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SUMMARY

Multivariate regression with high-dimensional covariates has many applications in genomic
and genetic research, in which some covariates are expected to be associated with multiple
responses. This paper considers joint testing for regression coefficients over multiple responses
and develops simultaneous testing methods with false discovery rate control. The test statistic is
based on inverse regression and bias-corrected group lasso estimates of the regression coefficients
and is shown to have an asymptotic chi-squared null distribution. A row-wise multiple testing
procedure is developed to identify the covariates associated with the responses. The procedure
is shown to control the false discovery proportion and false discovery rate at a prespecified
level asymptotically. Simulations demonstrate the gain in power, relative to entrywise testing, in
detecting the covariates associated with the responses. The test is applied to an ovarian cancer
dataset to identify the microRNA regulators that regulate protein expression.

Some key words: Bias-corrected group lasso; Error rate control; Multiple phenotypes; Row-wise multiple testing.

1. INTRODUCTION

In genetic and genomic applications, multiple correlated phenotypes are often measured on
the same individuals. Examples include genetic association studies, where many correlated phe-
notypic measurements are analysed jointly in the hope of increasing the power to detect causal
genetic variants (Schifano et al., 2013; Zhou et al., 2015). In the study of gene expression,
many genetic variants are associated with expression of multiple genes through trans-regulation
(Grundberg et al., 2012). Identification of such trans-variants has been difficult due to limited
sample sizes and multiple comparisons. In cancer genomic studies, microRNAs, or miRNAs, have
been found to modulate many cellular processes, and protein-miRNA interactions are essential
for post-transcriptional regulation in normal development and may be deregulated in cancer
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(van Kouwenhove et al., 2011). The biological goal of these studies is to identify associations
between miRNA and protein expression in order to understand the regulatory roles of miRNAs.
High-dimensional multivariate regression can be used in the applications mentioned above.
One simple approach involves assessing the relationship between each response and each covari-
ate individually and using a Bonferroni correction and false discovery rate control to account for
the large number of tests conducted. This is often performed in genetic association analysis of
gene expression data. Ruffieux et al. (2017) developed a Bayesian method for sparse multivariate
regression models to select predictor-response pairs. Alternatively, one can apply a dimension
reduction technique, such as principal component analysis of the responses, and test for asso-
ciation with the principal components rather than the individual responses (Suo et al., 2013).
Classical Fisher combination tests have also been explored and applied (Yang et al., 2016).

By taking advantage of the similarity across multivariate responses, significant gains in statis-
tical power can potentially be achieved in an association analysis. This motivates us to consider
the following high-dimensional multivariate regression model, where D correlated responses are
measured on 7 independent individuals, together with p covariates, where p can be much greater
than n:

YuxD = WUnxD +Xn><po><D + YuxD, (1)
where ¥ = (Y.1,...,Y.p) € R"™P | with Yo = Mg,...,Yna)", denotes the observed
response matrix for n samples over D responses, © = (W.1,...,/.p) € R™P with
w.d = (Uids---»Hnd)", is the mean response matrix, the rows of which are the same, and
X = (XT,.,. .. ,X,Z,)T € R is the covariate matrix. In this model, B = (B.,...,B.p) € R*>*D,
with B.y = (Big,...,Bpq)" € R, represents the matrix of regression coefficients, where the
ith row represents the regression coefficients of the ith covariate on the D responses, and D is
fixed. Finally, T = (e.1,...,€.p) € R"™D with €4 = (€1d,...,€nq)", Where {€; 4} are inde-

pendent and identically distributed random variables with mean zero and variance 062 which are
independent of X

To test whether the ith covariate is associated with any of the D responses, in this paper we
develop an efficient procedure for simultaneously testing

Hy;:Bi.=0 wversus Hy;:B;,.+0 (i=1,...,p) 2)

while controlling the false discovery rate and false discovery proportion. Of particular interest
is the scenario where the effects of the ith variable on each of the D responses share strong
similarities; thatis, if B; 4 & 0, then the rest of the entries in that row are more likely to be nonzero.
Hence, a row-wise testing method using the group information should be more favourable than
testing B column by column.

Currently there is significant interest in statistical inference for high-dimensional linear regres-
sion. In the ultra-sparse setting, Javanmard & Montanari (2013), van de Geer et al. (2014) and
Zhang & Zhang (2014) considered constructing confidence intervals and testing for a given coor-
dinate of a high-dimensional coefficient vector in a linear model, and proposed procedures based
on the debiased lasso estimators. Cai & Guo (2017) studied adaptive confidence intervals for a
general linear functional of the regression vector in the high-dimensional setting, and showed
that the adaptivity depends on the sparsity of the regression and the loading vectors. Zhu &
Bradic (2017) considered testing a single entry of the regression coefficient in the setting of
nonsparse linear regression. These papers focused on inference for a given coordinate or a given
linear functional, but simultaneous testing of all coordinates with false discovery rate control was
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Joint testing for multivariate response regression 251

not considered. Furthermore, they only dealt with the regression setting with a single response,
whereas here we consider joint testing of regression coefficients over multiple responses.

We develop a sum-of-squares-type test statistic for testing a given row of the regression coef-
ficient matrix B, based on the covariance between the residuals from the fit of the regression
model (1) and the corresponding pD inverse regression models introduced in § 2-2. To get an
estimate of the error terms Y in (1), this model is reformulated and the group lasso algorithm
applied to obtain a bias-corrected estimator of B, so as to make use of the group information.
The test statistic is shown to have an asymptotic x? distribution under the null hypothesis that
the corresponding row of B is zero. A transformed statistic is introduced and its asymptotic
power is studied. In addition, a new row-wise multiple testing procedure based on the normal
quantile transformation is proposed and its theoretical error rate control investigated. It is shown
numerically that for a range of settings, the row-wise testing procedure significantly outperforms
the entrywise method. We apply our method to analyse an ovarian cancer genomic dataset. The
results demonstrate that the proposed test provides a powerful tool for identifying the miRNA
regulators that are associated with a set of important proteins related to cancer progression.

