Statistics 111 - Lecture 22

One-Sample Inference for
Proportions
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Administrative Notes
¥ HW 6 due in recitation this Friday, Apr. 11

¥ There is recitation this Friday but there will be
no quiz
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Revisiting Count Data

¥ Chapter 6 and 7 covered inference for the population
mean of continuous data

¥ We now return to count data:
_ ;'#1 with probability p
" 90 with probability 1- p
¥ Example: Opinion Polls

¥ X;=1if you support Obama, X;= 0 if not

¥ We call p the population proportion  for X;=1

¥ What is the proportion of people who support the war? What
is the proportion of Red Sox fans at Penn?
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Inference for population proportion  p

¥ We will use sample proportion P as our best
estimate of the unknown population proportion p

P=Y/Nn where Y = sample count

¥ Tool 1: use our sample statistic as the center of an
entire confidence interval of likely values for our
population parameter
Confidence Interval : Estimate + Margin of Error

¥ Tool 2: Use the data to for a specific hypothesis test
1.!Formulate your null and alternative hypotheses
2.ICalculate the test statistic
3.!IFind the p-value for the test statistic
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Distribution of Sample Proportion

¥ In Chapter 5, we learned that the sample proportion
technically has a binomial distribution

¥ However, we also learned that if the sample size is
large, the sample proportion approximately follows a
Normal distribution  with mean and standard deviation:

mean@) = p

¥ We will essentially use this approximation throughout
chapter 8, so we can make probability calculations
using the standard normal table
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Confidence Interval for a Proportion

¥ We could use our sample proportion as the center of
a confidence interval of likely values for the population
parameter p:

$ m '
Cl. =(p+ Z "sD(@)=gp + Z ", 2 L# D)
% no{

¥ The width of the interval is a multiple of the standard
deviation of the sample proportion

¥ The multiple Z" is calculated from a normal distribution
and depends on the confidence level
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Confidence Interval for a Proportion

¥ One Problem : this margin of error involves the
population proportion p, which we donOt actually know!

?p + Z* n p"(l# p)l)
% T n

¥ Solution : substitute in the sample proportion P for the
population proportion p, which gives us the interval:

%+ 7 [PO#D),
% T n
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Example: Red Sox fans at Penn

¥ What proportion of Penn students are Red Sox fans?
¥ Use Stat 111 class survey as sample

¥ Y = 25 out of n = 192 students are Red Sox fans so

p=Y/n=0.13
¥ 95% confidence interval for the population proportion:
$ _.. [praxp. % 0.13'0.87.
&+ 7" [Py =013+ 1.96", | ————"")=(0.08, 0.18]
% no( % 1 192 ¢

¥ Proportion of Red Sox fans at Penn is probably
between 8% and 18%
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Hypothesis Test for a Proportion

¥ Suppose that we are now interested using our count

data to test a hypothesized population proportion p,
¥ Example: a older study says that the proportion of Red

Sox fans at Penn is 0.10.

¥ Does our sample show a significantly different proportion?
¥ First Step: Null and alternative hypotheses

Hp: p=0.10 s Hap! 0.10
¥ Second Step: Test Statistic
2=P"P_ PP
SXP)  |pd" p)
n
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Hypothesis Test for a Proportion

¥ Problem : test statistic involves population proportion p

¥ For confidence intervals, we plugged in sample
proportion but for test statistics, we plug in the
hypothesized proportion p, :

y=_P" P
(1" Py)

Y n

¥ Example: test statistic for Red Sox example
_ Pp"p, _ 0.13'0.10 _

= = =1.39
\/ B(L" Po) \/0.10#0.90
n 192
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Hypothesis Test for a Proportion
¥ Third step: need to calculate a p-value for our test
statistic using the standard normal distribution

¥ Red Sox Example: Test statistic Z = 1.39

¥ What is the probability of getting a test statistic as extreme or
more extreme than Z = 1.39? ie. P(Z>1.39) =7

Nb B

Z=1.39

¥ Two-sided alternative, so p-value = 2" P(Z>1.39) = 0.16

¥ We donOt reject ljat a #=0.05 level, and conclude that Red
Sox proportion is not significantly different from p,=0.10
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Another Example

¥ Mass ESP experiment in 1977 Sunday Mirror (UK)

¥ Psychic hired to send readers a mental message about a
particular color (out of 5 choices). Readers then mailed back
the color that they OreceivedO from psychic

¥ Newspaper declared the experiment a success because, out of
2355 responses, they received 521 correct ones ( P=0.22)

¥ Is the proportion of correct answers statistically different

than we would expect by chance (p,=0.2) ?
Ho:p=0.2 vs. Hg:p! 0.2

_ pP"p, _ 022"0.20 _

= = =243
\/ 2o Po) \/0.20#0.80
n 2355
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Mass ESP Example

¥ Calculate a p-value using the standard normal distribution

/\(’m .

Z=243

¥ Two-sided alternative, so p-value = 2" P(Z>2.43) = 0.015

¥ We reject Hyat a #=0.05 level, and conclude that the survey
proportion is significantly different from p,=0.20

¥ We could also calculate a 95% confidence interval for p:

$ .. (1# R . [0.22"0.78,
giz % 8022+196'1W%

Interval doesnOt contain 0.20 ——, — (0203’ 0233
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Margin of Error

Confidence intervals for proportion p is centered at the
sample proportion § and has a margin of error :

ez [PAED
1

Before the study begins, we can calculate the sample
size needed for a desired margin of error

Problem: donOt know sample prop. before study begins!

Solution: use P=0.5which gives us the maximum m
So, if we want a margin of error less than m, we need
$Z* 12 1$Z* 12
n" pLHEPg ) * n" e
i} 48m}
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Margin of Error Examples

¥ Red Sox Example: how many students should | poll in
order to have a margin of error less than 5% in a 95%
confidence interval?

# 83
"1 Z 1%5( =384.1¢

¥ We would need a sample size of 385 students

¥ ESP example: how many responses must newspaper
receive to have a margin of error less than 1% in a 95%
confidence interval?

&
" 1#2 1%( =9604
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Rare Problem with Sample Proportion

¥ The book also discusses an alternative to the sample
proportion: the Oplus-fourO estimate

¥ Potential problem with the sample proportion: it
does not perform well for really extreme probabilities

¥ If the sample count Y = 0, then sample proportion
also equals 0, so width of the C.l. is also zero!

$ 5 —
etz (1#@)) — 7" 0—1)=(0,0)
% no( % Vnq

¥ Example: sample proportion of Tampa Bay Ray fans

in our classEprobably equal to zero!
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The Oplus-four® Estimate

¥ Popular Solution : use a different statistic
called the Oplus-fourO estimate:

F’_Y+2
n+4

¥ Note that 4 counts (2 successes and 2
failures) are added to sample proportion

¥ The Oplus-fourO estimate does not equal 0
even if when the sample count is equal to 0
¥ So confidence intervals do not have width = 0
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Stick with Sample Proportion

M So, sample proportion is inferior to Oplus-four®
estimate when the sample count is 0

¥ However, this problem is so rare, that we will
continue to use sample proportion  for all of
our calculations

M Feel free to read about the Oplus-fourO
estimate in the book, but it is not required
material in this course !
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Next Class - Lecture 23

¥ Two-Sample Inference for Proportions

¥ Moore and McCabe: Section 8.2
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