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Abstract

In this paper, we study sparse group Lasso for high-dimensional double sparse linear
regression, where the parameter of interest is simultaneously element-wise and group-wise
sparse. This problem is an important instance of the simultaneously structured model — an
actively studied topic in statistics and machine learning. In the noiseless case, we provide
matching upper and lower bounds on sample complexity for the exact recovery of sparse
vectors and for stable estimation of approximately sparse vectors, respectively. In the noisy
case, we develop upper and matching minimax lower bounds for estimation error. We also
consider the debiased sparse group Lasso and investigate its asymptotic property for the pur-
pose of statistical inference. Finally, numerical studies are provided to support the theoretical

results.
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1 Introduction

Consider the high-dimensional double sparse regression with simultaneously group-wise and
element-wise sparsity structures
y=XpB"+e, orequivalently y; = XZ»TB* +e, i=1,...,n. (1)

Here, the covariates X € R™*P and parameter 8* are divided into d known groups, where the

ith group contains b; variables,

T

X=[Xq - Xal, B°= ((56))T7 X (,de))T) , X4 € R”Xbi,ﬂ{j) € R (2)
B* is a (s, sg)-sparse vector in the sense that
d P
18%llo.2 = Z; Lig, 20y < sg and |70 = Z; Ligs0p < 5, (3)
Jj= i=

The focus of this paper is on the estimation of and inference for 5* based on (y, X). This problem
has great importance in a variety of applications. For example in genome-wide association studies
(GWAS) [1], the genes can be grouped into pathways and it is believed that only a small portion
of the pathways contain causal single nucleotide polymorphisms (SNPs), and the number of
causal SNPs is much less than the one of non-causal SNPs in a causal pathway. The sparse
group Lasso has been applied to identify causal genes or SNPs associated with a certain trait
[1]. Other examples include cancer diagnosis and therapy [2, 3], classification [4], and climate
prediction [5] among many others. The problem can also be viewed as a prototype of various
problems in statistics and machine learning, such as the sparse multiple response regression [6]

and multiple task learning [7, 8, 9].

The sparse group Lasso [10, 11, 12] provides a classic and straightforward estimator for g*:
/3’=arggninllnyﬁH%+>\Ilﬁ||1+AgHBH1,2~ (4)

Here, [|8]l1 = >_0_, |6il and [|B]l1,2 = 32, [|B¢j) ll2 ave £1 and {12 convex regularizers to account for
element-wise and group-wise sparsity structures, respectively. A, Ay > 0 are tuning parameters.
In the noiseless setting that € = 0, one can apply the constrained ¢ + ¢; o minimization instead

to estimate [3*:

B = argmin X8|l + AgllBlh,2

subject to y = Xp.

(5)



In fact, when A, A\, tend to zero while A\/), is fixed as a constant, the sparse group Lasso (4)

tends to the ¢; + ¢1 » minimization (5).
When (* is only element-wise sparse, the regular Lasso [13]
B ZaTg;ninlly—XﬂH%Jr/\llﬁlll (6)

can be applied and its theoretical properties have been well studied in past decades [14]. When

5* is only group-wise sparse, the group Lasso

Bt = arggnin ly = X813 + AgllBll12 (7)

and its variations have been widely investigated [15, 16, 17]. However, to estimate the simul-
taneously element-wise and group-wise sparse vector 8%, despite many empirical successes of
sparse group Lasso in practice, the theoretical properties, including optimal rate of convergence

and sample complexity, are still unclear so far to the best of our knowledge.

1.1 Simultaneously Structured Models

More broadly speaking, the simultaneously structured models, i.e., the parameter of interest has
multiple structures at the same time, have attracted enormous attention in many fields includ-
ing statistics, applied mathematics, and machine learning. In addition to the high-dimensional
double sparse regression, other simultaneously structured models include sparse principal com-
ponent analysis [18, 19], tensor singular value decomposition [20, 21], simultaneously sparse and
low-rank matrix/tensor recovery [22, 23], sparse matrix/tensor SVD [24], sparse phase retrieval
[25, 26], etc. As shown by the seminal work of Oymak, Jalali, Fazel, Yonina, and Hassibi [27, 22],
by minimizing multi-objective regularizers with norms associated with these structures (such as
¢1 norm for element-wise sparsity, nuclear norm for low-rankness, and total variation norm for
piecewise constant structures), one usually cannot do better than applying an algorithm that
only exploits one structure. They particularly illustrated that simultaneously sparse and low-
rank structured matrix cannot be well estimated by penalizing ¢; and nuclear norm regularizers.

Instead, non-convex methods were proposed and shown to achieve better performance.

However based on their results, it remains an open question whether the convex regular-

ization, such as sparse group Lasso or /i + {1 minimization, can achieve good performance



in estimation of parameter with two types of sparsity structures, such as the aforementioned
high-dimensional double sparse regression. Specifically, as illustrated in Section 2.2, a direct
application of [22] does not provide a sample complexity lower bound for exact recovery that

matches our upper bound.

1.2 Optimality and Related Literature

This paper fills the void of statistical limits of sparse group Lasso and provides an affirmative
answer to the aforementioned question: by exploiting both element-wise and group-wise sparsity
structures, the ¢; + {1 regularization does provide better performance in high-dimensional
double sparse regression. Particularly in the noiseless case, it is shown that (s, s4)-sparse vectors
can be exactly recovered and approximately (s, sy)-sparse vectors can be stably estimated with
high probability whenever the sample size satisfies n 2 sqlog(d/sy) + slog(esgb), where b =
maxi<ij<qb;. On the other hand, we prove that exact recovery cannot be achieved by ¢ +
{1 5 regularization and stable estimation of approximately (s, sq)-sparse vectors is impossible in
general unless n 2 s4log(d/sy) + slog(esqb/s). We then consider the noisy case and develop the
matching upper and lower bounds on the convergence rate for the estimation error. Simulation
studies are carried out and the results support our theoretical findings. In addition, statistical
inference for the individual coordinates of 8* is studied. A confidence interval is constructed
based on the debiased sparse group Lasso estimator and its asymptotic property. The results
show that by exploring the simultaneously element-wise and group-wise sparsity structures, the
debiased sparse group Lasso requires less sample size than the debiased Lasso and debiased

group Lasso in the literature [28, 29, 30, 31].

The theoretical analysis of sparse group Lasso and £1 +¢1 2 minimization is highly non-trivial.

First, the regularizer || - ||1 + Ag]| -

1,2 is not decomposable with respect to the support of 5* so
that the classic techniques of decomposable regularizers [32] and null space property [33] may
not be suitable here. Despite a substantial body of literature on high-dimensional element-wise
sparse vector estimation based on restricted isometry property (RIP) [34, 35, 36, 37, 38] and
restricted eigenvalue [14], these techniques cannot provide nearly optimal results for sparse group

Lasso here as it is technically difficult to partition general vectors into simultaneously element-



wise and group-wise ones that preserves some ordering structures. Departing from the previous
literature, our theoretical analysis relies on a novel construction of approximate dual certificate.
See Section 2.3 for further details. Although our results mostly focus on the performance of
sparse group Lasso and ¢; + /¢ o estimators, the techniques of approximate dual certificate on

multi-norm structures here can also be of independent interest.

The statistical properties of sparse group Lasso and related estimators have been studied
previously. For example, [5] developed consistency results for estimators with a general tree-
structured norm regularizers, of which the sparse group Lasso is a special case. [39] analyzed the
asymptotic behaviors of the adaptive sparse group Lasso estimator. [4, 40] studied the multi-
task learning and classification problems based on a variant of sparse group Lasso estimator.
[12] studied multivariate linear regression via sparse group Lasso. [41] provided a theoretical
framework for developing error bounds of the group Lasso, sparse group Lasso, and group Lasso
with tree structured overlapping groups. Specifically, their results imply that the group-wise
sparse signal can be exactly recovered with high probability by solving (5) if the sample size
satisfies n 2 s4(b+logd). Different from previous results, this paper focused on both the
required sample size and convergence rate of estimation error of sparse group Lasso. To the best

of our knowledge, this is the first paper that provides optimal theoretical guarantees for both

the sample complexity and estimation error of sparse group Lasso.

1.3 Organization of the Paper

The rest of the article is organized as follows. After a brief introduction to notation and pre-
liminaries in Section 2.1, the main theoretical results on constrained ¢; 4 ¢; » minimization in
the noiseless setting is presented in Section 2.2 and the key proof ideas are explained in Section
2.3. Results for sparse group Lasso in the noisy setting are discussed in Section 3. In particular,
the optimal rate of estimation error and statistical inference are studied in Sections 3.1 and
3.2, respectively. In Section 4, we provide simulation results in both noiseless and noisy cases
to justify our theoretical findings. The proofs of technical results are given in Section 6. All

technical lemmas and their proofs can be found in Appendix A.



2 {1 + {2 Minimization in Noiseless Case

2.1 Notation and Preliminaries

The following notation will be used throughout the paper. We denote a A b = min{a,b},a Vb =
max{a,b}. Let sgn(-) be the sign function, i.e., sgn(z) = 1,0, or =1, if z > 0,2 =0, or x < 0,
respectively. H,(+) is the soft-thresholding function such that H,(z) = sgn(z) - {(|z| — @) v 0}
for any x € R. Wesay a < band a 2 bif a < Cband b < Ca for some uniform constant
C > 0, respectively. a < b means a < b and a 2 b both hold. Let the uppercase C,Cq, Cy, ...
and lowercase c, c1, cp, . .. denote large and small positive constants respectively, whose actual
values vary from time to time. Throughout the paper, we focus on the parameter index set
{1,...,p} partitioned into d groups. Denote (1),...,(d) C {1,...,p} as the index sets belonging
to each group. Additionally, for any group index subset G C {1,...,d}, define (G) = Ujeq(j),
(G°) = Ujgq(j). For any vector v and index subset T', 47 € RITI represents the sub-vector of
v with index set T In particular, v(g) represents the sub-vector of v in the union of Groups
J € G. Define the ¢, norm of any vector v as ||v|lq = (3_; 1|94, For any vector 8 € RP with
group structures, we also define the ¢4, 4, norm for any 0 < ¢1,¢2 < o0 as

1/q1 d a/e) Vn

d
Vllgrae = | D v 14 =33 (Dl
i=1

J=1 \i€())
In particular, ||v[jo,2 = 2?21 1,0} is the number of non-zero groups of 7, [|7[|cc,2 = max; ||y |2
is the maximum ¢ norm among all groups of v, and |v|l12 = Z?:l 7 ll2 is the group-wise
1 penalty. With a slight abuse of notation, we simply denote ||vr|lg,q0 = ||tllg1,q. if v € RP, u

restricted on subset 1" is v and u restricted on 7 is 0.