2. ESTIMATION AND ROW-WISE STATISTICAL TEST

2-1. Notation and definitions

We begin with some basic notation and definitions. For a vector a = (ay,... ,ap)T e R?,
define the /;-norm by |al, = (Zi;l la;|H)/4 for 1 < g < oo. For subscripts, we use the
convention that v; stands for the ith entry of a vector v and M; ; for the entry in the ith row and jth
column of a matrix M. Throughout, » independent and identically distributed random samples
(Yia: Xi. :k=1,...,n,d =1,...,D} are observed, where X; . = (X 1,...,X}p) isarandom
vector with covariance matrix X. Define T~ = Q = (w; J)-

For any vector ugy € R?, let u_; 4 denote the (p — 1)-dimensional vector obtained by removing
the ith entry from py. For a symmetric matrix 4, let Amax (4) and Anin (4) denote the largest and
smallest eigenvalues of 4. For any n x p matrix 4, let 4; _; denote the ith row of 4 with its jth
entry removed and let A_;; denote the jth column of 4 with its ith entry removed. Let 4_; _;
denote the (n — 1) x (p — 1) submatrix of 4 formed by removing its ith row and jth column, and
let A. _; denote the n x (p — 1) submatrix of 4 formed by removing the jth column. Let 4; . be the
ith row of 4 and 4.; the jth column of 4. Write A_.J; =n 130, A, A_j=n""Y0 Ay,
Aj= Ay Apypand Ay = A, AT )Y oy Letd =n"! 30 Ay

For a matrix 2 = (w;;)pxp, the matrix elementwise infinity norm is defined by [|Q]/ =
max|g;j<p |wij|. For a set H, |H| denotes the cardinality. For two sequences of real numbers
{a,} and {b,}, write a,, = O(b,,) if there exists a constant C such that |a, | < C|b,| for all n, write
ay = o(by) iflim,_, » a,/b, = 0, and write a, < by, if lim, o a, /b, = 1.

2-2. Parameter estimation and construction of test statistics

In order to construct a row-wise testing procedure, an inverse regression approach is used to

first obtain a nearly unbiased estimator of B. Based on model (1), for eachi = 1,...,p and
d = 1,...,D, we run linear regression by taking Xy ; as the response and (Yj 4, X —;) as the
covariates:

Xii = ig + Yeds X~ Vid + Mkia  (k=1,...,n) (3)

where 7y ; 4 has mean zero and variance al.z , and is uncorrelated with (Y 4, Xi, ;). The regression
coefficients y; s = (Vi,1.d>- - > Vipa)' satisfy
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252 Y. Xia, T. T. Caranp H. Li

2 2 2 2 2 ;2 -1

Vid = =07 4(=Bia/0, BiaBL, 4/0f + Qi -0)', 0iy= B /0l +wii) .
Note that cov(ex g, Nk,iq) = coviera, Xii — g — (Yia, Xk, —i)via}. Because the € 4 are
independent of the random design matrix X, r;q = cov(€rq,nk;q) can be expressed as
~Yi1,d CoV(€rd, Yia) = —y,-’l’dcrf = —aide,-,d. Thus the null hypotheses Hy; : B;. = 0 are

equivalent to

D

Hoj: Y (ria/ol)* =0 (=1,...p).
d=1

Test statistics can then be based on the estimates of {r,»,d/afd i=1,...,p;d=1,...,D}.

To obtain estimates of 7,4, estimates of B and y; 4 are first constructed. To utilize the
row-wise similarity information, the estimator B = (E,,l,...,é.p) e RP*P | with ZA?.,d =
(l}l,d, e ,f?p,d)T € RP, is obtained by using the group lasso method proposed in Yuan &
Lin (2006). Because the response variables and the covariates can be centred so that the
observed mean is zero, without loss of generality we assume that © = 0. Specifically, write
vee(Y) = (Yi.p..., Y, )" € RP* vec(B) = (By,,...,B,.)" € RPP*! and vec(Y) =
(€15 €0 )" € R"Px1 Model (1) can then be written as

vec(Y) = X ® Ipxpvec(B) + vec(Y). 4)
Let VCC(E) = (f?l,., ... ,Ep,.)T e RPP*1 The group lasso estimator is defined as
P

vee(Y) — Z(X ® Ipxp).[(j-1)D+11yDB;j,
j=1

2 P
+a Y 1B l2f. (5
2

J=1

A 1
vec(B) = arg min >

where A, is a tuning parameter. Selection of A, will be discussed in § 3-3. By Lemma A3 in the
Appendix, if the row sparsity of B satisfies s(p) = o(n'/?/log p), then

| max B.g—B.4|, = Op(am), max |B.a — B.a|, = Op(an) (6)
for some a, and a,;, such that
max(an1an, 0%2) =o{(n IOgP)_l/z}a an =o(1/ IOgP) (7

Remark 1. The estimator B in (5) provides one way to estimate the regression coefficients B,
and other methods can be applied to estimate it if the coefficients satisfy (6) and (7). On the other
hand, row-wise estimation as in (5) is better than entrywise estimation because the entries in the
same row of B have similar patterns.

Next, we construct estimates of y; 4 in the inverse regression (3) that satisfy

max max |Pig — Via|, = Op(an)), max max |Pig — Via

= Op(am 8
1<d<D 1<i<p 190D 1955 5 b(an2), (8)

which can be obtained via the lasso estimator (Xia et al., 2015, 2018); see § 3-3.
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Fork=1,...,nandd = 1,...,D, define the residuals

. =Y. — ¥ — (X, —X)B, i
Nkid = Xii —Xi — {Yia — Yo, X —i = X —)}Vid>

where B and Yi.a are estimators of B and y; 4 that satisfy (7) and the following conditions by
combining (6) and (8):

max ( max |B., — B. max max |YVig — ¥ >=0 a
(Kd@l d Al 1<KDK!@IJ/:,CJ Yidl1 b(an1),

)

max ( max |B., — B. max max |YVig — ¥ >=0 anm).
(Kd@l d dl2, 1<d<01<i<p|y”d Yidl2 b(an2)

We construct a nearly unbiased estimate of 7; 4 as follows. Since r; 4 = cov(€x 4, Nk.iq4), it can
be esti.mated by the sample. covarianc?e between the error tferms, Rig = n! Yo €kd M i.d- By
replacing the error terms with the residuals, R; 4 can be estimated by 7; 4 = n! Y i1 €kdlkid-
However, the bias induced by the estimated parameters exceeds the desired rate (n log p) ~'/? and
is not ignorable. By comparing 7; 4 and R; s, Lemma A2 leads to

Fid = Rig + 62 (Vind = Vira) + 61q(Bia — Bia) + op{(nlogp)~'2).

