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Abstract

This paper studies federated learning for nonparametric regression with distributed
samples across servers, each adhering to distinct differential privacy constraints. The
setting is heterogeneous, with varying sample sizes and privacy constraints across
servers. We consider both global and pointwise estimation, establishing optimal rates
of convergence over Besov spaces.

We propose distributed privacy-preserving estimators and investigate their min-
imax risk, establishing minimax lower bounds (up to a logarithmic factor) for both
global and pointwise estimation. Our findings are illustrated through simulations
and real data examples from the National Health and Nutrition Examination Survey
(NHANES), highlighting the effects of privacy budgets, number of servers, and sam-
ple sizes. The real data applications demonstrate the estimator’s utility in analyzing
non-linear relationships like lung function with age, and folate, vitamin B12, with
homocysteine levels.

Our findings highlight the trade-off between statistical accuracy and privacy, char-
acterizing the compromise in terms of privacy budgets and the loss from distributing
data within the privacy framework as a whole. This insight captures the folklore wis-
dom that it is easier to retain privacy in larger samples, and explores the differences
between pointwise and global estimation under distributed privacy constraints. Anal-
ogous optimality results for nonparametric density estimation are also established.

Keywords: Besov Spaces, Distributed Computation, Differential Privacy, Minimax Risk,
Nonparametric Regression, Function Estimation.

1 Introduction

In today’s data-driven world, the proliferation of personal data and technological advance-

ments has made the protection of privacy a matter of paramount importance. Developing
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statistical methods with privacy guarantees is becoming increasingly important. Differ-
ential privacy (DP), one of the most widely adopted privacy frameworks, ensures that
statistical analysis results do not divulge any sensitive information about the input data.
DP was introduced in the seminal work by Dwork et al. [29]. Since its inception, DP has
garnered significant academic attention [8, 30] and notable applications within industry
leaders, including Google [33], Microsoft [25], and Apple [55]. It has also been embraced
by governmental entities like the US Census Bureau [1].

A common setting in many real-life applications is the distributed nature of data collec-
tion and analysis. For example, medical data is spread across various hospitals in health-
care, customer data is stored in different branches or databases in financial institutions and
various modern technologies such as self driving cars rely on federated learning from net-
works of users, see for example [12] and Section A in the Supplementary Material for a list
of references. DP has found applications in many of these domains relating to, for example,
healthcare, finance, tech and social sciences, where preserving individuals’ data privacy is of
utmost concern. In such scenarios, it is vital to develop efficient estimation techniques that
respect privacy constraints while harnessing the collective potential of distributed data.

Federated learning is a machine learning paradigm designed to address the challenges
of data governance and privacy. It enables organizations or groups, whether from diverse
geographic regions or within the same organization, to collaboratively train and improve a
shared global statistical model without external sharing of raw data. The learning process
occurs locally at each participating entity, which we shall refer to as servers. The servers
exchange only characteristics of their data, such as parameter estimates or gradients, in
a way that preserves privacy of the individuals comprising their data. Federated learning
facilitates secure collaboration across industries like retail, manufacturing, healthcare, and
financial services, allowing them to harness the power of data analysis while upholding data
privacy and security.

Rigorous study of theoretical performance in federated learning settings with infor-



mation and communication constraints has been conducted in, for example, bandwidth
constraint problems of which we provide a brief overview in Section A of the Supplemen-
tary Material. Under DP constraints, theoretical performance in federated learning settings
have been studied for various parametric estimation and testing problems [48, 5, 47, 51].
Federated learning settings where each server’s sample consists of one individual observation
(referred to as local differential privacy settings) have been studied in many-normal-means
model, discrete distributions and parametric models [27, 28, 10, 2, 57], nonparametric den-
sity estimation [53, 44, 16] and non-parametric regression setting [14, 35].

This paper investigates the statistical optimality of federated learning under a novel
privacy framework, Federated Differential Privacy (FDP), in the context of nonparametric
regression. We consider a setting where data is distributed among entities, such as hospitals,
that are concerned about sharing data due to privacy concerns. Each entity communicates
a transcript adhering to distinct DP requirements under FDP, and we assume a scenario
with m servers, each with n; observations, where j = 1,...,m. Our framework provides
an intermediate privacy model between central and local DP.

Our goals are two-fold: first, we establish optimal rates of convergence, measured in
terms of minimax risk, for estimating the nonparametric regression function under FDP
constraints; second, we construct a rate-optimal estimator in this setting. We also propose
general information-theoretic lower bound techniques that demonstrate the optimality of
our results. These techniques are broadly applicable and could be useful in establishing
lower bounds for other problems beyond nonparametric regression, which may be of inde-
pendent interest to readers. We explore both global and pointwise estimation, providing
quantifiable measures of the trade-off between accuracy and privacy. Recognizing that
global estimation behaves differently than pointwise estimation under classical settings
[19], we characterize how FDP constraints impact global and pointwise estimation risks.

To further validate our theoretical findings, we conducted extensive simulation studies

and real-world experiments using data from the National Health and Nutrition Exami-



nation Survey (NHANES). These empirical studies demonstrate the performance of our
estimators within the FDP framework, comparing their accuracy and privacy trade-offs
against classical non-private methods. Specifically, the real data applications examine im-
portant nonlinear relationships, such as those between lung function and age, and between
folate, vitamin B12, and homocysteine levels. These examples illustrate how privacy mech-
anisms impact estimation accuracy in practical settings, demonstrating how our approach

effectively balances privacy preservation with statistical accuracy in real-world applications.

1.1 Problem formulation

We will begin by formally introducing the general framework of distributed estimation
under privacy constraints. Consider a family of probability measures {Pf}fer on the
measurable space (Z, %), parameterized by f € F. We consider a setting where N =

27;1 n; ii.d. observations are drawn from a distribution P; and distributed across m

servers. Each server j = 1,...,m holds n; observations.
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Figure 1: An illustration of the federated learning framework.

Let us denote by Z\) = {Zi(j) 7, the n; realizations from P; on the j-th server. For
each server, we output a (randomized) transcript TU) based on ZU), where the law of
the transcript is given by a distribution conditionally on ZU), P(-|Z)) on a measurable
space (T,7). The transcript T = (T(j))gnz1 has to satisfy (€,8) = (gj,;)jL,-federated

differentially privacy (FDP) constraint, which is defined as follows.

Definition 1.1. The transcript T' = (TW)™ is (e, §)-federated differentially private (FDP)



if for all j € [m], A € I and 2,2’ € Z" differing in one individual datum it holds that

P(TY € A|ZD =2) < 5P (TY) € A|ZD = 2') +6;.