The focus of this paper is on simultaneously element-wise and group-wise sparse vectors

defined as follows.

Definition 1 (Simultaneous element-wise and group-wise sparsity) Assume §* € RP is
associated with group partition (1),...,(d). For positive integers s, s, satisfying s, < d and

sg < 8 <MaAXQC(1,... d},|Q)=s, Dicq bis We say 3% is (s, sg)-sparse if

d
18" 02 =Y Lqge 20y < 5, N18%llo =D Ligrrop < 5.
j=1 i



2.2 Noiseless Case and Sample Complexity

To analyze the performance of sparse group Lasso and ¢; + ¢; » minimization, we first introduce

the following assumption on the design matrix X.

Assumption 1 (Sub-Gaussian assumption) Suppose all rows of X are i.i.d. centered sub-
Gaussian distributed. Specifically, EX; = O,Var(XiT) = 3, and for any o € RP, we have
Eexp (ozTE_l/QXiT) < exp (k?||all3/2) for constant k > 0. We also assume % < omin(X) <
Omax(X) < %, where omax(X) and omin(X) are the largest and smallest eigenvalues of ¥, respec-

tively.

Clear, a random matrix X with i.i.d. standard normal entries satisfies this assumption — this
design is referred to as the Gaussian ensemble and has been considered as a benchmark setting

in compressed sensing and high-dimensional regression literature [42, 43].

The following theorem shows that the ¢; +/¢; o minimization achieves the exact recovery with
high probability when g* is simultaneously element-wise and group-wise sparse, X is weakly
dependent, and Assumption 1 holds. The theorem also provides a more general upper bound

on estimation error if 5* is approximately element-wise and group-wise sparse.

Theorem 1 (¢; + ¢; » minimization in noiseless case) Suppose one observesy = X 3*, where
X has the group structure (2) and satisfies Assumption 1, B* is (s, sq)-sparse, and b = maxj<ij<q b;.

Let T be the support of 5*. Suppose there exist uniform constants C,c > 0 such that

n > C (sqlog(d/sqy) + slog(esgb)) , (8)
ma[Bur=z |, <o/ ve ©

then the constrained {1 + {12 minimization (5) with A = +/s/sq\ achieves the exact recovery
with probability at least 1 — C exp(—cn/s).

Moreover, if B* € RP is a general vector and B is the solution to the constrained {1 + {12
minimization (5) with Ay = \/s/sq\, then
1 1
min —=1B5ellh + —
185ll0<5.l185 l0,2<so, <\/§ Ner

‘max;ese [|£i,555 s ll2<¢/V/s

13— 62 < uﬁ;cum) | (10)

7



with probability at least 1 — Cexp(—cn/s).

Remark 1 (Interpretation and comparison) In Theorem 1, the required sample size for
achieving exact recovery contains two terms: sqlog(d/s,) and slog(esgb). Intuitively speaking,
sqlog(d/sy) corresponds to the complexity of identifying s, non-zero groups and slog(esgb)

corresponds to the complexity of estimating s non-zero elements of 3 in s, known groups.

When S* is only element-wise or group-wise sparse, one can apply respectively the classic 1

or {1 2 minimization to recover /%,
A% = argmin ||8]|; subject to y= X3, (11)
B

Bhz = argmin||5]|12 subject to y = Xp. (12)
B

The ¢; minimization and ¢ » minimization here are respectively the special form of the regular
Lasso and group Lasso (if A\,A\; = 04 in (6) and (7)), respectively. Especially if the group
size by < --- < bg < b, to ensure exact recovery in the noiseless setting with high probability,
(11) requires n 2 Cslog(ebd/s) [44] and group Lasso requires n 2 sq4(b + log(ed/sy)). The

{1 + ¢1 2 minimization (5) has provable advantages over both regular and group Lasso when

b > log(d) > log(esyb) and s4b/ log(esgb) > s > 5.

Next, we consider the sample complexity lower bound. Suppose by = by = -+ = by and
d > 2s4. Recall that one observes y = X 3* without noise and aims to estimate the (s, s,)-sparse
vector * based on y and X. As indicated by classic results in compressed sensing [45], with

sufficient computing power, the ¢y minimization below achieves exact recovery of 5*
B% = argmin||Bllp subject to XS =y (13)

as along as X is non-degenerate and n > 2s. This bound is actually sharp: when n < 2s, for
any set 7' C {1,...,db} with cardinality 2s, one can find a vector 7 such that supp(y) C 7" and
X~ = 0. By choosing an appropriate 7', we can split the support v to obtain two (s, sy)-sparse
vectors (1, B2 satisfying 81 + B2 = . Then, X3; = X (—f2) but there is no way to distinguish
B1 and Po merely based on X and y = X1 = X (—/2).

However, the £y minimization (13) is computational infeasible in practice while a larger

sample size is required for applying more practical methods. The following theorem shows that



by performing the convex ¢; regularization, ¢ o regularization, or any weighted combination of
them, one requires at least 2(s,log(d/sy) + slog(esyb/s)) observations to ensure exact recovery

of (s, s4)-sparse vectors.

Theorem 2 (Sample complexity lower bound for exact recovery) Suppose by = -+ =
by =b, d,b> 3. Suppose X is an n-by-(db) matriz. If every (2s,2s,)-sparse vector 3 € R® is a
minimizer of the following programming for some (A, Ag) € {(A,Ag) : A, Ag > 0, A+ Ay > 0}:

min A||z||1 + Agl|z][1,2  subject to Xz=y=Xp.
z

In other words, if the {1 + {12 minimization exactly recover all (2s,2s4)-sparse vector (3, then

we must have n 2 sqlog(d/sy) + slog(esgb/s).

The following sample complexity lower bound shows that for arbitrary methods, to ensure
stable estimation of all approximately sparse vectors, one requires at least Q(s,log(d/sg) +

slog(esqyb/s)) observations.

Theorem 3 (Sample complexity lower bound for stable estimation) Supposeb; =--- =
by = b, b,d > 3. Assume there exists a matric X € R™D ¢ map A : R* — R (A may

depend on X ), and a constant C' > 0 satisfying

I - as)l, <o (150 202) (14)

for all B € RP and some s, s, satisfying d > s4,5,b > s > s,. There exists constants Cy and co

that depend only on C' such that whenever sq > Co, we must have

n > co(sqlog(d/sg) + slog(esgb/s)).

Remark 2 (Optimality and comparison with previous results) Theorems 2 and 3 show
that the sample complexity upper bound in Theorem 1 is rate-optimal under a weak condition:
log(esyb) = log(esqyb) — log(s) or log(d) > 2slog(s)/sg. Oymak, et al. [22] provided a general
analysis for convex regularization of simultaneously structured parameter estimation. Specifi-
cally for the high-dimensional double sparse regression, a direct application of their Theorem 3.2
and Corollary 3.1 implies that if £; 4 ¢; » minimization can exactly recover (s, sq)-sparse vector
B* with a constant probability, one must have n = s. We can see that Theorem 2 provides a

sharper lower bound on sample complexity.



2.3 Proof Sketches

We briefly discuss the proof sketches of the main technical results in this section. The detailed

proofs are postponed to Section 6.

The proof of Theorem 1 is based on a novel dual certificate scheme. The dual certificate
[46] has been used in the theoretical analysis for various convex optimization methods in high-
dimensional problems, such as matrix completion [47, 48], compressed sensing [42], robust PCA
[49], tensor completion [50], etc. The high-dimensional double sparse linear regression exhibits
different aspects from these previous works due to the simultaneous sparsity structure. In
particular, we can show that if the u.; defined below is in the row space of X, it can be used as

an exact dual certificate for recovery of (s, sy)-sparse vector 3*:

Ut = Vet + W c Rp et (-7 8/896 /HIB H27 j € G (wet)T - Sgn(ﬂ/}:)
et — Vet et 5
|| Uet ||2 < \/5/Sg, j e G | (wet) e |loo < 1.
(15)

Here, T' and G are the element-wise and group-wise supports of *:

Roughly speaking, ue; is the sub-gradient of objective function (5) evaluated at 8 = *. If ue
is in the row space of X, the sub-gradient will be perpendicular to the feasible set of (5), which

implies that §* is the unique minimizer of ¢; 4 ¢; » minimization (5).

For more general vector 8* that does not necessarily have a sparse support T or G, we

consider the following (s, s4)-sparse approximation:

B = arg min —

185+ — (15 1.
7 f (16)

subject to 850 < 5. 185ll02 < sg, max |TisSgklle < e/V5.

Let T={i: 3" #0} and G = {j : (B%)(jy # 0} be the element-wise and group-wise supports
of . Define

Gt € RP (W0) () = v/'8/34B7, )/ 18T (jyll2> 7 € G (wo)7 = sgn(By)
0 — Y0 0 B
(@) jyll2 < v/3/54, j € G [ (Wo)7eloo < 1.
(17)

10



Here 37 () € R is the subvector 5* restricted on the j-th group with all entries in 7° set to
zero. Similarly to the exactly sparse case, if ug is in the row space of X and the true §* is

approximately (s, s4)-sparse, the minimizer of (5) will be close to 3*.

However, it is often difficult to find an exact dual certificate that lies in the row space of
X and satisfies stringent conditions in (15) or (17). We instead propose to analyze via the

approximate dual certificate defined as (18) in the following lemma.