Deﬁne 62 = (D1.1)_1 Y i ZdDzl é,i , and 65 =01 Y0 ﬁil , to be the empirical sample
variances that satisfy

A2 2 ~2 2 1/2
max (|o€ —o/l, 1r2?<xp o7y — Gi,d|) = Op{(logp/n) 2y

We have

n

S A2 A2 g 1
Fid +629i1d + 67yBia =" Aerankia — E€xankia))
k=1

— 07yBia(1l =52 [0} = [4/0ly) + opl(nlogp)~'72).

Thus, a debiased estimator for 7; 4 can be defined by
N A2 A 52 R
Yid = Tid +0Vild + 0; 4Bid.

Under the null hypothesis Hy ;, the bias of 7; 4 is of order (n log p)~ 12 which is sufficiently small
to construct the test statistics

Tia =Fia/67y (=1,....,p;d=1,...,D).

Under Hy;, we have |T; 4 — (71,d| = op{(n log p)~!/?}, where

n

Uia =n"" Y {ekankia — Eeraniia)),  Uia = Big + Uia)/oly. (10)
k=1
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254 Y. Xia, T. T. Caranp H. Li

The variance of T; ;4 can be approximated by
— TN 2 2,2 2
Oia = var(Uiq) = var(€xan,ia/o;ig)/n = (0 /o] 4+ Bi ) /n,

where 6; 4 can be estimated by éi,d = (62/ 6i2 + f}l.z 4)/n. Define the standardized statistic

A1/2 .
Wia =Tra/0,) (=1....p).

The final test statistic for (2) basedon {W; 4 :i=1,...,p; d = 1,...,D} is then defined as

D
Si=Y Wl (=1,....p) (1)
d=1

which will be studied in detail in § 2-3.

2-3. Asymptotic null distribution of S;
To investigate the asymptotic null distribution of S;, some regularity conditions are needed.

Condition 1. Assume that logp = o(n'/?) and that for some constants Cy, C;,Ca > 0,
Co < Amin(R) < Amax(R) < Co, €' < 02 < €, [IBlloo < Co, and var(¥i ) < Ca.

Condition 2. There exists some constant M > 0 such that the quantities E{exp(M 61% )} and
maxvar(aTXkT‘A)=l E[CXP{M(aTXlg,,)z}] are finite.

Condition 3. Let A be the diagonal of Q2 and let (§;;) = R = A12QAT1/2. Assume that
maxigigj<p |€ij] < & < 1 for some constant 0 < £ < 1.

Condition 1, the eigenvalue condition, is common in high-dimensional settings (Cai et al., 2013;
Liu, 2013; Xia et al., 2015). It implies that most of the variables are not highly correlated with
each other and is sufficient to give Lemma A2 and to ensure error rate control in simultaneous
inference, studied in § 3. The assumption logp = o(n!/?) is sufficient for the simultaneous
Gaussian approximations (A3) and (A4), as shown in the proof of Theorem 1. As we shall see
from the numerical results in § 4, p can be much larger than #n in practice. The same condition
is commonly used (see, e.g., Cai et al., 2013; Xia et al., 2015), and stricter assumptions are
also imposed, for example in Chang et al. (2017), where it was assumed that logp = o(n!/7).
Condition 2 is a sub-Gaussian tail condition, and can be weakened to a polynomial tail condition
if p < n¢ for some constant ¢ > 0. This condition is necessary for Gaussian approximation of
the proposed test statistics. It is milder than the normal assumption used in the high-dimensional
regression literature (Javanmard & Montanari, 2014; Zhang & Zhang, 2014). Condition 3 is also
mild. For example, if max<;gj<p |§ij| = 1, then Q is singular.

The following theorem gives the asymptotic null distribution of S;, foranyi = 1,...,p.

THEOREM 1. Suppose that Conditions 1 and 2 and the asymptotic conditions (9) and (7) hold.
Then under Hy; : B;. =0, forany t € R,

pr(S; < t) — pr(xp < 1)

as n,p — 00.
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Joint testing for multivariate response regression 255
The normal quantile transformation of S;, defined as
0i = o~ {1 —pr(xp > 5)/2) (12)

where @ is the standard normal cumulative distribution function, asymptotically has the same
distribution as the absolute value of a standard normal random variable. A test @/, can be defined as

@, =1{0; > @7 (1 — /2)}, (13)
where the hypothesis Hy; : B;. = 0 is rejected whenever d>f1 =1.

2-4. Asymptotic power

To analyse the asymptotic power of the test ®!, given in (13), for a given row index i, define
the class of regression coefficients

D B2,
. Ly
Wi(a,v) = {B: dE_l 5

> Q2+, + i) (14)

i,d

for any constant § > 0, where W|_,, is the 1 — « quantile of x 12).
The next theorem shows that the test ®;, is able to asymptotically distinguish the null parameter
set in which B;. = 0 from W;(«, v) for an arbitrarily small constant § > 0, with v — 0.

THEOREM 2. Suppose that Conditions 1 and 2 and the asymptotic conditions (9) and (7) hold.
Then as n,p — oo, for any § > 0,

inf  pr(® =1)>1—v.
BeWi(a,v)p( o ) v

Since 0; 4 is of order 1/n, Theorem 2 shows that the proposed test rejects the null hypothesis
Hy; : B;. = 0 with high probability for a large class of regression coefficients satisfying the
condition that there exists one entry B; ; having a magnitude larger than C/ n'/2 for C = {2 +
) (CoCr + C%)(\Illz_a + \1112_‘))}1/2, where Cy, Cy and C; are given in Condition 1.

3. MULTIPLE TESTING WITH ERROR RATE CONTROL
3-1. Multiple testing algorithm

In this section, a row-wise multiple testing procedure is introduced with error rate control for
testing the p hypotheses

Hy;:B;.=0 wversus Hj;:B,.0 (i=1,...,p).

LetH ={1,...,p},let Ho = {i : B;. =0, i € H} be the set of true nulls, and let H; = H \ Ho
be the set of true alternatives. We are interested in cases where most of the rows of B consist of
zeros, that is, where |H 1| is small relative to |H]|.

Theorem 1 shows that S; is asymptotically chi-squared distributed, and, as discussed in § 2-3,
the normal quantile transformation of S; defined as Q; = ®~ {1 — pr(x 12) > S;)/2} has approx-
imately the same distribution as the absolute value of a standard normal random variable under
the null Hy;. Let ¢ be the threshold level such that H; is rejected if O; > ¢. For any given ¢,
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256 Y. Xia, T. T. Caranp H. Li

denote the total number of false positives by Ry (z) = ZieH . 1(Q; > t) and the total number of
rejections by R(¢) = ) ;.4 1(Q; > t). Then the false discovery proportion and false discovery
rate are defined as

FDR(?) = E{rDP(?)}.