In the above definition, “differing in one datum” refers to being Hamming distance
“neighbors.” Specifically, local datasets ZU) and Z@ are neighboring if their Hamming
distance is at most 1, calculated over Z% x Z". In other words, Z@) can be derived from
ZU) by modifying at most one observation among ZU1,...,Z (j)nj. The smaller the values
of €; and 9;, the stricter the privacy constraint. We consider ¢; < C, for j =1, ..., m, with
a fixed constant C. > 0 that does not affect the derived rates.

The FDP framework applies to situations where sensitive data is held by multiple
parties, each generating an output while ensuring differential privacy. Within such a dis-
tributed protocol, the transcripts from each server depend only on its local data, with no
information exchanged between servers. This occurs, for example, when multiple trials
concerning the same population are conducted, but each location (e.g. hospital) does not
wish to pool their original data due to privacy concerns. The framework encapsulates the
commonly studied local DP setting (n; = 1), where privacy mechanisms are applied at the
individual level, as well as the central DP setting (m = 1), as special cases.

Each server transmits its transcript to the central server. The central server, utilizing
all transcripts T := (TM ..., T™), computes an estimator f :T™ — F. We refer to the
pair (f, {(P(-2)),ez}iL1) as a distributed estimation protocol, which we shall sometimes
just denote as f. We denote the vector of the differing DP levels by (e,d) = {(¢;,9;) i
and denote the class of distributed estimation protocols, i.e. (f, {(P(|z))zez};”:1> satisfy-
ing Definition 1.1, with M(e,d). We let P; denote the joint law of transcripts and the
N = > n; iid. observations generated from P;. We let E; denote the expectation
corresponding to Py.

In the context of nonparametric regression, the distributed estimation problem arises

Our lower bound results hold for transcripts in standard Borel spaces. Larger sigma-algebras can be
considered (making privacy constraints more strict), as long as the quantities in proofs remain measurable.



when data is distributed among multiple servers. Specifically, for each server j, the data
70 = {(Yi(j),Xi(j))}?il consists of n; pairs of observations (Y;(j),Xi(j)). Here, Xz-(j) rep-
resents the input variable, and Yi(j ) represents the corresponding response variable. We

assume that under P, Xi(j ) and Y;(j ) are generated by the relationship

)

v =f<Xi(j)> +e9 X9 <y, 1). (1)

Here, f is an unknown function representing the underlying relationship between the input
and response variables. The term @U ) represents random noise, assumed to be independent
of Xi(j ), and follows a Gaussian distribution with mean zero and known variance, which
we assume equal to one without loss of generality. The assumption that Xi(j ) U [0,1] is
made for simplicity and can be relaxed, see Section D in the Supplementary Material for a
discussion on the general case.

The aim is to estimate the function f based on the distributed data. The difficulty
of this estimation task arises from both the distributed nature of the data and privacy
constraints that limit the sharing of information between servers. As in the conventional
decision-theoretical framework, for global estimation, the estimation accuracy of a dis-
tributed estimator f = f (T') is measured by the integrated mean squared error (IMSE),
E||f — f|2, where the expectation is taken over the randomness in both the data (under
Py) and construction of the transcripts. As in the conventional framework, a quantity
of particular interest in federated learning is the global minimaz risk for the distributed
private protocols over function class F,

_inf supEg||f — fII5. (2)
feM(es) feF

The global risk characterizes the difficulty of the distributed learning problem over the

function class F when trying to infer the entire function underlying the data whilst adhering

to the heterogeneous privacy constraints.



Besides global estimation, it is also of interest to estimate f at a fixed point xy € (0, 1)

under the mean squared error (MSE). The pointwise minimaz risk in that case is given by

Cinf supEp(f(w0) — f(w0))?, for zo € (0,1), (3)
feM(e,d) feF

where f(xy) denotes the estimated function value at xy € (0,1). The pointwise risk is
particularly useful in understanding the behavior of estimators at specific points within
the domain, which can be crucial in applications where certain regions are of particular
interest or have higher consequences associated with estimation errors. It is known that in
the classical setting, without privacy constraints, there are important differences between
the global risk and pointwise risk in terms of performance. See, for example, [18].

We consider estimating f over the Besov ball of radius R > 0, denoted as Bgf[(), 1]
(defined in (S.9) in the supplement), where p > 2, ¢ > 1 and a — 1/p > 1/2. This
Besov space offers a suitable framework for analyzing functions with specific smoothness
characteristics. Operating within this space allows us to encompass diverse function classes,

accommodating varying levels of smoothness and complexity.

1.2 Main contribution

We highlight our main contributions as follows:

e Optimal Nonparametric Estimation under FDP: We study the cost of dif-
ferential privacy in federated learning for nonparametric regression, introducing DP
estimators for the global and pointwise risks. We derive theoretical performance guar-
antees with matching minimax lower bounds, establishing their optimality. These
results reveal the principle phenomena in federated settings with varying privacy

budgets and sample sizes, capturing the cost of distributing data.

e General Information-Theoretic Optimality Techniques: We develop general

information-theoretic techniques to establish optimality results within the FDP frame-



work. Whilst the majority of existing literature studying DP is divided into central
DP and local DP, our framework fully generalizes the unit of privacy and allows for a
unified treatment of these settings. Consequently, our FDP results also establish the
minimax rates for central DP and local DP constraints nonparametric regression (up
to log-factors) and tighten existing minimax rates for density estimation, as special

cases.

e Empirical Studies: To further support our theoretical findings, we conduct exten-
sive simulation studies and illustrate our methods on real-world data. These empirical
studies demonstrate the performance of our estimators within the FDP framework,
comparing their accuracy and privacy trade-offs against classical DP methods. Specif-
ically, we apply our approach to data from the National Health and Nutrition Exam-
ination Survey (NHANES), analyzing relationships such as lung function and age, as

well as folate, vitamin B12, and homocysteine levels.

Next, we briefly elaborate on the key theoretical results. We quantify the cost of
differential privacy in the federated setting for both the minimax global risk given by (2)
and the pointwise risk as in (3). To achieve this, we introduce two federated differentially
private estimators — one for global and one for pointwise estimation. We obtain matching
minimax lower bounds, up to logarithmic factors, thereby establishing their optimality.