Lemma 1 (Approximate dual certificate for sparse group Lasso) Suppose T, G are element-
wise and group-wise support defined in (16). ug is defined in (17). Assume X satisfies omin (X;XT/n) >
1/2. If there exists u € RP in the row span of X satisfying

Jur = (o) 2 - mavx || X7 Xi/m| | <1/,
ZETC 2 (18)

[ H1/2(weey)lloo2 < V/s0/20 Nlwenrlles < 1/2,
Then the conclusion of Theorem 1 (10) holds with probability at least 1 — 2e~". Here, Hj5(-)

is the soft-thresholding operator defined at the beginning of Section 2.
If we additionally assume [* is (s,sq)-sparse, then B3* is the unique solution to the sparse

group {1 + {1 2 minimization (5) with probability at least 1 — 2e™".

Lemma 1 shows that the conclusion of Theorem 1 holds if there exists an approximate dual cer-
tificate u satisfying the condition (18). The following lemma shows that, under the assumptions

in Theorem 1, one can find such an approximate dual certificate with high probability.

Lemma 2 Suppose X has group structure (2) and satisfies Assumption 1. Recall omin(X7 X7/1)
is the least eigenvalue of X Xr/n. Then owin (X X1/n) > 1/2 and (18) holds with probability
at least 1 — Ce™*, where T is defined in (16).

Another key technical tool to the proof of Theorem 1 is the following Lemma, which shows
that X satisfies the restricted isometry property for all simultaneously element-wise and group-

wise sparse vectors with high probability when there are enough samples.
Lemma 3 Ifn > C(sglog(d/sy) + slog(esgb)),
Lol 2 _ Oy 2 P
gz = SIX7llz < gllvllz, Yy € {y €R”: lvllo < 25, [vllo2 < 254} (19)

11



with probability at least 1 — 2e~“".

Next we briefly discuss the proof of Theorem 2. Consider the quotient space R% /ker(X) =
{[7] :== z + ker(X),y € R} and define an associated norm as ||[7]|| = inf,eyer(x){ A7 — v[l1 +
Aglly—vll12}. We show that there exist N different (s, s,)-sparse vectors 1), ..., 3N) such that
log(IV) < s log(esb/s)-+s, 10g(d/sy) and 8| = 1, |[30]—[89]] > 2/9 for all 1 < # j < N.
By a property of the packing number and the fact that dim(R% /ker(X)) < n, we must have
N <10™. Thus n 2 log(N) < slog(esgb/s) + sqlog(d/sy).

We prove Theorem 3 by contradiction. Assume that

n < co (slog(esqb/s) + sqlog(d/sg)) (20)
for a sufficiently small constant co. Let ||« || = ||+ |l1 +/5/s4|| - |12 and B = {z € R® : ||z|| < 1}
be the unit ball associated with || - ||. Define
d"(B,RP) = inf
( ’ ) L™ is a sulg;pace of RP {IBESél%)Ln HBH2} ’

with dim(RP/L")<n

We have d"(B,RP) < % by the assumption of this theorem. We can also show that there exists
a uniform constant ¢ > 0 such that

c-dlog(esyb/s) 1/2
d"(B,RP) > ¢min L, [(?log< . - d +log(esgb/s) | /n

NEn

The previous two inequalities and (20) together imply that

(c;:qd log(esgb/s) )

n>c (sg log + slog(esgb/s)> > co (slog(esqb/s) + sqlog(d/sg)) > n.

This contradiction shows that n > ¢q (slog(esgb/s) + sqlog(d/sy)).

3 Sparse Group Lasso in Noisy Case

We now turn to the noisy case.

12



3.1 Optimal Rate of Estimation Error of Sparse Group Lasso

When observations are noisy, we have the following theoretical guarantee for the sparse group

Lasso.

Theorem 4 (Upper bound of estimation error) Suppose y = Xp* + ¢, X satisfies As-

sumption 1, n > C (sylog(d/s,) + slog(esyb)) for some uniform constant C >0, € N 0,02),
g g g

and b = maxj<;j<qb;. Then the sparse group Lasso estimator (4) with

A= Ccr\/(slog(esgb) + sglog(ed/sq))n/s and Ay =1/5/s4A

satisfies

. ) o2(s,log(d/s,) + slog(es,b e Ge
13— 5 < in \/ (s4log(d/sg) g(esgd)) | 85Il IB5elhe
o IB5l0<s.l185l02<s0, n Vs NET)

‘max;ese [|Di,525 s ll2<c/ /5

with probability at least 1 — C' exp (—C’Slog(esf’b)“g log(d/sy)).

s

FEspecially, if B* is exactly (s, sq)-sparse and max;cre HEZ»,TEE,ITHQ < ¢/\/s holds, then

16— 13 5 T CaloB(oa) + ologlessl) .

s

with probability at least 1 — C exp (—CSlog(eSgb)+59 log(d/Sg)).

In addition, we focus on the following class of simultaneously element-wise and group-wise
sparse vectors,

Fosg =18 1Bllo < s, [1Bllo2 < s¢}-

The following minimax lower bound of estimation error holds.

Theorem 5 (Lower bound of estimation error) Suppose X satisfies Assumption 1, by =

-oo=bg=>b, and d,b > 3. Then we have

. 5 o%(s,log(ed/s,) + slog(esyb/s
lI}f sup EH/B_BH% z ( g ( / g) ( g / ))
B BEFus n

Remark 3 Theorems 4 and 5 together show that the sparse group Lasso yields the minimax

optimal rate of convergence as long as the following condition holds: log(esyb) =< log(esgb) —

log(s) or log(d) 2 slog(s)/sg.

13



Remark 4 We briefly discuss the main proof ideas of Theorem 5 here. First, we randomly
generate a series of subsets 00 C {1,...,p} as feasible supports of (s, sq)-sparse vectors. Then,
we prove by a probabilistic argument that there exist N 2 (s4log(d/sg) + slog(esyb/s)) subsets
{QON | such that [Q0) N QU)| < 8s,[s/s,]/9 for any i < j. Next, we construct a series of
candidate (s, sg)-sparse vectors B such that B,Ef) = Tlpeqamy- Intuitively speaking, {B(i)}ij\il
are non-distinguishable based only on observations (y, X) by such a construction. Theorem 5

then follows by choosing an appropriate 7 and the generalized Fano’s lemma.

3.2 Statistical Inference via Debiased Sparse Group Lasso

We further consider the statistical inference for §* under the double sparse linear regression
model. First, let B be the sparse group Lasso estimator given by (4). Inspired by the recent
advances in inference for high-dimensional linear regression [28, 51, 29, 31|, we propose the

following debiased sparse group Lasso estimator,
. .1 .
B =B+ -MXT <Y - XB) . (22)
n
Here, 3 = % Y opeq XX ,2— is the sample covariance matrix and M = [thq -+ 1] T is an approx-
imation of the inverse covariance matrix ¥ ~!, where rh; is the solution to the following convex
optimization,
minimize m'Ym
X (23)
subject to  ||Ha(Xm — €)ooz < 7.
Here, H,, is the soft-thresholding operator with thresholding level « defined at the beginning of

Section 2 and e; is the i-th vector in the canonical basis of RP. The following theorem establishes

an asymptotic result for debiased sparse group Lasso.

Theorem 6 (Asymptotic distribution of debiased sparse group Lasso) Suppose * €
RP is (s,s,)-sparse, X € R™P satisfies Assumption 1, and max;ere | S 750 5l2 < ¢/v/s. Set
N\ = CO_\/(slog(esgb)Jrzg10g(d/sg))n and >‘g — /é)‘ in (4)’ a = %’7 — /s A mn (23) Then

Sg no

S

with probability at least 1 — Cexp (—CSIOg(ESQbHSg log(d/59)>, the debiased sparse group Lasso
estimator 3% can be decomposed as \/n (B“ — ﬁ*) = A + w, where

C (slog(esgb) + sqlog(ed/sy))
\/ﬁ

Al < o, wlX~N (0,02M2MT) . (24)
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In particular, if \/n > slog(esqyb) + sqglog(ed/sy), for any 1 <i < p,
v (B - 57)
\/ ] S

Remark 5 (25) provides a method to construct confidence intervals for 5*. Specifically if & is

— N (0,0%). (25)

a consistent estimator of o, such as the scaled sparse group Lasso to be discussed in Section 5,

would be an asymptotic (1 — a)-confidence interval for 8. We can see that the debiased sparse
group Lasso estimator has the provably advantage on sample complexity (n > (slog(esgb) +
sqlog(ed/s,))?) over the ones via debiased Lasso (n > slogp, see [28, 29, 31]) or debiased group

Lasso (n > (sgb+ s4logp)?, see [30]) for constructing asymptotic confidence intervals of 3*.

4 Simulation Studies

In this section, we investigate the numerical performance of the sparse group Lasso. The results

support our theoretical findings in Sections 2 and 3.

We first study the noiseless case and focus on the sample complexity for the exact recovery.
Suppose all group sizes are equal (b = --- = by = b) and the number of observations n varies
from 5 to 200. We consider four simulation designs with (1) d = 60,b = 20,s, = 1; (2)
d=100,b = 30,54 =2; (3) d =b=20,sy =1; and (4) d = b = 40,s, = 1. For each setting,
we randomly draw X € R™*% with i.i.d. standard normal entries, construct the fixed vector

B* € R%® satisfying

§ (1,2,3,4,5,0,...,0) e R j=1,... 5
B =
j=s4+1,...,d,
and generate y = X8* = ngzl X(j)ﬁa). We implement the ¢; + ¢; 2 minimization (5), ¢;
minimization (11), and ¢; 2 minimization (12). An exact recovery of * is considered to be
successful if |3 — 8*||2 < 107%. The successful recovery rate based on 100 replicates is shown

in Figure 1. We can see that the sparse group Lasso achieves the best results among all three

estimators, which is in line with our theoretical results.
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Figure 1: Exact recovery rate in the noiseless case

Then we consider the noisy case and focus on average estimation errors of different methods.