An ideal choice of ¢ 1s

ty = inf{O <t < (210gp)1/2 1 FDP(?) < a},

which would reject as many true positives as possible while controlling the false discovery pro-
portion at the prespecified level «. Here Ry (¢) can be estimated by 2{1 — ®(¢)}|Ho| and |Ho| is
bounded above by p. Thus we conservatively estimate |Hg| by p because of the row sparsity of
the regression coefficients. Therefore, we propose the following multiple testing algorithm.

Step 1. Construct S; by (11); then calculate the row-wise test statistics Q; by (12), fori € H.

Step 2. Foragiven 0 < o < 1, calculate

1/2 . 2P{1—q>(f)}< :| (15)

Ezinf[o S1s @logp—2loglogp) ™™ =5 moa— s«

If (15) does not exist, then set 7 = (2 log p)!/2.

Step 3. Fori € H,reject Hy; if Q; > 7.

3.2. Theoretical error rate control

We now turn our attention to the theoretical error rate control of the proposed multiple testing
algorithm. For any i € H, define

Ti(y) =1{j:j € H, &1 > (logp) 77},

where §; ; is defined in Condition 3. The following theorem shows that the proposed multiple test-
ing procedure controls the false discovery proportion and false discovery rate at the prespecified
level o asymptotically.

THEOREM 3. Assume pg = |Ho| < p and that (9) and (7) hold. Suppose there exists some
y > 0 such that max;cy, |I'i(y)| = o(®) for any Tt > 0. Then under Conditions 1-3 with
p < cn” for some ¢ > 0 andr > 0, we have

lim sup FDR(?) <,
(n,p)—>00

and for any € > 0 we have

lim pr{For() < o + €} = 1.

(n,p)—00

Remark 2. The condition on |I";(y)| ensures that most of the row estimates of B are not highly
correlated with each other for those indices belonging to the true nulls Ho, so as to control the
variance of Ry(¢) in order to control the false discovery proportion.
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Joint testing for multivariate response regression 257

When 7 is not attained in the range [0, (2logp — 2loglogp)!'/?] as described in (15), it is
thresholded at (2 log p)'/2. The following theorem states a weak condition to ensure the existence
of 7 in the range; as a result, the false discovery rate and false discovery proportion will converge
to the prespecified level «.

THEOREM 4. Let

S, = {i € H : there exists d with 1 < d < D such that |B,-,d|/8ilé2 > (1ogp)1/2+'°}.

Suppose that for some p > 0 and some § > 0, |S,| > {1/ %) + 8}(log p)'/2. Suppose there
exists somey > 0suchthatmax;ey, |I'i(y)| = o(p®) forany t > 0. Assume thatpy = |Ho| > cp
for some ¢ > 0 and that (9) and (7) hold. Then under Conditions 1-3 with p < cn” for some
c>0andr > 0,

FDR(?) FDP(?)
m =1,
(n,p)—00 &tpo /P apo/p

in probability as (n,p) — o0.

Remark 3. The condition on |S,| requires that a few rows of B have one entry with magnitude
exceeding (log p)!/?*# /n!/? for some constant p > 0, among p hypotheses in total, and is thus a
mild condition. It is critical to restrict 7 to the range [0, (2 logp —2 log log p)!/?] and to threshold
Q; at (2logp)'/? when 7 is not in this range. First of all, when ¢ > (2logp — 2loglogp)'/?,
2p{l — ®(1)} — 0 and is not even a consistent estimate of the false rejections Ro(#) because
[Ro(1)/[2p{1 — ®(®)}] — 1| 4 0 in probability as (n,p) — oo. Hence, if we use 2p{l —
@ (1)} as an estimate of Ro(¢) for all + < (2logp)!/?, it may not be able to control Fpp(f) with
positive probability. Secondly, it is critical to threshold Q; at (2 log p)!/? instead of (2logp —
2 log log p)!/?. When ¢ does not exist in the range, thresholding Q; at (2 log p —2 log log p) /2 will
cause too many false rejections, and consequently FDR(7) cannot be controlled asymptotically at
level «.

3-3. Algorithm details and tuning parameter selection
To obtain the row-wise test statistics Q; in Step 1 of the above algorithm, we study the estimation
of regression coefficients in models (1) and (3). As discussed in § 2-2, the regression coefficient
matrix B can be estimated by first reformulating the model (1) as (4) and then applying the group
lasso estimator of Yuan & Lin (2006) as in (5) with

An = b{86y(1 +5/2D " logp)/(nD)}'/2,

where vec(Y) and X are centred and 6y is the sample variance of vec(Y); see, for example,
Lounici et al. (2011). For the inverse regression models in (3), ;g (d =1,...,D;i=1,...,p)
is estimated by applying the lasso as follows:

2
+ AiJ1|V|{>:
2

(16)

where A, = b(6i logp/n)!/? and A4 = diag(oy,, EA]_,-,_,-), in which 6y, is the sample variance

—1)2 A -5 —1,2 -
Yid = Al,’d/ argmln(%‘[(Y.,d,X,—i) - {Yd,X(-,—i)}]Ai,d/ v— X, —X))
v

of Y 4 and 3= (i) is the sample covariance matrix of Xj ..
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258 Y. Xia, T. T. Caranp H. Li

The tuning parameters A, and A;, in (5) and (16) are selected adaptively using the data by
matching the number of false rejections R (¢) with its estimate 2p{1 — ®(¢)} as closely as possible.
Since H is unknown, the constant b in the tuning parameters is chosen to minimize

2
[ [ZZEHI{QZ@ 2 (ool 1} da,
c ap

where ¢ > 0and Q;b) is the statistic of the corresponding tuning parameter. A discretized criterion

and the algorithm are summarized as follows.

Step 1. For b = 1,...,40 let &, = (b/20)[867{l + (5/2)logp/D}/(nD)1'/? and A;, =
(b/20)(6i, log p/n)!/2. For each b, calculate B® and )91.(2) (i=1,...,p;d =1,...,D). Based

on the estimation of regression coefficients, construct the corresponding statistics Sl.(b) for each b.

Step 2. Choose b to be the minimizer of

b = argmin Z

s=1

S rciey ISP = w11 = {1 — W(2logp)'/2)1/10)) 12
spll — W{(2logp)1/2}]/10 o

Then the tuning parameters A, and A;, are chosen by

= (b/20)[85y{1 + (5/2) logp/D}/(nD)]"/?,  hin = (b/20)(6;,logp/n)'/.