Our analysis uncovers intriguing phenomena that go unnoticed in settings where servers
are assumed to have homogeneous privacy budgets. Further discussion on these broader
findings is deferred to Section 3.1. The results for the homogeneous case, where privacy
budgets are equal among servers (¢; = ¢, §; =9, and n; =n for j =1,...,m), yield novel

insights. In this case, our results yield the following minimax rate for global estimation,
Cinf  sup Ef||f — f|? < min {an : ((anEQ)_% + (mn)_%> ,1} , (4
feM(e,0) fEBg}’(F

2a

where M,,,, > 1 is a sequence at most of the order log(mn) -log(1/9). The rate (mn)™ 2+1

8



is the minimax rate for the global risk in the unconstrained problem, and is attained
whenever ne? > (mn)Tlﬂ“1 The unconstrained optimal rate is attainable (up to a possibly
poly-logarithmic factor) under DP constraints in the homogeneous setting as long as ne? >
(mn)ﬁ Whenever ne? < (mn)TIH, the first term dominates and the minimax rate
becomes (mn2€2)_2a2$. As expected in this regime, a smaller €, which indicates a stronger
privacy guarantee, results in an larger minimax estimation error. Whenever ¢ < (y/mn)™},
consistent estimation ceases to be possible altogether.

When n > 1, the different powers with which n and m appear in the minimax rate
reveal an important difference between the general distributed setting and local DP; if one
distributes N = mn observations across m machines, the task becomes more challenging
as the N observations are spread over a greater number of machines, rather than having a
large number of observations on a smaller number of machines. This phenomenon has an
intuitive explanation; it is easier to retain privacy in larger samples, as each individual’s

data will have only a small influence on the aggregate statistics of interest.

For pointwise estimation, we establish the minimax rate in the homogeneous setting;

Cinf sup Eg|f(zo) — f(xo)|? < min {an : ((77171262)_23ﬁ + (mn)_%> ,1} . (5)
feM(e8) pepe P
where M,,, > 1 is a sequence at most of the order log(mn). The rate reveals similar
phenomena as the one for the global risk above, where for n = 1 we recover the known
minimax rate for the problem of nonparametric density estimation for the pointwise risk
under local DP constraints as studied in [44]. An important difference is the quantity
v = a — 1/p appearing in the exponent instead of a. This implies that privacy constraints
impact pointwise estimation differently than global estimation, with the Besov parameter p
influencing both the relative privacy cost and the distribution of the N = mn observations,
as discussed further in Section 3.1.
The estimation and lower bound techniques developed in our paper enables us to address

the related problem of nonparametric density estimation also, allowing us to derive the



minimax rates displayed in (4) and (5) for global and pointwise minimax rates for the
setting of FDP density estimation as well. The minimax rates derived by our technique for
the global and pointwise risks in the density estimation setting match exactly (see Theorem
D.1). Due to space limitations, this discussion is deferred to Section D of the Supplementary
Material. Notably, our results improve over the existing central DP (m = 1) results of [45]
and local DP (n = 1) results of [16] and [53], which exhibit a logarithmic gaps between
their upper and lower bounds.

Our findings provide key insights for developing federated learning algorithms that
balance FDP with accuracy, optimizing privacy-accuracy trade-offs. This study advances

understanding of privacy-preserving machine learning in distributed settings.

1.3 Related Work

The nonparametric regression setting considered in this work bears relationships with that
of nonparametric density estimation as studied in the privacy setting for global risk [28,
53, 16] and pointwise risk [44]. The aforementioned papers consider the setting of local
DP, in which the privacy protection is applied at the level of individual data entries or
observations. This corresponds to the case wherein n; =1 for j = 1,...,m in our setting.

Federated DP as considered in this paper, where DP applies at the level of the local
sample consisting of multiple observations, has been studied in the homogeneous setting
for discrete distributions [48, 5] and parametric mean estimation [47, 51]. [23] considers
discrete distribution testing in a two server setting (m = 2) with differing DP constraints.

Settings in which the full data is assumed to be on a single server (i.e. m = 1), where a
single privacy constraint applies to all the observations, have also been studied for various
parametric high-dimensional problems [54, 32, 11, 41, 42, 21, 50]. The problem of mean
estimation with a single server having heterogeneous privacy constraints for each individual
observation have been studied in [34, 24].

Regarding existing lower bound techniques, several approaches have been developed

10



specifically for private settings. For instance, [46] and [7] explore private versions of general
techniques, such as Fano, Assouad, and Le Cam methods, for establishing lower bounds
in the central DP setting. In contrast, [10] develops Van Trees-based lower bounds for
local DP, which do not extend directly to central DP. Similarly, the techniques in [3, 4] are

tailored to the local DP setting, with no straightforward extension to central DP.

1.4 Organization of the paper

The rest of the paper is organized as follows. We conclude this section with notation,
definitions, and assumptions. In Section 2, we present distributed estimation procedures
achieving optimal global and pointwise risks under distributed privacy constraints, along
with an upper bound on their statistical performance. The matching minimax lower bounds
for global and pointwise risks are established in Section 3. Section 4 presents simulation
studies and real-world data experiments to validate our theoretical findings.

In the Supplementary Material [20] to the article, we provide a discussion of future
directions (Section B), additional results concerning the heterogeneous setting (Section C)
and density estimation (Section D), additional simulations and real data examples (Section

E), as well as detailed proofs of our main results.

1.5 Notation, definitions and assumptions

Throughout this article, let N := Z;nzl n; and consider asymptotics in m, n;, and the
privacy budget (€,6) := {¢;,;}72,, assuming N — oo. For positive sequences ay, by, we
write aj, < by if a;, < Cby for some universal constant C', and a < by, if ap < by and by, < ay.
We denote a; < by, when a /by, = o(1).

We use a Vb and a A b for the maximum and minimum of a and b, respectively. For
k € N, [k] denotes the set {1,...,k}. Throughout, ¢ and C' are universal constants that
may change from line to line. The Euclidean norm of v € R? is ||v||o, and for M € R4,

||M|| is the spectral norm and Tr(M) its trace. Let I; be the d x d identity matrix.
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We assume v := «a — 1/p > 1/2, a necessary condition for Besov space estimation (see
[40]), and let B, denote the Besov ball of radius R: {f € Bg,[0,1] : || fllsg, < R}, where

R > 0 is constant (see Section F in the Supplementary Material for details).

2 Optimal Distributed Private Estimators

This section presents the construction of optimal distributed estimators under differential
privacy constraints. The estimator uses wavelet approximations up to a limited resolution
level. Section 2.1 briefly introduces wavelets. In Section 2.2, we construct the estimator
and provide theoretical guarantees for the global risk. Section 2.3 adapts the procedure for
optimal pointwise risk.

