a ≤ Bt ≤ b)) =
1
t
E(BtI(a ≤ Bt ≤ b)),

that is, one needs to check the integral identity:
∫ b

a

∫ ∞

−∞

xe−x2/2

√
2π

e−(y−x)2/2(t−1)

√
2π(t− 1)

dxdy =
1
t

∫ b

a

ye−y2/2t

√
2πt

dy.
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Since this must hold for all a and b, it is necessary and sufficient to check
∫ ∞

−∞

xe−x2/2

√
2π

e−(y−x)2/2(t−1)

√
2π(t− 1)

dx =
ye−y2/2t

t
√

2πt
.

Fortunately, this last identity is easier than it looks. The elementary formula
∫ ∞

−∞
xe−αx2+βx dx =

βe−β2/4α

2α3/2

reduces it to an algebraic check.2

It’s a matter of friendly debate whether it is fair in this problem to use
formulas for the conditional densities for the bivariate normal. A purist, would
probably require that such formulas first be derived with honest regard for the
definition of the conditional expectation with respect to a σ-field. The practical
person would know (1) the conditional density formulas surely can be so derived
and (2) there is probably no book or paper that actually does so! (Caveat:
Lucien LeCam or David Pollard may take on this Sisyphusian task in one of
their books. Can someone check?)

Incidentally, what I find amusing about this problem is that our probabilistic
intuition so easily leads us to formulas that conceal some rather sturdy calculus.

Problem 14. Suppose that a(·, ·) ∈ H2[0, T ] and consider the martingale

Mt =
∫ t

0

a(ω, s) dBt 0 ≤ t ≤ T.

Assume that {Mt} is bounded and prove that

E[ max
0≤s≤T

M4
s ] ≤ 2183−6E

[( ∫ T

0

a2(ω, s) ds

)2
]

. (8)

Hint: You might want to start with Itô’s formula for M4
t . You’ll also want

to recall both Doob’s maximal inequality and the proof of Doob’s maximal
inequality. Incidentally, the constant works out to be just a bit less than 360.

Problem 14 Solution. To use Itô’s formula for f(x) = x4 applied to Mt, we
first note that dMt = a(ω, t)dBt and dMt · dMt = a2(ω, t)dt, so we have

M4
t = 4

∫ t

0

M3
s a(ω, s) dBs + 6

∫ t

0

M2
s a2(ω, s) ds. (9)

Now, by Doob’s inequality we have E[max0≤s≤T M4
s ] ≤ (4/3)4E[M4

T ] and the
first term in (9) has expectation zero, so

E[ max
0≤s≤T

M4
s ] ≤ (4/3)4E[M4

T ] = 293−3E

[∫ T

0

M2
s a2(ω, s) ds

]
. (10)
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Now we come to the only slippery step. An immediate application of the
Cauchy-Schwarz inequality does not get us to where we need to go, so first
we use the trivial bound

∫ T

0

M2
s a2(ω, s) ds ≤ ( max

0≤s≤T
M2

s )
∫ T

0

a2(ω, s) ds.

Now Cauchy-Schwarz gives us

E
( ∫ T

0

M2
s a2(ω, s) ds

) ≤ E( max
0≤s≤T

M4
s )1/2

(
E

[( ∫ T

0

a2(ω, s) ds

)2
])1/2

,

and, when we carry this back to the bound (10), cancelations complete the
proof.

Inequality (8) illustrates the general principle that in a certain sense the
maximal function of a process is controlled by the quadratic variation of the
process. There are many bounds that express this principle, and they are com-
monly known as “inequalities of Burkholder-type.”
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