4. SIMULATION STUDIES
4-1. Data generation

The false discovery rate and power of the multiple testing procedure proposed in §3-1 are
evaluated by simulation. The data are generated by considering three matrix models, with covari-
ates being a combination of continuous and discrete random variables. The proposed row-wise
multiple testing procedure is compared with the entrywise testing method of Xia et al. (2018).
The R code is available in the Supplementary Material.

The number of responses D is chosen to be 10. The design matrices Xj;. (k = 1,...,n)
are generated as in Xia et al. (2018), with some covariates continuous and others discrete. Let
A = (A;;) be a diagonal matrix with A;; = Un(l,3) fori = 1,...,p. The following three
models are used to generate the design matrices.

Model 1 constructs Q*(D = (w *(1)) wherea)*(l) =1, D = ) = 06, ofD = oD —

ii+1 i+1,i w; 42 i+2,0 —

0-3 and a)*(l) = 0 otherwise. Then the precision matrix is generated by Q1 = A/2Q*(DA1/2,
Model 2 constructs Q*(Z) = (w *(2)) where wf‘f) = a)j*l(z) = 05fori = 10k — 1) + 1
and 10(k — 1) +2 < j < 10(k — 1) + 10, with 1 < k < p/10, and o]” = 0 otherwise.

Then the precision matrix is generated by Q) = Al/ 2@ 4 81 /(1 + §)A'/? with § =
|Amin (2*@)| + 0-05.

Model 3 constructs Q*@) = (w *(3)) where a)*(3) 1, ;‘:](3) = 0-8 x Ber(1,0-05) fori < j and
a)}il@ = w;kf). Then the precision matrix is generated by Q® = AV2(Q*® 1 81)/(1 + 8)Al/?
with 8 = [Amin (2*3))| + 0-05.
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For each of the three matrix models, independent and identically distributed samples Xj . ~
N, =) (k =1,...,n)withm = 1,2 and 3 are obtained. Discrete covariates are simulated by
[ covariates of X . 4 taking one of three discrete values, 0, 1 or 2, with probability 1/3 each, where
[ is arandom integer between |p/2 ] and p. For the regression coefficient matrix B, s nonzero rows
are randomly selected, with s = 10,20, 30 and 50 for p = 50,200, 500 and 1000, respectively.
For the selected rows, we construct the regression coefficient matrix in the following two settings.

In setting 1, all entries in the nonzero rows are nonzero: the magnitudes of B; 4 are generated
randomly from [—2(log p/n)'/?, —(logp/n)'/?1 U [(log p/n)'/?, 2(log p/n)/*] with n = 100
andd=1,...,D.

In setting 2, a small proportion of entries of the nonzero rows are nonzero: for each nonzero
row, we randomly selected three nonzero locations {/1, />, 3} and generated the magnitudes of
nonzero B; 4 randomly from [—4(logp/n)'/?, —2(logp/m)/?1 U [2(log p/n)'/?, 4(log p/n)'/?]
withn = 100 and d = /1, 5, 13, and set B; ; = 0 otherwise.

The false discovery rate level is chosen as « = 5%. Based on 50 replications, the empirical
false discovery rate and power are calculated by

1 Y ierg [N =) 1 e [Ny = )
50 = Y in IWNiyy > 1) 50 = IHil ’

where N;; denotes the normal quantile transformed statistics for the /th replication.

4.2. Simulation results

Figure 1 shows that the new method controls the false discovery rate well with o = 5%
for all three matrix models with randomly selected nonzero regression coefficients as described
above, across the whole range of dimensions. In contrast, the entrywise method shows severe
false discovery rate distortion when the same significance level « is used. As an alternative, we
can conservatively select the significance level for the entrywise method to be «/D, for testing
each of the D columns. The false discovery rate is well controlled by this corrected entrywise
method for Models 1 and 2, but still suffers from distortion for Model 3 when the dimension is
large.

Figure 1 shows that the proposed method has a clear power advantage over the two entrywise
methods. Even for the uncorrected entrywise method, which has serious false discovery rate
distortion, the empirical power is still much lower than that of our new procedure. When the
dimension is large, i.e., when p = 1000, both entrywise methods suffer from trivial power, while
the power of our method remains reasonably high.

In Fig. 2 one can observe similar behaviour to that in Fig. 1: the proposed method attains the
desired error rate control in all models with various dimensions and sparsity levels. In setting 2,
because only a small proportion of entries in the nonzero rows of the regression coefficient
matrix B are nonzero, the entrywise method with the same significance level o exhibits less
severe false discovery rate distortion, though obvious deviation from the nominal level can still
be seen, especially in Model 3. Furthermore, although the similarities between the columns of B
are relatively weak in setting 2, the proposed method still shows significant power gain over the
alternative procedures, especially as the dimension increases.

In summary, the numerical results suggest that when the regression coefficients share some
row-wise similarities, groupwise testing is preferable to the entrywise method, in terms of both
false discovery rate and power. The results of more simulations with weaker signal sizes are
reported in the Supplementary Material.
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Fig. 1. Simulation setting 1: comparison of false discovery rate and power of the three methods, with & = 5%; in each

panel the solid line with circles represents the proposed row-wise method, the dotted line with crosses represents the

entrywise method with significance level «, and the dashed line with triangles represents the entrywise method with
significance level «/D.

5. REAL-DATA ANALYSIS

We apply the proposed testing procedures to an ovarian cancer dataset, with the goal of iden-
tifying the miRNA regulators that regulate the expression of ovarian cancer-related proteins.
MicroRNAs are a family of small noncoding RNAs that regulate a wide array of biological
processes, including carcinogenesis. In cancer cells, miRNAs have been found to be heavily
dysregulated and affect the expression of genes and their protein products. To investigate the
association between miRNA expression and protein expression in ovarian cancer, a total of 125
stage 11l and stage IV papillary serous primary ovarian cancer samples resected during debulking
at the University of Turin were profiled for both miRNA expression and protein expression (Zsiros
etal., 2015). A total of 3480 probes were profiled for miRNA expression and summarized as log,
expression ratios. Among these, 3132 miRNAs were characterized and are used in our analysis.
The protein expression data on these 125 samples were measured using reverse-phase protein
arrays for a total of 195 proteins; reverse-phase protein array is a quantitative antibody-based
technology that can be used to assess multiple protein markers in many samples in a cost-effective,
sensitive and high-throughput manner (Li et al., 2013).