Wavelets are known to have many favourable properties when using them for function
estimation in classical settings, see for example [26, 38, 17]. Under DP constraints, wavelet
constructions have other desirable properties: they allow for exact control of the estimator’s
sensitivity to changes in the data. Loosely speaking, this allows us to control the “influence”
each individual observation has on the outcome of the estimator, whilst retaining the

information the full sample has to a large extent.

2.1 Wavelets and Besov spaces

In nonparametric regression, we aim to construct an optimal estimator for an unknown
function f based on distributed data, assuming f belongs to the Besov space By ,. Roughly,
By, contains functions with a bounded derivatives in L,-space, with ¢ providing finer
control of smoothness. Wavelet bases allow characterization of Besov spaces, with «, p,
and ¢ capturing the decay of wavelet coefficients. For further details, see Section F in the
Supplementary Material.

We consider the Cohen, Daubechies, and Vial construction of compactly supported,

orthonormal, A-regular wavelet basis of Ly[0, 1], for A > «. The basis functions are given

12



by Gror1.ms Vi for m € {0,...,2071 — 1} 1 > Iy + 1, and k € {0,...,2" — 1}, with ¢y (z) =
2124 (2lx — k) and ¢4 1 4 (x) = 200FL(20+ y — m). For other values of k and m, functions
are specially constructed to form a basis with required smoothness, see Section F. Using
slight notation abuse, we denote the father wavelet by 1,1 = ¢i,+1,% and represent any
f € LyJ0,1] as f = Zleo 2252—01 Sk, where fir = (f,vy) are wavelet coefficients. By
wavelet orthonormality, || |3 = >22, Zzlz_ol fa.

We construct our estimators using an A-smooth wavelet basis (A > «) with compactly
supported 1 such that wavelets ¥y, (z) = 22 (20 — k) for I > Iy and k = 0,...,2' — 1
form an orthonormal basis for B [0, 1].

We describe briefly how wavelets are used to construct optimal global and pointwise
estimators, based on wavelet approximations up to a limited resolution level. Wavelets’
approximation properties in Besov spaces (see e.g. [37]) ensure that changes in data Xi(j )
produce limited changes in the wavelet estimator size. The wavelets’ limited support shrinks
at higher resolution levels, controlling the number of coefficients affected by changes in X i(j ),
This ensures individual data changes have limited impact on the shared transcript, which

is key to privacy. A detailed description of these properties appears in Sections 2.2 and 2.3.

2.2 Constructing an optimal global estimator

We now construct the estimator using the wavelet transform, which allows representing
a function f in Ly as a linear combination of wavelet basis functions. We first introduce
some notation. For 7 > 0 and =z € R, let [z], denote x clipped at the threshold 7:
[z]; := max(—7, min(7, z)). Given L € N and 7 > 0, each machine j = 1,...,m computes

the real numbers
. 1 . )
l(]g;)f - TL_ Z [}/i(j)] ¢lk <Xi(J)) ) (6)
J =1 T
for lp <1< L,0<k<2 —1. We will specify 7 and L later. These numbers form the
vector fgl = { Al(,j)T k=0,...,20 =1, 1=1,... ,L}, which will underlie our transcript.

To ensure privacy, we transmit a noisy version of this vector. Adding noise degrades

13



the estimator, but sufficient noise ensures the transcript satisfies the privacy guarantee of
Definition 1.1. To control the required noise magnitude, it’s important that the statistic
doesn’t change drastically when a single data point changes. We formalize this in terms of
the sensitivity of the statistic fgi

The following lemma bounds the L;-sensitivity of the statistic fﬂ, i.e., the difference

in L, norm when applied to two neighboring datasets.

Lemma 2.1. For any neighboring datasets Z9 and Z9), Hfgl(Z(J)) — fgl(Z(j)) is

o

1

bounded by cy, =~ where ¢y, depends only on the wavelet basis.

The proof is provided in Section H.1.1. The limited L;-sensitivity of ffl arises from
two factors. The commonly approached strategy of clipping constrains changes in (6)
when changing a datum Yi(j ), Secondly, the wavelets have compact support, which shrinks
proportionally to when the resolution level [ increases. Consequently, eventhough the
wavelet basis elements grow exponentially with resolution level [, their support shrinks

proportionally. By considering sum of products [Yi(j )] Ui (X i(j )> , this construction greatly

limits the number of terms affected in (6) between changes in the i-th datum.
The bounded L;-sensitivity ensures that f éjl(Z (9)) combined with Laplace noise satisfies

(¢4, 0)-differential privacy. Specifically, the j-th server outputs Tl(k)T = lk o+ VVlk for k =

‘ 29L 2
0,....,2'—=1and ! =1y,..., L, where WU := (W'l(k)) are i.i.d. Laplace with variance g#
]
Here, ¢, := 4ca||Y||c, matching the constant from Lemma 2.1. Thus, the transcript

TL@ = fgl(Z(J ) + W is (g, 0)-differentially private.

The final estimator of f is obtained by carefully reweighting the transcripts, accounting
for heterogeneity between servers. The weights depend on the number of local observations
n; and the privacy constraint ;. Given the transcripts 7' = (TSZ, - ,TL(?), the final

estimator is

fLT Zi(Z“J zm) Vra(T), (7)

I=lp k=0 \j=1

14



with weights
Yj

Zj Uj

The following theorem captures the global risk attained by the estimator f'LJ resulting

u; = where v; = (nje?) A (n;2"). (8)

from the distributed (€, 0)-FDP procedure outlined above, with optimal selection of L and
a sufficiently large choice of 7. For the latter, a choice of C,, g + \/m is adequate,
where C, p > 0 is a constant, as specified by Lemma H.6.

The variance of the Laplace noise vectors W which yield the privacy guarantee,
increases with L. Consequently, the optimal choice of L is not just governed by the classical
bias variance trade-off, but also by the trade-off in the additional noise required to guarantee
privacy. The optimal choice of L is taken as follows. Let D > 0 be the number solving the

equation
m

D> = Z (n??) A (n;D). (9)

Setting L = (lo+1)V [logy(D)] yields the optimal performance as described by the theorem

below, in terms of a bias-variance-sensitivity trade-off.