We generate

Sg
j=1

where X, * are drawn in the same way as the previous setting and & N (0,0.12). We consider
four designs: (1) d = 60,b = 20,s, = 1; (2) d = 100,b = 30,54 = 2; (3) d = b = 20,54 = 1; and
(4) d = b= 40,5y = 2. For each case, the number of observations n is chosen from an equally
spaced sequence from 5 to 200 and the simulation is replicated for 500 times. We compare the
following four methods: (1) SGL_CV: sparse group Lasso with Ay = \/%)\ and A\ selected via
cross validation; (2) SGL_package: sparse group Lasso via SGL package! in R with the option of

automatic tuning parameter selection; (3) Lasso: regular Lasso with tuning parameter selected

"https://cran.r-project.org/web/packages/SGL/index . html
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via cross validation; (4) group Lasso: group Lasso with tuning parameter selected via cross

validation. Figure 2 plots the average squared fo risks for each design, from which we can

clearly see the advantage of SGL_CV over the other methods.
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Figure 2: Average estimation error in the noisy case

5 Discussions

In this paper, we study the high-dimensional double sparse regression and investigate the theo-

retical properties of the sparse group Lasso and ¢; + ¢; » minimization. Particularly, we develop

the matching upper and lower bounds on the sample complexity for ¢; + ¢; 2 minimization in
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the noiseless case. We also prove that the sparse group Lasso achieves minimax optimal rate of
convergence in a range of settings in the noisy case. Our results give an affirmative answer to
the open question for high-dimensional statistical inference for simultaneously structured model:
by introducing both ¢; and /¢; » penalties, one can achieve better performance on estimation and

statistical inference for simultaneously element-wise and group-wise sparse vectors.

In addition to 8*, the estimation and inference for noise level ¢ is another importance task
in high-dimensional double sparse regression. Motivated by the recent development of scaled

Lasso [52], one may consider the following scaled sparse group Lasso estimator:

{Hy—XB\I%

{B*,6} = argmin B

o1 718l %umwz}’
BERP >0

where A and Xg are tuning parameters that do not rely on o. The consistency of 6 can be
established based on similar ideas of scaled Lasso in the literature [52, 29] and the approximate

dual certificate in this work.

Moreover, our technical results can be useful in a variety of other problems with simultaneous
sparsity structures. For example, [53, 54] considered the estimation of piece-wise constant sparse
signals, i.e., both the signal vector and the difference between successive entries of the signal vec-
tor are sparse. [55, 56] discussed the estimation of structured parameters where both the number
of non-zero elements and the number of distinct values of the parameter vectors are small. [57]
considered the estimation of matrices with simultaneous sparsity structures within each block
and among different blocks. It is interesting to further study the statistical limits, including
the sample complexity and minimax optimal rate of convergence for these problems. In partic-
ular, based on the specific sparsity structures of each problem, we can introduce corresponding
multi-objective regularizers and the convex regularization methods. The corresponding approx-
imate dual certificates can be proposed, constructed, and analyzed to provide strong theoretical

guarantees.

6 Proofs

We collect the proofs of technical results in this section.
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6.1 Proof of Lemma 1

Let T satisfy (16). For convenience, we denote so = s/s, and decompose u as

= V5B By ll2s i€ Tyi € (5);

u=v+tw, v =14 u;, i€ (G)\T;
— Hyjo(ui), i € (G°). (26)
_ \/%5;,(]')/”6;,(3-)”27 JjeG;
U = ,
Hyjo(ug)), j¢G.

Note that |Hyp(x) — x| < 1/2 for any x € R. Based on the property of (18), [[u@)\rlleo < 1/2,

then
lvil <172, || (B2 = || (uo)rll2 < ! 27
max |v;| < . ||lvr —sgn = llur — (¥ <
ieTe T — senipr)l2 T /T2 8 max;ce HX X/n||2 (27)
wijy = /5087,y / 1B,y ll2s 15 € G lwgyll2 < V/s0/2, i j ¢ G. (28)

Suppose £ is the minimizer to (5), h = 3 — 8*, then based on the sub-differential of ||3||; and

|81l1,2, we have

P(B) =18 + v3ollBlle = 18+ hlly + Vsoll 8" + 12

>||B7ll1 + sgn(B7) "hr + | hrellr + /50 | 1187

+ Z [ ll2
jeG

— 1B7<llx = v/30l|Brell1,2 (29)

V3087 (yhi)

>P(B*) + llhrells + Vsollhgelhz + sgn(Br) The + ) ——2—= 185, ll
T,(5)

jea
= 2|[Brellr = 2v/s0l|Brel1,2-

The last inequality comes from [|3*||1 = ||B5 |1 + || 55 ||

Telli2:
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In particular, given ' h =v"h+w'h = 0, we have

S[),B*T-h . So,B*T-h .
sgn(B) Thy + Z m = sgn(B5) Thr — v Th+ Z m —w'h
jEG 18,5 l2 jEG 1875 l2
T
= — (v —sgn(B7)) " hr — vpehre — ) (w(j) = V5087, / 187, H2> hiy — (wige)) The
jea

> — [Jvr — sgn(Br) ll2llhrll2 — [Jvre|lso - [|Aze |t

— max Hw(j) - \/%B},(j)/\lﬁ},(j)\b‘t . Hh(G)HIQ - Hw(Gc)Hoo,QHh(Gc)”l,Q

jeG
(27)(28) .
> = lor —sgn(Bp)ll2 - [|hrll2 = [[hrell1/2 — V/sollhGe)ll1,2/2.
(30)
Next note that h = hp + hpe, we must have Xphr = — Xpchpe, then
Ihzll2 =|(X7 X7 /n) "' X7 Xrhr /nlls < ot (X7 Xp/n)|| X Xrehre /0|2 &)
31
<2-max 1X7 Xi/nlla - |hze |-
Combining (27), (30), and (31), one obtains
\ V5087 i)
sgn(83) Thr + > W > —=3/4 - ||hrellr = Vsollhgelha/2-
jea T,(j) 112
Plug this inequality to (29), we finally have
P(B) = P(B*) + [|hrell1/4 + Vsollhell12/2 — 211 B5ell — 2/501 B« ll1.2-
Since § is the minimizer to (5), we must have P(3) < P(8*), then
|hrell1/4 + v/sollhaeyll2/2 < 2|Brellt + 2v/50| BT [l1,2- (32)

If B* is (s,sy)-sparse, immediately we have hye = 0. Then 0 = X] Xh = (X; X7)hy. By

Umin(X;XT/n) > 1/2, we know X;:XT/n is non-singular, then A7 = 0.

Now, we consider the general case. Without loss of generality, suppose G = {1, ..., g}, where
g < sg. Denote T; as the indices of the s largest entries of gy 7, T2 as the indices of the s
largest entries of hg)\jrury], and so on. For s; +1 <4 < d, denote S;; as the indices of the
|8/sq] largest entries of h(;), Si2 as the indices of the |s/s,4] largest entries of h¢)\g, ,, and so

on. Let Si,..., §Zf=g+1fbi/LS/sgﬂ be an arrangement of S; ;(1 < j < [b;/[s/sq]],9+1<1i<d)
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2s
such that ||hg [ > - ||h~2? QHMS/Sg”H% Let Ry = U2, Si, Ry = U, S, and so
on. Then (T1,T>,...,Ri, Ra,...) is a partition of T¢, and |T;|, |R;| < s,|9(T3)l, |9(R;)| < sg,
where ¢(S) = {i1,...,ix} if S C U§:1(ij) and S N (i;) are not empty for all 1 < j < k. Let

T =TUT, URy. If (19) holds, then

1, 1

SInzl3 < TIXghil = - (Xghz, XB) — - (Xph, Xpohz.). (3)
Since Xh = 0, we have

(Xghg, Xh) = 0. (34)

Now, we consider ‘<XThT7XTchTC> .

By triangle inequality,

(Xzhz, Xzhz)

< |(Xphr, Xg.hye)

—l—‘ XTlth,X th

+ (Xp,hg,, X ha)

The triangle inequality shows that

(Xrhr, Xz.he)

<D W Xrhr, Xphr)| + ) [(Xrhr, Xg;hr;)| -
i>2 j>2

Combine the parallelogram identity and (19) together, we have

2 2
[(Xrhr, Xr,h1)| < gnllhrlllhr, |2, [(Xrhr, XRhR,)| < gnllhzllzllhg, 2.
Thus,
2
(Xrhr, Xg.hge)| < 3llhrll2 O Mz llz + > Mg, ll2)- (35)
1>2 7j>2
By (3.10) in [35], we have
S bz < 572 hanrlh, (36)
i>2
and
Jsg 1/2 (G—1)sq
Dlheillz =3 > Mhgli ] <D VElhs,, le<d Ve 3 g ll/s
§>2 7>2 \i=(j—1)sg+1 j>2 Jj22 i=(j—2)sg+1
’WZHh o = s,/ Z > bl
i=g+1 j

For all g+ 1 < i < d, apply (3.10) in [35] again,

D llhsisllz < (Ls/sg)) ™2 llhe 1 < V2(s/59) 72 1Ryl

i>2
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Moreover, by the definition of S; 1,

d d
> lhsallz < D0 lhgllz = b ll12.

Therefore,

d
Do lhrslla <s V2D V2(/59) T P llhelh | + sy lhee 2
§>2 i=g+1 (37)

=v25™ ey 1 + 55 llge) 2.