Since many of the proteins did not exhibit large variations in the ovarian cancer samples,
they were first screened with the variance threshold set to 1, which resulted in the following
16 most variable proteins in our analysis: Annexin, Caveolin, Caveolinl, Claudin7, Cyclin.B1,
E.cadherin, FAK.C, FAK.C1, HER2, HSP70, HSP70.1, IGFBP2, MAPK, p38, PARP, and PR.V.
These proteins play functionally significant roles in ovarian cancer migration and invasion. For
example, HER2 overexpression is a driving force in the carcinogenesis of several human cancers,
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Fig.2. Simulation setting 2: comparison of false discovery rate and power of the three methods, with @ = 5%; in each

panel the solid line with circles represents the proposed row-wise method, the dotted line with crosses represents the

entrywise method with significance level «, and the dashed line with triangles represents the entrywise method with
significance level o/D.

including ovarian cancer (Pils et al., 2007). It has been reported that the overwhelming majority
of human tumours overexpress members of the HSP70 family, and expression of these proteins is
typically a marker of poor prognosis (Murphy, 2013). Insulin-like growth factor binding protein 2,
IGFBP2, has been shown to enhance the invasion capacity of ovarian cancer cells (Lee etal., 2005).
It is therefore important to identify the possible miRNA regulators that regulate the expression
of such proteins in ovarian cancer.

Our goal is to identify the key protein regulators from the set of 3132 miRNAs using the
data from these 125 ovarian cancer samples. Applying the proposed method, 25 miRNAs were
identified as being associated with protein expression at a false discovery rate a-level of 0-05; see
Table 1. However, when the entrywise test was applied with an «-level of 0-05/16, none of the
miRNAs was selected. The identified miRNAs play various regulatory roles in cancer initiation
and progression. Among them, miR-376a, miR-888, miR-187, miR-146a and miR-105 are asso-
ciated with promotion of proliferation and metastasis, while miR-33b, miR-490-5p, miR-497,
miR-596, miR-548-3p, miR-105, miR-185, miR-548i, miR-1247 and miR 136 are associated with
inhibition of cancer metastasis and progression. A few identified miRNAs, including miR-593,
are also involved in protein kinase R, PKR, regulation and regulate cell proliferation. Table 1 lists
supporting literature for the involvement of some of the identified miRNAs in ovarian cancer pro-
gression. These results show that miRNAs play important roles in regulating protein expression
that are associated with ovarian cancer initiation and progression, and our proposed test provides
a powerful tool for identifying such cancer-associated miRNAs.

For comparison, we also analysed this dataset using the method of Ruffieux et al. (2017),
a Bayesian implementation of a sparse multivariate regression model that allows simultaneous
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Table 1. MicroRNAs that regulate protein expression in stage Il to stage IV ovarian cancer,
their biological functions, p-values from the proposed test, and relevant literature

MicroRNA Biological function p-value Reference
hsa-miR-376a Promotes proliferation and metastasis 3-65x 107> Yangetal. (2016)
hsa-miR-888 Cancer metastasis 9.76 x 107%  Huang & Chen (2014)
hsa-miR-1288 Cancer location and pathological staging 7-00 x 107%  Gopalan et al. (2014)
hsa-miR-33b Inhibits cancer metastasis 1.75x 107*  Lin etal. (2015)
hsa-miR-490-5p  Tumour suppression 6-86 x 1077 Lanetal. (2015)
hsa-miR-497 Inhibitory roles 3.55x107*  Lietal. (2011)
mmu-miR-759 — 3.22x 1074

has-RNU48 Tumour pathology and prognosis 2.15x 107*  Geeetal. (2011)
hsa-miR-596 Tumour suppression 7-90 x 107> Endo et al. (2013)
hsa-miR-187 Cancer progression 549 x 107%  Chao et al. (2012)
has-RNU19 — 1-68 x 107

hsa-miR-518f — 343 x 1073

hsa-miR-548d-3p  Anti-oncogenic regulator 9.73 x 107> Shi et al. (2015)
hsa-miR-105 Inhibits tumour growth 1.15x 10*  Honeywell et al. (2013)
hsa-miR-185 Suppresses tumour growth 2:92 x 107*  Imam et al. (2010)
hsa-miR-146a Enhanced tumourigenic potential 2.89 x 107*  Sandhu et al. (2014)
hsa-miR-548i Anti-oncogenic regulator 973 x 107> Shi etal. (2015)
hsv1-miR-H6 — 3:66 x 107*

hsa-miR-129 Promotes apoptosis 523 x 1077  Karaayvaz et al. (2013)
hsa-miR-1247 Inhibits cell proliferation 213 x107* Shietal. (2014)
hsa-miR-136 Inhibits cancer stem cell activity 138 x 107*  Jeong et al. (2017)
hsa-miR-593 Regulates cell proliferation 1.65x107%  TItoetal. (2011)
mmu-miR-105 Promotes metastasis 1.15x10~*  Zhou et al. (2014)
hsa-miR-886-5p  Associates with PKR and modulates its activity ~2-41 x 107*  Lee et al. (2011)
hsa-miR-553 — 7-03 x 1073

selection of predictors and associated responses. For each miRNA-protein pair, we obtained the
marginal posterior inclusion probability. Among all the pairs, the maximum inclusion probability
was 0-56, with only four pairs having inclusion probability over 0-25 and one pair having inclusion
probability above 0-50. Using 400 permutations as suggested by Ruffieux et al. (2017), the
procedure did not detect any miRNA-protein association at a false discovery rate level of 0-25.
Since our test aims to test the association between a given miRNA and any of the proteins, for each
miRNA we also took the maximum inclusion probability among all the proteins and calculated
the false discovery rate using 400 permutations. Again, no association was identified for a false
discovery rate level of 0-25. These results were similar to the entrywise test results.
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SUPPLEMENTARY MATERIAL

Supplementary material available at Biometrika online includes additional simulation results
and the R code used in the simulations and for implementation of the proposed methods.
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APPENDIX
Technical lemmas

In this section we prove the main theoretical results. We begin by stating lemmas that will be used in
the proofs of the theorems. The following lemma was introduced in Berman (1962).

LEMMA Al. If X and Y have a bivariate normal distribution with zero expectation, unit variance and
correlation coefficient p, then

i prlX > ¢, Y >c¢) |
m =
% 2m (1= p)' e exp(—i5;) (14 )12

uniformly for all p such that |p| < 8, for any § with0 < § < 1.