Theorem 2.2. Set 7 = C, g++/(2a + 1)L and take L = (lo+1)V [logy(D)], where D > 0

is the solution to (9). Then, the Ly-risk of the distributed (€,0)-DP protocol fLJ satisfies

R 2
sup E; HfL’T — fH2 < Cy log(N)Q_QL“,

reBgl
where Cy, denotes a constant depending on 1.

We briefly comment on the derived result. It is important to note that a unique positive
solution to (9) always exists, as the exponent 2« + 2 > 2 implies that the left-hand side is
smaller than the right-hand side for D > 0 small enough, whilst the right-hand side grows
linearly for small enough D > 0. Furthermore, the right-hand side increases sublinearly in
D, whilst the left-hand side increases superlinearly (strictly so).

When the privacy budget is large enough (e.g. ¢; = oo for j = 1,...,m), D would

15



be proportional to the number of wavelet coefficients needed to obtain a wavelet estimator
that attains the optimal estimation rate, see for example [26]. For av > 0 smooth functions
in a Besov space, the optimal resolution level of a wavelet estimator would correspond to
(1 + 2a)~*[log, N for the global risk. However, under privacy constraints, the effective
resolution level changes to (2 + 2a)~![log, D], which can be substantially different from
the case without privacy constraints.

In the next section, it is shown that the performance described above is the theoretically

best possible in a minimax sense (up to a logarithmic factor).

2.3 Constructing an optimal estimator of f at a point

We now turn to the task of estimating the unknown function f € Bg‘;qR at a given point
2o € (0,1). That is to say, we will construct an estimator f such that E(f(zo) — f(z0))?
achieves the optimal rates as predicated by Corollaries 2 and 1.

The plug-in estimator from the previous section, fLJ(:cg), where fL,T is constructed as
described earlier, forms a natural starting point for constructing the pointwise estimator.
However, the optimal choice of L for the pointwise risk may differ from the one used to
attain the optimal rate for the global risk. As was the case with the estimator of global
risk as presented in Section 2.2, there is a trade-off between bias, variance and sensitivity.
This trade-off is different in the case of pointwise risk in Besov spaces with p < co. Here,
optimal choice of L is governed by L = (lp + 1) V [logy(D)], where D > 0 be the number

solving the equation
m

D2 =" (n3e}) A (n;D). (10)
j=1
The following theorem describes the performance of the pointwise estimator fL,T(xO) on

the basis of the (e,0)-FDP transcript T = (Télz, . ,Tgi)) for L chosen as above and

T=C,r++/22v+ 1)L, with C, g > 0 as given by Lemma H.6.

Theorem 2.3. Set 7 = C, g + /22v+ 1)L and L = (lp + 1) V [logy(D)], where D is
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governed by (10). Then, the pointwise risk of the distributed (e, 0)-DP protocol fLJ satisfies

sup Es(fr-(z0) — f(w0))* < Cylog(N)272.
reB
The rate attained by the choice of L as directed by (10) does not just yield the best
possible bias-variance-sensitivity trade-off for the estimator class under consideration, but
it turns out to be minimax optimal (up to a logarithmic factor) as established in the lower

bound of Theorem 3.5 in the following section.

3 Minimax Lower Bounds and Optimality of the Es-
timators

Theorems 2.2 and 2.3 provide the convergence rates for the proposed estimators of f and
f(xp). In this section, we establish two minimax lower bounds, matching these rates up
to logarithmic factors, for both global and pointwise estimation. Together, the upper and
lower bounds confirm the minimax rate for FDP estimation, summarized in Theorem 3.1
in Section 3.1. The derivation of each lower bound uses distinct techniques, elaborated in
Sections 3.2 and 3.3. For global risk, the technique is reminiscent of the score attack of
21, 22], a generalization of the tracing adversary method [15, 31]. For pointwise risk, we
use a coupling argument [6, 43] with Le Cam’s two-point method, detailed in Section 3.3.

Formal proofs are in Section H.2 of the Supplementary Material.

3.1 Implications of the minimax optimal rates of convergence

In this section, we present our primary findings regarding the minimax rate of convergence
under DP constraints. Our results address both the global and pointwise risks.
For the global risk, the minimax rates are encapsulated in the upper bound of Theorem

2.2 and the lower bound of Theorem 3.2, derived in Sections 2.2 and 3.2. Similarly, for
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the pointwise risk, our findings are summarized in Theorems 2.3 and 3.5, in the form of
an upper bound and lower bound respectively, in Sections 2.3 and 3.3. Together, these

theorems are summarized by the following result.

Theorem 3.1. For v > 0, let D > 0 be the number solving the equation

m

D12 = Z (n2e3) A (n;D). (11)

J=1

Taking v = «, the minimax rate for the global risk is given by

~inf  sup Ef||f — fl5 < (MyD>* A1),
feEM(€,0) fEBg,’qR
whenever for all j = 1,...,m we have §; S (n}/Qajz(D V1)"H" for some k> 0 and where
My > 1 is a sequence of the order at most log(IN)log(1/ minjejm) d;).
For v = v, the minimax rate for the pointwise risk is given by
' R 2
inf  sup E;|f(zo) —f(xo)‘

. = (MND72V A 1) s
feM(ed) repglt

whenever Zj n;é; — 0, for a sequence My > 1 of the order at most log(N).

We present several specific cases of Theorem 3.1 through corollaries that encapsulate its
various implications. Below, we present the corollaries for the homogeneous setting, where
all servers have equal privacy budgets. In Section C in the Supplementary Material, we
present the corollaries for various heterogeneous settings, where the servers have different

privacy budgets.

Corollary 1. Suppose that n; = n, €; =€, 0; = 0 for j = 1,...,m and assume that

§ < (e2/y/m)'TF for some k > 0. Then, the global minimaz risk over M(g, &) satisfies (4).
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1
Whenever ne? < (mn)2+1, we have that

2a
A inf sup Efo . ng — Mm,n (mn)*% <m#+1n_%5_2> 2a+2 ’
feM(e.0) pepe P

which indicates that the minimax estimation error becomes larger than the unconstrained

o 1 a o
minimax rate ((mn)_ﬁvﬁ) by a factor of (m Bl g~ FatT 5_2)22+2 (ignoring the logarithmic

factor). This factor can be seen to capture the cost of privacy in terms of the global risk.
A smaller ¢ results in an increase in minimax estimation error, where larger smoothness
exacerbates the increase.