Combine (35), (36) and (37) together, if (19) holds, we have

‘ <XThT7 th>

<3 thTH2( el + V25TV bl + 55 P e l11.2)
2 ~ ~
Sgn\lhTHQ(\/iS Y2 helly + 552 ey l11.2)-

Similarly, if (19) holds, then (X hp,, Xz hz,)
and }<XthR1,X hTC>

< 2nflhgy |l2(V25 V2| hre 1 + 552 Bigeyl1,2)
< 2n|hg, |l2(vV2s™ 1/2||thH1+s_1/2||h(Gc)||172). Thus, with probability

at least 1 — 2e™ ",

[(Xzhz, Xzha)| <

s (Ihrllz + 1Ry llz2 + e, ll2) (V252 (el + 552 higeyll,2)

2\f _
<7thT||2(\[ el + 552 hgeyl12)-

(38)

The last inequality holds due to Cauchy-Schwarz inequality. Combine (33), (34), (38) and

Lemma 3 together, we know that with probability at least 1 — 2e™“",
||hTH2 2\fllhTH2(\[ T2 |hel 4 55 2 g o),
i.e., with probability at least 1 — 2e™",
Ihzlle < 2vV3(vV2s ™2 ||hgely + 5,2 || B ey l1,2)-

Finally, by (32), (36), (37) and the previous inequality, with probability at least 1 — 2e~°",

Ihllz <Ihglla+ > Ihzlle + > g, 2

i>2 §>2

<2V3(V25 2 || hyelly + 572 | higeylln2) + V22 |2 + 552 higey |12

1, . 1,
<c <ﬁ||/aTc||1 ; @nﬁwnm) |

In summary, we have finished the proof of this lemma. [
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6.2 Proof of Lemma 2

Let T satisfy (16). Given ||} |lo,2 < sg, without loss of generally we assume that
BT (sy+1) " > Br(@) =0

We also denote T; as the support of 5}’(1.). First by Lemma 6 Part 3 with

1, k=1;

0, k+#i;

v € RP, vy, = U e RPXITI — R(Zlebi)xlT|7 Ug,) = I;Ure ) = 0,

and notice that xlog(eu/x) > log(eu) for all 1 < x < u, we have

P <n€1%X ]X;Xi/nH2 > 1/2> < i;TCP (HXITXi/n‘L >1/2)

<y ]P’( XF Xi/n —EXT Xo/n|| + [EXFXi/n]lz > 1/2)
i€Te
< Tyv. /Ty v > B -1
‘;TCP( X} Xi/n—EXF Xo/n|| > 1/2 = |Srrl|SirSzhlz) )
<y ]P’( X} Xi/n—EX] Xy/n| > 1/4)
i€Te

<db-Cexp(Cs—n) < Cexp (log(d) + log(b) + Cs — n)
<C'exp (sqlog(ed/sq) + slog(esqb/s) + Cs —n) < Cexp(—cn).

provided that n > C (slog(esgb/s) + sqlog(d/sg)) for some large constant C' > 0. By Lemma 7

Part 1, we also know
P (owin (X7 X1/n) < 1/2) <P (|X] Xr/n — Sr7] > 1/6)
<P (IXF XrSz}/n — Il Sz 2 1/6)
<P (IX7 XrS7)p/n — Iz 2 1/9)
<Cexp(Cs—cn) < Cexp(—cn).

Next, we apply the well-regarded golfing scheme [48, 42] to find an approximate dual certificate
u that satisfies (18). Let

V 3/395;7(3-)/‘%;“,(3‘)”2 + Sgn(ﬁ}’(j)), JeG;
0, Jj €G-

ug € RP, (UO)(]) =
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Immediately we have (up)r = (o). We divide n rows of X into non-overlapping batches, say
Xin g X1a,]s - - -» With [[}| = n;. Here, n1,ng, ... will be specified a little while later. Consider

the following sequences

Qo = uop,
(41)
= X[—lj—h;}X[Il,T}EilT/nl (1), ar=ar =y, =12, lpax.
Finally the approximate dual certificate is defined as
lmax lIIlaX
u=Y w= Y XX Srr/m - (a-1)r. (42)
I=1 =1

From the inductive definition we can see

()1 = I=Xp, X Srp/m) ()7, (Wre = X, 0 X o S /me(a)r, 1=1,2,....

Next, we apply the random matrix results (Lemmas 7 and 6) and obtain the following tail

probabilities.

e if n; > Cst; for large constant C' > 0 and t; > C, by Part 1 of Lemma 7,

P (HX[E,T]X[E,T]ZE,IT/“I — I ll > C\/M)
1/2 (43)
<Cexp (CS — mymin {Stl7 <8tl) }) < Cexp (—csty);

n n

C(sg log(esgb/s)+logd) for
min{so6?,/506;}

01 > Cmaxiere |Si Syl > Clmaxiere || ZirE7 112 157761112/ gi-1]l2, by Lemma 7

e Suppose qi_1 = (_1)r € RI"l is independent of X, g >

Part 2,
P <JH€%}§ Hyg 11126, (X[—j[l’(j)]XUl,T]ZE,lT/nl : QI—l) H2 > \/%HQZ—lH?‘sl)
< 3P (i s (XX Szha/m) |, 2 vaola-la5)
jeGe

b 11382 50llgi—1|20
<d- < )exp Csp — cngmin jO||€I£11||2 L o ﬁ’@f 1261
[50] S ra-llz #2IErra-1ll

4
. <L J) (CS cny 1 { ” l 1” l \/ST'HQZ 1”251 }) ( )
0 4

ST ra-113 w255 a1l

[s0]
<2d - (L?J) exp (Cso — cny min{sod?, \/%51})
0
<C exp (log(d) + Csglog(2esyb/s) + C'so — cny min{sod7, v/s06;})

<C exp(—cny min{so6?, /5001 });
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The third inequality comes from [|£7| < 3.

e Suppose i1 = (oy_1)7r € Rl is fixed. If oy min{6?,6,;} > C'log(esyb), 0, > 2 max;ere ||Ei,TE}1TH2,
by Lemma 6 Part 2,

(HX[IZ N X ST/ - loe 2 Ollal2)

= ( IMX[Iz /m - (8 TTQl—1)| > 91||Ql—1||2>
ZE(G)\T
< Z <‘ IDREATLE (EE}TQIA) - E@TE}}TQ[A’ > Olllqi-1ll2 — \sz;}ql,1|)
@)\
<> P (\ na X /m (Srpa-t) = SirXppa-il > 0lla-llz - ||Ei,TEi1T||2||(Jl—1II2)
1€(G\T
_ _ 1
= F ('Xm i Xinz/m - (Spra) = SirSprae| 2 Qeluql_luz)
1€(G\T
_ _ 1 B
< P <|X[IZ 7] X[Il, /nl (ZT}I'QZ—I) - EivTET,qul—ﬂ > 301HET,1T‘11—1H2>
i€(G\T

<sgb- Cexp (—eny min{67,0,}) = C exp(log(sgb) — cnymin{67, 6,})

<Cexp (—cnl min{9l2, 9;}) )

Then we specify {n;,t,0;,6;}i1>1 as follows,

e n; = ny > C(slog(esgb) + sqlog(d/sy)), t1 = ta = cni/(slog(es)) > C, 61 = §y =
1/(16y/s), 01 = 02 = 1/(16+/s);

* n3 == nlmax = lm:i(l—Q Z C(S log(esgb) + Sg 10g(d/8g))/10g(68), t3 = = tlmax =
engfs > C, b6y =+ = by, = log(es)/(16y/5) > max{ (log(es)/5)"/2 /16, log(es) /5o /(165)},
O3 =--- =0, = (log(es)/s)"/?/16, with lyax = [Clog(es)] + 2.

We can see the following events happen

X0, o X S /m — Lyl < Cy/ st/ < /1) log(es),  1=1,2;

X0, XS /m — Iryll < CV/sti/n <1/2, 1=3,. . lnax

(46)
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max Hyg 112/06y5) (X[E,(j)]X[Il,T}ZilT/nl : QZ—I) H2 < Vsollqi-1ll2/(16v/s), 1=1,2;
T -1
mast | Hig,_, |, log(es)/ (16V3) (XFn X =l /m- am1) |, (47)

g\/%qu,nglog(es)/(16\/§), l= 37'--7lmax;
"X[E,(G)\T]X[I,,T]ZE,IT/”l : QI71HOO < lg-1ll2/(16v/s5), 1=1,2
| X hienn XSz /m o] < laalla - Qogles)/s)/2/16, 1=3,... lnax.

with probability at least 1—C'log(es) exp(—c@)—C log(es) exp (—c%) —C'log(es) exp (—c2).
By triangle inequality, ug satisfies
o\ 1/2

P + [lsgn(B3)]l2 < 2V/5. (49)

185, [l

luoll2 <y/s/sg | D

JjEG 2

When max;ere || X7 X;/nll2 < 5 and (46)-(49) hold, we have

laoll2 < 25,
latlle = (i = X7 2 X 2=z /m)ao|| < iy = X7 2 X2 =gk /mll - laolle
< 2y/s/log(es); (50)
similarly, [[g2]l2 < [lg1]l2/v/log(es) < 2v/5/(log(es));
lalle < la-lla/2 < -+ < llaall /272 < 2715/ (log(es), 12 3.