Based on the definitions of U;, and f],-,d in (10), the following lemma is essentially proved in an
unpublished 2014 paper by W. Liu and S. Luo, available upon request from the first author.

LEMMA A2. Suppose that Conditions 1 and 2 and the asymptotic conditions (9) and (7) hold. Then
Fra =1 (€ra — O ia — ia) + 62 Vira — Pira) + 64 (Bia — Bia) + op{(nlogp) ™'}
k=1
and, consequently,

Tig= f],-,d + (552/052 + 65(1,/05(1, —2)Big +o,{(n logp)~'?},

where 6> = (Dn)"' Y34, Y0 (€q — € and 6 = n' Y Oia — Mia)® with é =
Dn)=' Y, Zf?:, €rg and iy =n"" Y\ Nia- As a result, uniformly ini = 1,...,p,
|Tia — Uial = Op{Bia(logp/m)'*} + 0,{(nlogp)~"/*}.

We apply the group lasso estimator (5) with A = {86y (1 + 4 log p/D)/(nD)}!/?, taking A > 5/2, where
vec(Y) and X are centralized and oy is the sample variance of vec(Y). Then, by Corollary 4.1 in Lounici
et al. (2011), we have the following lemma.

LEMMA A3. Consider the model (4). Under Conditions 1 and 2, if D = O(log p), then B satisfies

max |B.; — B.a|, = Oy{s(p)logp/m)'?},  max |B,— B.4|, = O,[{s() logp/n}'?],

1<d<D 1<d<D
where s(p) = > ¥_, I(B;. # 0) is the row sparsity of B.

Proof of Theorem 1

Based on the definitions of U;, and f],-,d in (10), let Viy = Ui4/ (af1 91.{0/,2 , where 6,;, = Var(f/,-,d) =
var(egania/oi)/n = (020}, + Bi)/n (d = 1,...,D). By Lemma 2 in Xia et al. (2015), under
conditions (9) and (7) we have

162 — 02l = Oy{(ogp/m)'?}, max |67, — oy = Op{(logp/n)'/?}.
Therefore

max |64 — 6,4] = 0,1/ (nlogp)). (A1)
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Lemma A2, together with (A1), implies that uniformly in 1 < i < p, Wiy = Vi + 0,{(log p)~"/?}; thus
we have that uniformly in 1 < i < p, S; = Y, V2 + o,(1). Hence, it suffices to show that Y_7_, V2,
converges to XLZ) in distribution. Define Z; ;s = {€x.aMkia — E(€kaiia)} /afd for 1 < k < n. Then

Via = sz,i,d/(n29k,d)1/2-
=1

1/2

Without loss of generality, we assume 0 = o7, = 1. Define Via = Yo, Ziia] (WP0pa)'?, where Zy; 4 =

Ziial (| Ziial < 1) — E{Zjal (| Ziial < T4)} With T, = (4/M) log(p + n). Note that

max n ' " E[1Zal1{|Zisal > (4/M) log(p + m)}]

1<i<p —

1/2
< Cn'” max max £ [1ZeialI{1Ziial = (4/M)log(p + n)}]
Cn'(p +n)~* max max E[|Z;;al exp{(M/2)|Z;al}]

<
1<k<n 1Ki<p
<

Hence

pr{ max |Viy = il > (logp)™' | < pr( max max 1Zsal > 7) = 07,

I<i<p I<i<p 1<hsn

Because of the fact that

< 2D max max |V;,| max max |Viy — V4l
Ii<p 1<d<D 7 1<i<q1<d<D ~ .

D D

2 2
max E v, — max E Vo
léiépd " ? 1<i<q ?

+ D max max |V, — V,-,d|2,
1<i<q 1<d<D

it suffices to prove that for any ¢ € R,
D
pr(Z 7 < r) — pr(xp < 1. (A2)
d=1

Let Zk,,-,d = Zk,,-,d/egf fori=1,...,qand W; = (Zk,,-,l, ... ,Zk,,-,D) for 1 < k < n. Then

D n 2
w30 ) oo o
d=1 k=1 2
It follows from Theorem 1 in Zaitsev (1987) that
R 2
,1/2ZW >t < {|N(D)|2 >t a )71/2}_}_ 452 n1/26n (A3)
i = ~X T = - Cn T R a4 N1
pry |» ks p 2 €,\logp €1 exp erd31,(logp) 2
k=1 2
and that
2
1/2 - D)2 1/2 5/2 nl/ze
c| |n~ Wil >t]|>prlIN >t+e,(logp) Y —cidPexpl—————— 1. (A4
pr| | kZ gl pr{IN?I} > 1 + €&(logp) ™} — e xp{ Czd%n(logp)l/z} (A4)
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where ¢; > 0 and ¢, > 0 are constants, €, — 0 will be specified later, and N® = (N,,...,Np) is a
normal random vector with E{N®’} = 0 and cov{N?’} = cov(W,). Because Y is independent of X and
Niidy = Xii — Viay» Xi—)Via, With Yy g, = Xi B. 4, + €14y, We have that for d; # d», €4, and 1 ; 4, are
independent of each other. On the other hand, by definition, €;, and 1,4 + Vi1 4€ra are independent of
each other. Hence, under the null Hy;, we have that the ¢, , are independent of 7 ; . Thus we have

COV (€xay Mkisdy » €kidy Mhidy) = E(€kay Mk, €ty Mhidr) = 0.

So cov{N P} = cov(W;,;) = Ipxp. This, together with (A3) and (A4), proves (A2), and Theorem 1 then
follows.

Proof of Theorem 2
By Lemma A2, we have

Tia — {1+ 0(D}ET,, s
1r<nda<XD é_lf — Uia| = op{(logp)™ "7}

Observe that

2 2
3 {1+ 0(D}ET,.] gz(&+ 3 [T = {1+ 0(D}ET,] >
9,-,,1 ei,d

1<d<D 1<d<D

Also note that E(T;4) = B;4{1 + o(1)} + o{(nlog p)~'/?}. The result then follows from the definition (14)
of the classes of precision matrices and Theorem 1.