A second observation based on the privacy cost factor is the cost of distributing ob-
servations in a privacy setting. Specifically, distributing N = mn observations across m
machines becomes more challenging as the N observations are spread over more machines,
rather than having more observations on fewer machines. This confirms the common under-
standing that privacy is easier to retain in larger groups. The relative cost of distributing
observations is also related to the smoothness, where greater smoothness further increases
the cost. More machines require more noise to compensate for fewer observations, affirming
that local differentially private methods perform poorly in multi-observation settings and
that applying privacy at the observation level is relatively costly.

Classically, the pointwise risk is known to be subject to different phenomena than the
global risk over the Besov spaces [19]. Writing ¥ = o — 1/p and assuming o > 1/p, it is

known that the unconstrained pointwise minimax risk satisfies

inf sup Es|f(zo) — f(xo)? = (mn) =41
I reBsE

(12)

Compared to the unconstrained global risk, this indicates that the estimation error at a
point is subject to a fundamentally slower convergence rate than the global estimation
minimax rate, where the £,-norm used to measure the smoothness of the Besov ellipsoid

influences the minimax estimation performance. Roughly speaking, the “pointwise” in-
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tegrability of the derivatives of the function underlying the data impacts the problem of
estimation at a point, whilst the global risk remains unaffected. This effect disappears
for Holder alternatives, where p = oo and the minimax rate for the global risk and the
pointwise risk coincide. The main theorem on the minimax risk for pointwise estimation

leads to the following result for the homogeneous setting.

Corollary 2. Suppose that nj = n, e; = ¢, 6; =8 for j = 1,...,m and 6 < (mn)~*.

Then, for xo € [0,1], the pointwise minimaz risk at xo over the class M(g, d) satisfies (5).

The minimax rate for the pointwise risk seemingly takes on a similar form as that of the
global risk and it coincides with the global risk whenever p = co. However, for finite values
of p, the cost of privacy can be seen to differ. In particular, to attain the unconstrained
optimal pointwise minimax rate (12), it can be seen that a relatively larger ¢ is needed,
where a smaller value of p in fact exacerbates the demand. More precisely, whenever
(mn)ﬁ <ne? < (mn)TlJrl, the pointwise risk suffers from the DP constraints, whereas

the global risk performance is the same as in the problem without the DP constraints.

Whenever ne? < (mn) 2V1+1, comparing (5) to (12) shows that the minimax rate of

: : e 1w,
the classical (unconstrained) pointwise risk increases by a factor of (mz+in~ z+ig=2)m+

(ignoring the logarithmic factor). This shows that the pointwise risk is subject to a similar
cost-relationship as the global risk. What is similar is that more stringent privacy demands
in terms of a smaller ¢ translate to an increased cost in terms of the pointwise risk. However,
the relative increase in privacy cost resulting from a decrease in ¢ for the case of pointwise
risk, is smaller than the relative increase in privacy cost of the global risk, where this
discrepancy is further exacarbated for smaller values of p. This shows that stringent privacy
demands are comparatively less costly for the pointwise risk.

On the other hand, the cost of distributing observations (i.e. increasing m when dis-
tributing N = nm observations) is relatively larger for smaller values of p. That is to say,
differentially private estimation in pointwise risk suffers less from stringent per machine

privacy demands, while it suffers more from the fact that data is distributed before privacy
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preservation is applied. This surprising phenomenon shows that in a distributed setting
with privacy constraints, the distribution of the data across servers impacts the rate dif-
ferently depending on the inferential task at hand. Further results for the heterogeneous

setting can be found in Section C in the Supplementary Material.

3.2 Minimax lower bounds for global risk

The following theorem states a lower bound on the minimax risk for global estimation.

Theorem 3.2. Let D > 0 be the solution to (11) and assume that §; < (n;/zsjz(D v 1)
for some k> 0 and all j € [m]. Then, we have the following lower bound on the minimax
risk:

Cinf sup Egllf - fI32 DAL (13)
feM(e,0) fGBgy’qR

Note that this lower bound (up to a log factor) matches the upper bound from Theorem
2.2, for L = (Ip + 1) V [logy(D)] in the estimator from Section 2.2, confirming that the
proposed estimator attains the best rate among privacy-constrained estimators.

Next, we outline key steps in the proof, with technical details left to the appendix.
To lower bound the global risk, we restrict to a finite-dimensional sub-model of B, us-

p.q

ing the wavelet basis from the previous section. Given L € N, consider the subspace
L_

{ feBeR: f =30 00 futbie, fux € [-27HOHUDR, 2—L<a+1/2>R]}, denoted by BL. Let

(X)) be the 2 dimensional vector {¢1,(X)}2_, and define

oL —1

S; <Zi(j)> — Yi(j) _ Z Fretbie (Xi(j)> W <Xi(j)> ' (14)
k=0

The random vector S f(ZZ-(j )) can be seen as an “score function” of the i-th observation
on the j—th server, within the finite dimensional sub-model. Similarly, consider the “score
function” for local data Z) on the jth server; S;(ZW)) := Y17, Sf(Zi(j)). Furthermore, let

Cf(j) denote the 2"-dimensional random matrix E [S; (ZU)) | TW]E [S; (ZV)) | T(j)}T-
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We shall write CfZ(j) for the matrix > .7, C](cfi), where C}JZ) = Sf(ZZ»(j))Sf(Zi(j))T].

Using the Van-Trees inequality (with a prior as specified later on in the section), we
obtain an expression in terms of the sum-of-traces of the matrices EC]?U), i.e. the covariance
of the score function ES;(Z)), conditionally on the released transcripts.

As the conditional expectation contracts the Lo-norm, we have the “data processing”
bound EC’fT(j) < EC}?(”, which in turn implies that ]ETr(C]?(j)) < IETr(CJcZ(j)).

The right-hand side is bounded by 2%n; by direct calculation, which is detailed in the
appendix H.2. These bounds ignore privacy constraints and reflect unconstrained minimax
rate. To capture the information loss from the DP constraint in Definition 1.1, a more
sophisticated data processing argument is needed. This leads to one of the paper’s key
innovations: a data-processing inequality (Lemma 3.3) for the conditional covariance given
a (g4, 0,)-differentially private transcript of linear functionals like the score S f(Zi(j )). The
lemma offers a geometric version of the “score attack” lower bound from [22]. Combining

this step with trace linearity accommodates heterogeneity between servers.

Lemma 3.3. Let §;log(1/;) < n;/Q&??(D V1)~ forj=1,...,m. There exists a universal

constant C' > 0 such that

ETr(CT”) < Cnye, \/ETr(CJT“))\/ Amax(ECY)) + C6; (2Ln;/ 21og(1/6;) + nj) .