For large constant C' > 0,|q,...[la < 23-C108(¢s) /5 /1log(es) < 1/8. Notice that

lmax lmax

ur = (Z V)T = (Z(al—l —a))r = (0 — a1 )T = (U0)T — (Qlax )T
=1

=1

we know that

<

N | =
| —

1
~ T
[ur — (o) 7|2 - Iig%%lquTXi/nlb = |||z - maX[| X7 Xi/n][2 < 2 -

In addition,

lmax

lu@nrlloo < Z
=1

XNy X S/ (alfl)THoo

lmax

<llgoll2/(16v/3) + llq1]l2/(16v/5) + > lli—1l2 - (log(es)/s)"/? /16
=3

oo
<1/8+1/8+ ) 2*1/16 < 1/2.
=3

26



Since

lmax

laoll2/(16/5) + laill2/(16v/5) + > llai-1 12 - log(es) /(16v/5)
=3

lmax

+ + 224 1V/s/(log(es)) - log(es)/(16+/s) <

1
2’
112 (u6) oo <IH ||qo||z/(16\/)+Hq1|Iz/(16f)+2"“‘”‘ -1 lz-log(es)/(16y3) (4(G9))loo.2

- HHqu 1l2/(16/3) (XJI,(GCHXUz,TCJql—l)HOO,Z

lm

)/(163) (Xm (o) X107 41 1) H

00,2
=3

mdx

<Z\ﬁ||fﬂ 12/ (16v/s) +Z\/>HQZ 1] - log(es)/(16v/s)

<\/50/2.
Thus, the construction of u satisfies all required condition in Lemma 1 with probability at least

1—Cexp (—c%). This has finished the proof of this lemma. [
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6.3 Proof of Lemma 3

Let g(S) be the group support of set S, that is, g(S) = {i1,...,ix} if S C U;?:l(ij) and S N (i)

are not empty for all 1 < j < k. Lemma 7 Part 1 and the union bound show that

1 1 )
P (37 € R, llo < 25 Inlloa < 25, L1X218 ¢ 1005, 2113) )

1 1 5
P (30 € B2, 5 C 1,ev- .18 = 25 Ap.lg(S)] < 250 2 Xsol} ¢ | 3lol S lolB) )

1 1 5
< > P (v € R, 21 xsal} ¢ [l Slo1] )
SC{L,...p},|S[=25/p,|9(S) <234
1 1
< P(||=-XJXs— > -
< > <HnXSXS Yssl = 6)
SC{L,....p}|S1=25/p,|9(S) <254
1 _ 1
= > P (HnXbTXSES,}s* —Iig|ll = 9>
SC{L,...p},|S[=25/p,|9(S) <234

< [(2‘;) v 1] (2557) 2exp (C's — cn)

254 . 2s
§<6d> <e 2Sgb> -2exp (Cs —cn)

E 2s

<2exp (2slog(esgb/s) + 2s4log(ed/sq) + Cs — cn)

<2e ",

6.4 Proof of Theorem 2

If d > 3sy and b > 3s/s4, by (76), we can find QW QW) < {1,...,db} such that Q)] =

5q15/54], \QEQ)\ = LS/Sng{QEQ) is not empty) forall1 <i< N,1<k<d, and
’Q(i) N Q(j)’ < 8s,|s/54]/9, 1<i#j<N, (51)

{l ] o

D] = 20s/s0) 3} < 250/3, 122G <N, (52)

sq/3 s/9
- A R (Y <ji< <i<
where N M ) (2\/§Ls/sgj> J.Foranyl_]_db,l_z_N,deﬁne

1 :
: . jen®
B0 = Aoals/salrasoJlo7oa)”

0 j ¢,
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then |3 o < s,[|8% 0.2 < s,. We consider the quotient space
R% /ker(X) = {[x] =z + ker(X),z € Rdb} .

Then the dimension of R% /ker(X) is rank(X) < n. Define the norm ||[z]|| = inf,crer(x) A7 —
vl|1 + Agllz — v||12}. For any vector z € R% satisfying ||z||o < 2s, [|z[jo.2 < 254, note that z — v
with v € ker(X) satisfies X (z —v) = Xz, by our assumption, we have ||[z]|| = A||z|[1 + Agl|z]]1,2-
Thus [|[[W]|| = --- = [|[B™)]]| = 1. Moreover, by (51) and (52),

1

[s/sg] + Agsg\/18/54]

189 — BO|, = (\Q@\ 1109 — 2100 n Qm,)
Asg

N 25,5/
9 Asgls/sg] + Agsg/15/59])
and
. . d . .
189 = 8Dlh2 =" 185 - Bl
k=1
> 318 = Bz
kGSi,]'
> 1 2|s/s4] 1Sl
Asgls/sq] + Agsgn/L5/5] 3
S 1 2|s/sg4] Sg
Asgls/sg] + Agsgn/Ls/sg] 3 3’
where S; j = {k!QEQ), Qgc)) are not empty sets, QEQ) N QEQ)‘ < 2|s/sq4] /3}
Since B0 — gU) is (2s, 254)-sparse,
me] _ [5(;’)]” _ Hw(i) _ 5@)]“ 1\ Hﬁ(i) _ 50)“1 + A HB@') _ 50)“1 , = 2/9.

By [44, Proposition C.3|, we have N < 10rank(X) < 107, Therefore we have

sg/3 s/9
_d b <107
Was,)  \2valsisl) |

which means that n > c(sqlog(d/sg) + slog(esgb/s)).

If d < 3sy or b < 3s/sg, let s;, = [s4/3] V1 > s,/5,8" = [s/15] V sy, then d > 3s) and

b > 3s'/sy, we have n > c(sy log(d/s;) + s'log(esyb/s")) > c(sylog(d/sy) + slog(esgb/s)).
(]
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6.5 Proof of Theorem 3

We would like prove Theorem 3 by contradiction. Let

)1, d c 9 c? 1
c:mm{S,c, 256}’ co = mln{2 202,160 , Cp=max ERETERE

where ¢ is a uniform constant such that n > ¢/(slog(esgb/s) + sqlog(d/sy)) if the conditions in

Theorem 2 are satisfied. Assume for contradiction that
n < co(slog(esgb/s) + sqglog(d/sy)).

Let so = s/s4, define the norm || - || = || - |1 + v/Sol| - ||1,2- Let B = {z € RP|||z|] < 1},

( ) ) " isasull?space of RP {BEBEFIW)L” HB”Q}
with dim(RP/L™)<n

By [44, Theorem 10.4], we have

C C
d"(B,R") < sup 18 = AXB)l2 < 75 S (sl 2) = 7
If
= dlog(esyb 2
d"(B,RP) > c¢min L, [<S‘qlog (CS" 8¢ /8)> —|—log(esgb/s)) /n] ,
50 s n
since

C c\/i c\/Sq c

GETVE SV v

(54) and (55) together imply that

c2 cZdlog(esyb/s
n > C— (sg log ( %9 (€5,/ )) +slog(esgb/s)> .
n

By (53),
cédlog(esgb/s) cédlog(esgb/s)

n >00(slog(esgb/s) + sqlog(d/sg))
5 dlog(esgb/s)

s log(esgb/s) + sqlog(d/sg)
Zdlog(esgb/s) eZdlog(esyb/s)

>min e , —2
slog(esgb/s) sqlog(ed/sg)

ed g (ed> 1/2
> min — > > | — .
Sg 108"( ) Sg

30
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(53)

(54)

(56)

(57)



In the last inequality, we used /2 > log(x)/2 for all z > 1.

Combine (56) and (57) together, we have

2

n > 302 (slog(esgb/s) + sglog(d/sg)) > co (slog(esgh/s) + sqlog(d/sg)) > n,

contradiction!

Thus, we only need to prove (55) based on (53). We still use the proof of contradiction. If

s 1/2
1 c>-dlog(esyb/s)
d"(B,RP) < ¢cmin Neh [(Sglog < 5 - ! +log(esgb/s) | /n = U,

S

then there exists a subspace L™ of RP with dim(RP/L™) < n such that for all v € L™\{0},

[olla < e (vl + v/sollvll,2) -

Let B € R"*P satisfying ker(B) = L™. Let s’ = Lﬁj,s; = |s'/so], by (53) and (57),

Sg 1/2
1861/2 > 0561/2 > > cmin /@, < 52 log(d/sy) + log(esyb/s) > > 1 U2
8 s "\ co(sglog(d/sq) + slog(esgb/s)) 42

which means that

Moreover, we have & 4 = < < 55,2 For any (25, 2! ) -sparse (8 with support set T" and group

support set G, and v € ker(A), by Cauchy-Schwarz inequality,

2s!

<2\f4 T (4 Vil = 5 (ol + vl

lor|lr + Vsollvlh, 25/

/
2sg

7)7

ie.,
lvrlli + vVsollvellnz < llvrelln + vsollvge)ll,2-

Based on Cauchy-Schwarz inequality and the sub-differential of ||3||; and ||3||1,2, we have

18+ vll1 + Vsoll 8 + vll12

=18l + sgn(B) "or + [lure |l + /30 H6||12+Z

JEG
>[1Blly — [zl + [lorelly + vso ([1Bll2 — llveyllz + v ll2)

>18ll1 + /soll Bll1,2-

+ > losllz

JjEGS

Hﬁg H
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By Theorem 2,

esgb esgb

1
n > c'(s'log(es,b/s") + s, log(d/s,)) > ¢'s' {log (23) + o log(sod/s’)} > /s’ log (23) .

d2dlog(esyb/s
n ZCIS/ <10g <€Sgb> + iglog ( Sg g( g / )))
2s S n

d (1 S cdlog(esyb/s)
>6T/_L2 <4 log(esgb/s) + ; log ( g -

>n

Thus

provided that ¢ = min {é, c, \/20/6}, contradiction! This means that (55) holds if (53) is true.

Therefore, we have finished the proof of Theorem 3. [

6.6 Proof of Theorem 4

Let X\ = CU\/SlOg(esgb)?g log(d/sg) . Ag = /5/s¢A. By (82) in Lemma 5 and (97), one has

1
T J—
F <HH110A(X S)Hoo,z = 10A9>
1
T il 2 2
Hyp (K59, 2 1520 el = 5via? ) + B (1l 2 5vho?)
1
HTIOA(X(E)E)HQ > =glllella > 5\/n02> +P (Heug > 5\/n02)

1 b log(d
S og(esg )‘239 og( /39)> L
g

§P<31 <j<d,

SP<31 <j<d,

(58)

<dexp (—C

1 1
=exp <log(sg) +log(d/s,) — o og(esgb) —|S— Sq og(d/sg)> g
g

(—CS log(esgb) + sg4 log(d/sg)> e
Sg

<exp
By the definition of 3 and KKT condition, we have

XT(y— XB)+ Azt + Agz2 = 0,

where .
N ~ B . ~
(21)i = sgn(Bs), Bi #0; (22)(5) = ||5“((j]))||2’ By # 0;
(z1)i] <1, Bi = 0; I(z2)pll2 <1, By =0
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Therefore,

IEA(XT(XB = 9))lloo2 < Ag-

(58), Lemma 8 Part 1 and the previous inequality together imply that

1 slog(esqyb) + sqlog(d/sg) _
T n
P <HH<1+110)A(X Xh)HOO?Q <1+ m)Ag> >1— exp <—c g . g 9 e,
(59)
where h = ﬁ — *. By the definition of ﬁ, we have
ly = XBI3 + MBI+ AgllBllaz < ly = X515+ MNB [ + Agll5*1,2-
(29) and the previous inequality show that
IXP3 + Allazellt + Xgll ey 11,2
T(J (60)
<2(Xh,e) = A-sgn(Br) Thr — Ag Y T +2AH5TC\|1 + 22| B |1 2-
jeG T,(j

First, we consider (Xh,¢e). Denote P = XT(X;XT)_IX;, since Xh = Xphp + Xpchpe and
(I, — P)X7 =0,
[(Xh,e)| < [(PXh,e)| + [((In — P)Xh,¢)|
—|(XTXh, (XTXr)'X7€)| + [((In = P)Xpehre, ) (61)
- (<X7TXh, (XJTXT)*lX;a)‘ + (Xpehre, (I — P)é)|.