Proof of Theorem 3
We start by showing that pr[}_,.,,, 7{0;l > (2logp)!/*} = 0] — 1 as (n,p) — oo, and then we focus

on the event {7 in (15) exists}. Next, we show the false discovery proportion result by dividing the null set
into small subsets and controlling the variance of R,(¢) for each subset, and thus the false discovery rate
result will also be proved. Note that

pr| Y {01 > Qlogp)'?} > 1| < pymax pr{|Qi] > 2logp)'"?}.
i€Hg

i€Hg

By Theorem 1, pr(max;ecs,, max <q<p |Wia — V.4l = o{(logp)~"/}) = 1. Then, on the event {max;ey,
maxi<a<p |Wia — Vial = o{(logp)~"/2}}, by (A3), (A4) and the fact that G(t + o{(logp)~"/2)}/G(1) =
1 + o(1) uniformly in 0 < ¢ < (2logp)'/?, where G(¢) = 2{1 — ®(#)}, we have

pr| Y0 > @logp)?) > 1| < poGl2logp)' A} +o(D)} = o(1).
i€H

Hence we shall focus on the event {7 exists in the range [0, (2logp — 2 loglog p)'/?]}. By definition of 7,
it is easy to show that

2(1 —@@))p —u
max{)",,, 1(10;] = 1), 1}
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Therefore it suffices to show that

ZieH0{1(|Qi| >t —G()}
sup 50

0<1< (2logp—2loglogp)!/2 PG(f)

in probability. Let 0 < fp < #; < --- < #, = t, besuchthatt, — ¢ = v, for1 <. < b—1and
ty — ty—1 < v, where v, = {log p(log, p)}~"/?. Thus we have b ~ t,/v,. For any ¢ such that 7,_; < ¢ < 1,,

Lieng 10212 0) G) _ Nierg 100N >0 _ Fieny 1R > 10) G11)
oG (1) Gt PoG(t) h oGt 1) Gt)

So it suffices to prove that

Y 110 = 1) — G(1)}
max N
Osish pG(t)

in probability. Define F; = 3, _,p, f/lzd and M; = ® {1 — pr(x3 > F:)/2}. By the proof of Theorem 1,
we have max;ey, |S; — Fi| = 0,(1), because

prixy =t +o(D}/pr(xp =1 =1+ o0(1)
for all 0 < ¢ < clogp with any constant ¢ > 0. Recall that Q; = ®~!{1 — pr(Xé > S,)/2}. Note that

G[t+o{(logp)~""?}]/G(t) = 1+0(1) uniformly in 0 < ¢ < (2logp)'/2. Based on the proof of Theorem 1,
it suffices to show that

max
0<i<h

PoG (1)

i U(Mi] > 1) — G(1)] ‘
—- 0

in probability. Note that

(M, G(t, b e (1M, G(t,
pr| max Dien, LUM;] = 1) — G(t)} el < Zpr Dien, LUM;] = 1) — G(t)} .
0<i<h poG(t) = poG(t)
< Z,QHO I(IM;| = 1) B N Z or Yien, LUMi| = 1) — G(1)} el
poG () s poG (1)

Therefore, it suffices to show that for any € > 0,

1(|M; —pr({ (|M;
[l Ml > 0 = pra Ml > 0)| . "
PoG(0)
Note that
| D M1 > 0 = prd (M| > 0} ’
poG (1)
Y e PTUMI > 1,1M)] > 1) — pr(M;] = Dpr(IM] > 1)

LG (1)
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We divide the indices i,j € H, into three subsets: Hoy = {i,j € Ho: i =j}, Hp ={i,j e Ho:iFJj, i €
I';(y) orj € I';(y)}, which contains the highly correlated pairs, and Hos = Ho\ (Ho1 UHy2). Then we have

Dijerg PTUM;| = 1, |M;] > 1) — pr(IMi| = Hpr(|M;| > l)} C
PeG2(t) PoG(t)

(A6)

Note that cov(€x ania» €xanija) = E(€f Mk dnk,/ d) E(€rankia)E(€ranija). Because cov(erq, Niia) =
-0} de 4> we have E(e N i) E(€xanija) = sz B, 4B; 4. Note that E(Elidnk,i,dnk,j,d) equals

E{Gf,d(ﬁk,i,d + €k aVira) Mija + €aViia)}
— E{€; y(Miia + €caVira)€xaVina) — E€ yViraNija)-

Since € 4 is uncorrelated with 0 ;s + € 4Vi1.4, We have —y; 1 gvar(exq) = cov(€raniqa)- Thus,

E(€; Miiatia) = 0L E{Mia + €caVira) Mija + €caVinad)} — E€LgVirankja)-

Note that

E(€ yVirakja) = E{€ViraMija + €caVinad)} — E(€LViraVina) = _3Vi,l,de,1,dO';

and that

E{(ija + €ra¥ira) Mija + €raVira)}
= COV(Mids Mjd) + Vit aCOV(€xas M jd) + Vi1aCOV(€xds Miia) + Vit dVjn aOl-

2
We have cov(€; aMk.id» €kallkja) = (@;07 4 2B;aB;a)07,07.
Therefore, for i,j € H,,

(th02 + ZBld d)
{(w;;02 + ZBzd)(a),z,o2 + 232 D2

= Ei,/-

§ija = COTT(€ aNk id> €kallkjd) =

By the proof of Theorem 1 we also have, for d; % d, corr(ex g, i, €k, Mija,) = 0. Thus we have
[corr(M;, M;)| < & < 1, where & is defined in Condition 3. Hence, by Lemma Al and Lemma 6.2 in Liu
(2013),

s jeriag PTUMI > 1, 1M1 = 1) = pr(M;| = ) pr(My| = 1))
PG (1)
pr i exp{=r/ (148} _ C
PG VO

<C

(A7)

It remains to consider the subset Hy;3, in which AM; and M; are weakly correlated with each other. It is easy
to check that max;jes, pr(IM;| = t,IM;] = t) = [1 + O{(logp) ' 7}]G*(1).
Thus we have

S eries OFUMi] = £, 1M1 > 1) = pr(Mi| > 1) pr(M| > 1)
PLGA(1)

= O{(logp)™""}. (A8)

Equation (A5) follows by combining (A6), (A7) and (AS).
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Proof of Theorem 4

Under the conditions of Theorem 4, we have

> 10| > 2logp)'?} > {1/(x'a) + 8} (logp) '/

ieH
with probability tending to 1. Hence, with probability approaching 1, we have

p
Zie?—t |0l > (2logp)'/?}

<pll/(@'Pa) + 8} (logp) ™2

Let #, = (2logp — 2loglogp)'/?. Because 1 — ®(1,) ~ 1/{(27)"/*t,} exp(—t,/2), we have pr(1 <
¢t <t,) — 1 according to the definition of 7 in the proposed multiple testing algorithm in § 3-1; that is,
pr(7 exists in [0, t,]) = 1. Theorem 4 then follows from the proof of Theorem 3.
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