In Section H.2 of the appendix, we show that the largest eigenvalue of Cf;; Apax(ECY ),
is bounded, from which it follows from the E [Tr(C}F(j))] < nZe? uniformly for f € Byt
whenever §; is of smaller than njl»/ 2€j2D_1.

With the two bounds on the trace of EC’?M in hand, we now lower bound global estima-
tion risk using the Van-Trees inequality. The Van-Trees inequality provides an expression
in terms of the trace of a certain covariance matrix, which is the conditional covariance of a

linear functional of the data. Combined with the data processing inequalities, the linearity

of the trace accommodates for the heterogeneity between the servers.
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In order to apply the Van-Trees inequality, we first define a prior such that the worst-
case global risk is lower bounded by the corresponding Bayes risk. To that extent, we
define a prior II that is supported on BS:/%*. Given the resolution level L € N, we draw
frr independently from the probability distribution II;, defined through an appropriately
rescaled version of the density ¢ — cos?(mt/2)1}y<1) such that has its support equal to
[—2 Lt/ R o=Le+1/2)R] for k =0...,2F — 1 and set f, = 0 otherwise. For this choice
of prior, the Van-Trees inequality of [36] yields the following lemma, for which we defer the

details of the proof to Section H.2 in the appendix.

Lemma 3.4. It holds that sup ;_pe.r Es||lf—f|13 is lower bounded by the Bayes risk [ Eg| f—

FIBAIL( f), which is further lower bounded as follows

22L

SUP pepg ot 2 ETT(C?”) + 722L(2a+2)"

[EdF = siancs) >

Combining the data processing upper bound on the trace of EC’%U) and Lemma 3.3, we

have, by Lemma 3.4, that

22L

sup Ef|lf — £z > )
feB;?qR f||f sz ~ Z;n:l n?€§ /\anL + 729L(2a+2)

For obtaining the desired lower bound we choose L that maximizes the lower bound. Setting

L= (lp+ 1)V [logy(D)] does so by the relationship (11), which proves Theorem 3.2.

3.3 Lower bound for the pointwise risk

In this section, we derive the minimax lower bound for the pointwise risk. We first present
the lower bound as the main result of the section in the form of Theorem 3.5, after which
we discuss its proof. The theorem tells us that the pointwise risk estimator proposed in
Section 2.3 performs optimally in terms of achieving the minimax privacy constrained rate

up to a logarithmic factor.
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Theorem 3.5. Assume furthermore that Zj n;0; — 0 and let D > 0 be the number solving

the equation

m

D =" (n3e}) A (n;D). (15)

=1

Then, for any xy € (0,1), the minimax pointwise risk is lower bounded as follows:

inf  sup Ef|f(zo) — f(x0)]? = D™ AL
fEM(&' 9) feBa R

1

Whenever <Z;":1 nfs?) * > max; n;€;, the right hand side is further bounded from below
_2v

by (Zj e ) AL

The proof of the theorem is based around the Le Cam two point method, which is a
common approach to lower bounding the pointwise risk. However, to capture the effect
of the transcripts satisfying the DP constraint of Definition 1.1, we introduce a coupling
argument in conjunction.

We briefly sketch the two point method and coupling argument here, leaving the tech-
nical details to the appendix. Take any function f € By, such that ||f|zs, = ' < R and
a compactly supported function g € B, such that ”g”Bg,q < R — R’ and ¢(0) > 0. Define
a third function f(t) := y5'9(Bp(t — x0)) + f(t), where vp := ;D" and fp = 711)/1', where
we recall that v = o — l. By e.g. Lemma 1 from [19], || f|[ss, < R.

Let (Y;(j),X Oy~ ~ P; and (Y, @) X g )) ~ Pj for individual observations generated ac-
cording to (1) with either f or f the true underlying regression function respectively. We
construct a coupling between Py and P such that (Y(] ) Xi(j )) and (W’%X}j) ) are equal
with probability proportional to o~ !|| f—f |1, which forms the content of the following

lemma.

Lemma 3.6. There exists a joint distribution P ; of ((Y(j X9, (z(j),)?f”)) such that

pi=P; <(Y;(j)> Xi(J')) ” (fi(j), X

N——

) < U7 = £, (16)

24



for a universal constant ¢ > 0.

We prove the above lemma in Section [.2. Loosely speaking, the quantity p captures
the difficulty of distinguishing individual observations from Py of those generated from Pj.

Consider now transcripts T = (T, ..., T(™)) each satisfying the DP constraint of
Definition 1.1 with a privacy budget (e,d), and let P; denote the joint law of transcripts
and the N = Z;n:l n; observations generated from P;. Let IP’? denote the push-forward
measure of the transcript, i.e. its marginal distribution given that the data is generated by
Py. Similarly, let P¢ denote the joint law of T with the data generated from Pj and let ]P’?
denote the corresponding marginal distribution of 7. With the coupling of Lemma 3.6 in

hand, we derive the following lemma.

Lemma 3.7. For any subset S C [m], with &; = 6n,e;p, p as defined in (16), it holds that

H]P? - ]P)?HTV <V2 D (e = 1)+ Y nDw(Pr; Py) +4Y e nidp, (17)
jes jese jes

We defer a proof of the lemma to Section 1.2 of the appendix. The lemma allows
analysis of the contributions of the separate the servers, accounting for the heterogeneity
in the privacy budgets (¢;, ;) and the differing number of observations. Roughly speaking,
for servers with relatively large privacy budgets, their contribution to the estimator is to
be captured by n;Dgr(Fr; PJ;), which does not involve the privacy budget all together.
Servers for which the privacy budget is more stringent, contribute with the (potentially)
smaller quantity £;, where p corresponds to the probability in (16), established in the
coupling relationship of Lemma 3.6. The proof then follows by Le Cam’s two point lemma
after combining the divergence bound of Lemma 3.6 and a standard KIL-divergence bound
and minimizing the right-hand side through the choice of S, i.e. the optimal division into
the stringent and non-stringent privacy budgets, we defer the details to Section 1.2 of the

Supplementary Material.
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4 Simulation Results and Real Data Applications

4.1 Simulation Studies

In this section, we present numerical results related to the estimator constructed in Section
2. The purpose of our simulations is two-fold. First of all, we investigate how much the noise
added by the differential privacy mechanism affects the the estimator, by comparing various
privacy budgets. Secondly, we illustrate numerically how the estimation risk is affected by
the number of servers, the total number of observations, and the privacy budget.