Therefore, to give an upper bound of [(Xh, )|, we only need to bound | (XF Xh, (X{ X7)" 1 X ] e) }

and |[(Xgehye, (I, — P)e)|, respectively. By Part 1 of Lemma 7 and also notice that 3 <

O'min(z) < O'max(z) < %7

1 —1
P X)X

1+ 1
2| <Pl ||-X7 X7 —X > —
)_ (127 X0 - 2l >
1 _ 1 62
<p (I X7 Xr5gh ~ 1 2 (62)

<2exp (Cs —cn) < 2exp(—cn).
(62), Lemma 9 and Cauchy-Schwarz inequality together imply that with probability at least

1—exp (_Cslog(esgb)+sg log(d/sg)> . 2€Xp(—cn),

S

slog(esgb) + sqlog(d/sg)
s

_ s s s s
I(X7 X7) " Xy < 2£||X7T~€H2 < 2| X7elloo < Oy 02 < C=A,
n n n n

33



S S-S
(X7 X7) " Xell10 < \/5gll (X7 X7) ' X < 2%\\X;5||2 < C\/;/\'

Combine Lemma 8 Part 2, (59) and the previous two inequalities together, with probability at
least 1 — 2exp <—CSlog(689b)+59 10g(d/89)> —3e—n

s

_ 11 _ 11 -
|(XF Xh, (X7 Xr) ™ X7 2)| S3o MO X)X el + 15 Al (O X)X el )
63
<022
n
Similarly to the proof of (58), also notice that |[(I, — P)e[l2 < [|¢]l2 and X ey is independent of

I, — P, we have

(s (- 2 )
<P <Elj G ||H., (X(E)(In _ P)s) H2 > 1—10>\g
P (||g||2 > 5@)

1 b log(d
os(eg) 45y 18(0)2) ), o
g

|(Ly — P)ell> > 5@)

<exp <—C

By Lemma 8 Part 2 and (58), with probability at least 1 —exp (—C’Slog(esyb)“g log(d/sf’)> —e ",

Sg

1 1
(X (In = P)e)| = [{aeys X (o) (In = P)o)| < 15 Mol + 15 Al

1,2-

Notice that Xre\(ge) and I, — P are independent and |7\ (G¢)| < |G| < s4b, by Lemma 9, with
(_Cslog(esgb)—&-ssg log(d/sg))

— e_n’

probability at least 1 — exp

|(X7e\(@ey hrev(ey, (In — P)e)| < hrey@ey 1 X gy (gey (In = Pelloo
< C\/nslog(esgb) + sqlog(d/sg)

S

02| hpe\(Geyllh

1
< 1o lIhreve -

Combine the previous two inequalities together, we have
|<)(Tcth7 (In - P)EH S ‘<X(Gc)h(Gc), (In - P)€>‘ + ‘(XT(‘\(G(‘)hTC\(G(‘), (In - P)€>‘

) X (64)
<o Alhrell + 5l lh.z

S

together, we know that with probability at least 1 — Cexp (—C’Slog(esyb)ﬂ"? log(d/59)> — Ce ",

S

with probability 1 — C'exp (—C’Slog(eszHsQ 10g(d/89)> — Ce™ . Combine (61), (63) and (64)

$.9 1 1
(X, ) < C2N2 4 At + s Agllae (65)
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Moreover, by the proof of Theorem 1, with probability at least 1 — Cexp(—cn/s), there
exists an approximate dual certificate u € RP in the row span of X satisfying (18), and ||vr —

sgn(By)]l2 < £, where v is defined in (26). Similarly to (30), we have

. V5087 i)
sgn(B7) "hr + Z ﬁ
jeG T,(j) 12

> — ||lvr —sgn(Br)l2 - [|hrll2 — hrell1/2 — Vsollhgeyll1,2/2 + (h, u)
1
2=z lhrll2 = [[hrelli/2 = /SollhGeyll,2/2 + (b, u).

By Lemma 10, with probability at least 1— Oe_cn/sa v = XTw with lw]l2 < C\/%. Therefore,
with probability at least 1 — Ce—cn/ J

[(hy w)| = [(Xh, w)| <[[XDlla[Jw]ls < CVs/n][ XA

The two previous inequalities together imply that

. VEBhhgy 1
sgn(83) hr+Y ﬁ > — el o=z /2=VSollhiae) |1.2/2=C/s/m]| X hll2 (66)
jeq T,(4)

with probability at least 1 — Cle=¢"/$,

ok log(esgb)+sg log(d/sg)

Combine (60), (65) and (66) together, with probability at least 1 —Ce™ s -
Ce—cn/s’

3 3
IXA5 + = Allhrells + —=Agllhge) 1.2
10 10 (67)
5.9 1 X .
SCE)\ + §A||hTH2 + O/ 5/nA|| Xhll2 4+ 2X||BFe|l1 + 2] BTl 1,2-

By (39), (59) and (62), with probability at least 1 — exp (—C’Slog(es"bHSy log(d/89)> —Ce™ ™,

Sg
Ihrlla <I[(X7 X7) "M II1X7 Xrhel2
2
gﬁHX;Xh — X} Xrpehgpe|

2
<= (IIXF Xhlly + | XF Xgehel|o)

2 T 11 -
<= (\\H5A<XTXh>\2 YR Y HXTXZ/nHzer )
2 Hu, (X} Xh + 11\/A+ X1 X; h
<o\ VB3I Hus(Xp Xh)lloo2 + 15 VA + nmax [ Xp Xi/nl2| hre |
2 11 11 n
- 7)\ - A oy h c
S
35\7{)\ + Hth”l.
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The fourth inequality comes from ||z||2 < ||Hqo(2)|l2 + /s for x € R?; the fifth inequality holds
since || X} Xhlloz2 < sg.

(67) and (68) together imply that

7 3 s " *
IXRI3 + o Alrelly + 26 g lhqoey .2 SCEA2 + C/s/aNIXhlla + 2085 |1 + 27 1512

with probability at least 1 — C' exp(—CSbg(ESg b)-sg log(d/sg )) — Ce~"/5. Also notice that

S

C\/s/nA|| X2 < | X 12 +C’%>\2,

(_Cslog(esgb)+sg log(d/sg)) . CB_Cn/S,

S

with probability at least 1 — C'exp
S * *
Ihrelly + Vsallae e < € (SA+ 187+ V5ol B l.z2) - (69)

From the proof of Lemma 1, we know that (33) and (38) hold with probability at least 1 —

2¢~". By Lemma 8 Part 2 and (59), with probability at least 1—exp (—CSlog(eSQb)Hg log(d/SQ)) -

Sg

e ",

11
[(Xzhg, XD)| _’ hg XEXR)| < 75 (Mgl + Aglihz i 2)

<15 (V- VBSlgl + A y/Zsq lhzlz) < AAV5lhla

. (70)

The second inequality is due to [|hzlo < 3s, [|hz]lo2 < 254 and Cauchy-Schwarz inequality.

THO

Combine (33), (38), (69) and (70) together, with probability at least 1—C' exp(—Csmg(eszHs‘" log(d/s) )—

S

Ce /5 we have

1 1 2V/3 _ _
thfH% Sﬁ‘l)‘\/guhf“”? + 7”%\\2(\@8 Y2 hre 1 + 55 2| hgeyll1.2)
1 2[ C

S * *
<Azl + = gl (CA+ 185l + VaollBilz)

n

Vs 1 * *
< -_— — c c ~ll2.
<0 (¥h+ 18+ =35 lha ) il
Therefore, with probability at least 1 — C exp(—C“Og(esyb)Jrjg log(d/sq )) — Ce—n/s,
Vs 1
hally < c( A+ — |8kl + Bre 1
Il 35l + =l ()

slog(esgb)+sglog(d/sg)

By (36), (37), (69) and the previous inequality, also notice that e=¢"/¢ < ¢=¢ s ,
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(_Cs log(esgb)+sg4 log(d/sg) )

S )

with probability at least 1 — C'exp

Ihll2 <lhzlle + > hzlle + D hellz < bzl + V252 hrella + s, higey 1.2
i>2 j>2

co(Lon

1 1
LB+ ||ﬂé;c||1,2) |
Vs V39

(_Cs log(esgb)+sg4 log(d/sg) )?

S

i.e., with probability at least 1 — C'exp

2(s, log(d | b 1
Ihils < C (\/0 (54 log( /SgT)LJrs og(esy )) f”'BTCHl + \/%IIB}CHLg) .

Moreover, if 8* is (s, sq)-sparse, then ||7c||1 = [|B7c|l1,2 = 0. Therefore, with probability at

(_Cs log(esgb)+sg log(d/sq) )7

least 1 — C'exp

Co?(sq4log(d/s,) + slog(esgh)) .

h|% <
1] < 2
O
6.7 Proof of Theorem 5
First, we consider the case that d > 3s, and b > 3s/s,4. Let wW . w®) be uniformly randomly

vectors from
A={w e {0, 13> 1w, 200 = g5 lwipllo = Ls/s4] it wiz) # 0}
J

Denote Q) = {j|w # 0}, QEQ) ={jlj € (k:),wj(-i) #0} and ) = 7w@ forall 1 <i < N,1<
k < d, where 7 is a parameter that will be specified later. Obviously, |||y < s, therefore
18® — BU)|3 < 2s72.