As an initial investigation into the effect of the privacy mechanism on the estimator, we
consider a simple example with a single server and a total of N = 500 observations in Figure
2. Here, we generate data from the model (1), where f is randomly drawn from a Besov
ball; we defer the exact details of the simulation setup to Section E.1 in the Supplementary
Material. The plot in Figure 2a shows a single draw the private estimator of Section 2 is
compared for different privacy budgets (e = 0.5, 1,2,5), the non-private wavelet estimator
and the true underlying signal. The plot in Figure 2b shows the mean estimated signals
over 1000 simulation runs, with bands capturing 95% of the draws over the randomness
in the privacy mechanism. We observe that (as expected) greater deviances from the true
signal / non-private estimator occuring for smaller privacy budgets.

Figure 3 contains plots studying how the the MSE changes for various characteristics
of the problem. In the plot Figure 3a, we show the effect of increasing the privacy budget
on the IMSE for different server setups, for a fixed number of observations (N = 2000).
We see that for small values of € the performance is better when the data is distributed
over fewer machines. As € increases, the performance becomes independent of the number
of machines. This captures the phase transition also observed in our theoretical results.
The two slight increases in IMSE observed in the plot are a consequence of the changing
resolution levels of the wavelet expansion that occur as € increases, where we have not

optimized the constants when selecting the change points. The second plot, Figure 3b,
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Figure 2: Wavelet-based differentially private estimators for varying privacy budgets (e =
0.5,1,2,5) with a total of N = 500 observations on one single server. The left plot shows
the scatter points and a single estimated curve for each value of €, while the right plot
compares the mean estimated signals over 1000 simulation runs over the randomness in
privacy mechanism with bands capturing 95% of the draws over the privacy mechanism.
shows the decrease in the IMSE as NNV increases, for a fixed privacy budget (e = 1) on a log-
log scale. We see that the performance improves as the number of observations increases,
as expected. However, we see that the slope of the curve is steeper for the case of a single
machine compared to the case of multiple machines, which is consistent with the theoretical
results. The third plot, Figure 3¢, further corroborates the findings concerning the cost of
distributing data over multiple servers by showing the effect of decreasing the number of
servers (n/N — 1) for a fixed total number of observations (N = 2000), for both IMSE
and MSE at a point over.

In Section E.1 of the Supplementary Material, we provide additional simulation re-

sults, including tables and figures, that further illustrate the performance of the proposed

estimator under various settings.

4.2 Real Data Applications

This section demonstrates the private wavelet based estimator for preserving differential

privacy while analyzing relationships between two variables on real data. We consider two
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Figure 3: The log-IMSE as a function of the privacy budgets € and total number of obser-
vations N, for various machine setups and o = 2. The lines represent averages over 1000
simulation runs.

applications: the first example involves the bivariate association between Forced Expiratory
Volume in 1 second (FEV1), a measure assessing lung function and respiratory health and
age, which is known to follow a non-linear relationship [39]. The second example examines
the association between serum folate and serum vitamin B12 levels with plasma total
homocysteine (tHcy) levels. Elevated tHcy is a well-established risk factor for vascular
diseases, including stroke and myocardial infarction [56] and its relationship with folate
and vitamin B12 is characterized by non-linearity [52].

Both applications are based on data of the National Health and Nutrition Examination
Survey (NHANES), is available at CDC’s NHANES website?. We explore the private
wavelet-based estimator on features of this otherwise publicly available data for the purpose
of illustration. The data consists of a random sample of the U.S. population living in
households, selected from 81 counties across the United States.

Returning to the first application, we look at NHANES 2009-2010 data, investigating
the relationship between FEV1 and age between ages 6 and 80 years for men and women.
In addition, we consider the sub-samples of the survey participants who indicated smoking
status. Both gender and smoking status are known to affect FEV1 levels (see e.g. [13]
and [49]). Figure 4a displays the estimated curves for smoothness level « = 2 — both the

private wavelet-based estimator for e = 1 and its non-private counterpart — for women and

https://wwwn.cde.gov/Nchs/Nhanes

28



Method
6 % female data
- female eps = 1 5 Method
- female non-private X every day data
male data - every day eps =1
- maleeps=1 - every day non-private
-+ male non-private some days data
‘® some days eps = 1
-+ some days non-—private

IS

FEV1 (liters)

FEV1 (liters)

20 40 60 80
Age (years)

20 40 60 80
Age (years)

(a) FEV1 vs Age for male and female co-
horts. (b) FEV1 vs Age per smoking status.

Figure 4: The relationship between FEV1 and age for female and male cohorts (n = 3531
and n = 3548, respectively) and participants indicating to smoke every day (n = 899)
versus those who smoke sometimes (n = 205).

men; n = 3531 and n = 3548, respectively. The curves corroborate the general finding that
FEV1 increases with age up until around the 20th year, and declines subsequently, with a
noticable difference between the male and female cohorts past the teenage years. In these
relatively large samples, the private estimator almost matches the non-private estimator.
In Figure 4b, we look at a smaller cohort: individuals ages between 20 and 80 who have
indicated to either smoke every day (n = 899) or sometimes (n = 205). The non-private
curves show that the FEV1 levels are lower for individuals who smoke every day compared
to those who smoke sometimes. However, the private wavelet-based estimator is less precise
in capturing this difference, and could in this particular case lead to an erronous conclusion.
This is a consequence of the small sample size of the second cohort, requiring more noise
to ensure privacy.

In our second example, we utilize data from the NHANES during 1999-2000, previously
studied by Bang et al. [9], who employed quartile plots, piecewise constant models, and
splines to illustrate these dose-response curves and reported non-linear inverse relationships
between plasma total homocysteine and serum folate and vitamin B12 levels, corroborating
general findings on the relationship.

Figure 5 compares the private and non-private dose-response curves between plasma
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Figure 5: Private and nonprivate estimation of Homocysteine vs. Folate and B12 for
N =750 and € € {1, 2}.

total homocysteine and serum folate and vitamin B12 levels for N = 750 and privacy
budgets € € {1,2}. For ¢ = 1, the privacy mechanism introduces a noticeable deviation
from the non-private estimator. The plots demonstrate an inverse non-linear relationship
between homocysteine, folate, and vitamin B12 levels, consistent with [9]. Figures S.3 and
S.4 in Section E provide comparisons for the same privacy budgets with sub-samples of
sizes N = 1500 and N = 300. As sample sizes decrease, the deviation from the non-private
estimator increases, in line with our theoretical findings. Full implementation details and

further results are provided in the Supplementary Material.
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