Moreover, if |Q® N QW[ > 8s,|s/5,]/9, then we must have

HMwM, )40,

) nej ‘>>2Ls/sgj/3}‘3> 254/3,

otherwise |2 N QU)| < 2% [s/sq) + 32| s/s4]/3 < 8s4|5/s4]/9, which is a contradiction.
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Therefore,

P (189 — B3 < 25y s/55)7%/9)
P (120 n J>r > 85, Ls/ng /9)
<P (Hk|w( ) nad) > 2@/ng/3}’ > 259/3)

s/sg s/sg sg—l / qg— 73
it € >[zt o (L B G (L) (D (73)

(sdg) (\_s/l?sqj) ’
Sg d—1 5/sq b—s/sg] !
S () (()o [ g <LS/thJ>(Ls/Sth)] |

1=[2s4/3] Sg t=[2[s/s4]/3] (Ls/ng)
Note that i (D)om(dsy 41
(sgfl) _ Tl)'g _ sg(sg—1)---(sg—141) < <i‘7>l
(d) M dd—1)---(d=1+1) —\d/’
Sg Sq!

The inequality holds since Sj__j < %" for all 1 <@ < s4.

Similarly, for 1 <t < [s/sg],

b—|s/sq] b—t
(oot =) _ gl _ <Ls/ng)t
— b .

b b
(LS/SgJ) (Ls/ng)

Combine (73) and the previous two inequalities together, we have

P (189 — B3 < 2sy15/5,)7%/9)

[ [s/sg Nk
D5 () (]

| t=[2]s/s4]/3]

DELE ]

M P

1=[2s,4/3] < | t=[2s/s4]/3]
S i s/s ! (74)
< - <Slg> (%)l . |2ls/sq) <£3/bng >2L / gJ/3]
1=[2s/3] .
] 2[s/s,) /37 250/
<y <39> (‘ig>239/3. {(M‘S/Sﬂ> ' ]
- l d b
1=[2s4/3]
< <2ﬁ59>28g/3 (WW>QS/9
- d b '
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Set N = {(Mdzsg)sg/?) (2\6@/%)8/1, then

P(V1<i# )< N|BY = BOIE > 2sy]s/5,7/9)

o NV -1 (23, 2 o als)s )\
=2 d ' b

>0.

i.e., the probability that A1), ..., sV QM) ... QW) gatisfy

372 < 25yls/50)7/9 < min |8 — 8|3 < 2577, (75)
i#]
100 N QW] < 8s,]5/s4]/9, VI<i<j<N (76)
is positive. For convenience, we fix 81, ..., B&) to be the vectors satisfying (75).

Denote y(? = XB® 4 ¢ for all 1 < i < N. We consider the Kullback-Leibler divergence

between different distribution pairs:

' 4 B x
; Py,

where p(y(), X) is the probability density of (3, X). Conditioning on X, we have

X\ ] _ IXE - 8993
F llog (p<y<a'>,x> o

Thus for 1 <i# 5 < N,

. : ( @) _ gl) (i) _ gl)
Dyl ((yu),x),(y(a),x)) HX( ; — B3 _n(p BJ)2T2E(ﬁ BY)
o? o (77)
3nHB — B3 _ 3nst?

< .
402 — 202

N

In the first inequality, we used opax(X) <

By generalized Fano’s Lemma,

279 3nst +log?2
it sup EJ)5 - 5 2 o (1‘%)

2 log N

B BEFs s,

ns

1 +sl esgb
Since log N < s, log(sd ) + slog ( ) by setting 7 = c\/ (sg 2ty rihi Og( )) , we have

)2 > 002 (sglog(d/sg) + slog(esgb/s)).

mf sup E[|S - BII3 > (mfﬁsup E||B — Bll2

ﬁer sg s,5g
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If d < 3sy 0r b < 3s/sy, let s, = [s4/3] V1 > s,/5,8" = [s/15] V s, then d > 3s) and

b > 3s'/sy, we have

2
inf sup E|S - 8|2 > CU (Slg log(d/sq) + &' log(esgb/sl)) > 602 (sglog(d/sg) + SIOg(esgb/S))'
B

E]FS,Sg n n

g

6.8 Proof of Theorem 6

The proof of Theorem 6 relies on the following key lemma, which shows that Y~! is in the
feasible set of the optimization problem (23) with high probability by choosing appropriate «

and .

sn

Lemma 4 By setting o = C\/SIOg(eSQbHSQ log(d/s,) Y = . /éa in (23), we have

1
P (max | Ha (e XTX% 7)) o2 < ’y) >1—4exp (—C’

1<i<p n

slog(esgh) + sg4 log(d/sg))
Sq .

Note that Y = X" + ¢, we have

V(i) = v/ (B g LT (v - XB)) —va (I - iMXTX) (38" NN,

Since &; "% N(0,0?), we know that

1 - ~A A A
—_NMXTe|X ~ N (0, MEMT) .
Jn

Denote h = 3 — 3*. Since B* is (s,54)-sparse, by (69), (72) and Cauchy-Schwarz inequality, with

probability at least 1 — C exp(—CSlog(eSgb)JrsSg log(d/sg )),
s
1Plly < hzlly + lhrell < Vsllhzlla + hrell < VsllAll2 + [lAre]s < CA.

1o < Civ‘zsﬁ.

[1Ahll12 < [h@lliz + @l < VEgllhellz + Thgellie < Vsgllhllz + [[hge]

In addition, Lemma 4 shows that X! is in the feasible set of (23) with probability at least
1-— C’exp(—CSIOg(eSgb)J;sf’ log(d/s,) ). By the definition of M,

max | Ho (e — SM €)oo,z = max || Ho(e; — Sit) ez < . (78)
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Combining these facts, by Lemma 8 Part 2, we must have

|7~ L@ - )

= max ‘(ei — XM e, h)
) 7

<alllly +~lAll2

<Clary V%0
n n

C(slog(esgb) + sqlog(d/sg)) ”

n

with probability at least 1 —C exp(—C’SlOg(esQ b)-sg log(d/s9) ). This has finished the proof of (24).

S

Next, we consider 7] ¥1;. By (78) and Lemma 8 Part 2, we have
1— (e;,3m;) = (eq, e — X)) < allei]l) +lleill12 = o+ 7.
Therefore, for any ¢ > 0,
g S > ] S 4 (1 — a — ) — ele;, Srig) > min {mTf}m +c(l—a—7)—cle, im>} .

Since m = ce; /2 achieves the minimum of the right hand side, we have

62

m:imz Z C(l - — ’7) — Ziz,z
If 33; > 0 for all 1 < i < p, by setting ¢ = 2(1 — a — 7)/21-,@-, we have
TS, > ==

. V1<i<np. 79
S8 p (79)

Moreover, by Lemma 6 Part 2 with u = v = e;, we have

A 1
P <‘Ezz — Y| 2> 6) < 2exp (—cn).

1
> -
>5)

By the union bound,

P <E|1 <i<np, ‘E“ — i

p
A 1
< ZP <’Ezz — Y| = 6>
i=1

<db-2exp (—cn)

<2exp (—cn).
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Therefore, with probability at least 1 — 2exp (—cn),

< 221 <

w| ot

V1l<i<p.

N | =

(79) and the previous inequality together imply that with probability at least 1 — 2 exp (—cn),

g S > V1 <i<np.

N =

(24) and the previous inequality together imply (25). O
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A Technical Lemmas
We collect all additional technical lemmas and their proofs in this section.

Lemma 5 (Bernstein-type Inequality for Soft-thresholded Sub-Gaussian Vectors)
Suppose the rows of X € R™P are independent sub-Gaussian vectors satisfying Assumption 1.

w € R™ is a fized vector, 2 is a subset of {1,...,p} with || =r. Then

]:ED (
k=1

For any fized vector w € R™ and fized index subset Q@ C {1,...,p} with | =,

2 \/gmuwum (vr+ m)) < exp(—t). (0)

P (||t ], = thule) f(ut/a)r% /\r> exp (—(t/(57/372) — (1/8) A V7)2./2)
+<((t/7;5)21)'e"p( (t/(5\/372) = VTt/0)7T)3/2) -

(81)
In particular, for any b >r, if A\ = C’Hng\/Slog(eSgb)J;Sg log(d/sg), Ag = /5[4, we have
- 1 b log(d
P ([ x0)|) 2 A) < exp (—OS o8(esgb) + 5ylog(d/ 89)) - (82)
Sg
—1/2

Proof of Lemma 5. We only need to focus on the case where ||w|2 = 1. Let Wo = XoX, ",
immediately we know that Wy q,...,W,, o are isotropic sub-Gaussian distributed. Then for any

fixed w, w' Wy is also an isotropic sub-Gaussian vector such that for any o € R”,
E exp (wTWQa> :Eexp< TXQZ L2 ) =Eexp (wTXE_l/Q(El/Q).,QE;]léQa>
<exp (RI(512). 0804 al/2) = exp (%al3/2)

The last equation holds since (Z1/2)q . (21/2). g = (B1/221/2)q g = Sg 0.

By the tail inequality of sub-Gaussian quadratic form ([58, Theorem 2.1]),
P (HwTWQHz > k2 (7" + 2Vt + 2t>> < exp(—t).
By taking square-root of the previous inequality, we have
P (Wl = allwle- (v +v2t)) < exp(-).
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Also note that

o], = o wsia], < [ el < s sl < /3 ol

)

we obtain (80).

For the second part of proof, note that
(o] 29
<P (HA C Q, such that all entries of |w' Xx| > 8 and [|w' Xy |2 > t)
<P (HA C VNS <t [Jw Xall2 > t)

+P <EIA C Q,/[A]§ > t, all entries of [w' X,| > (5>

< ¥ IP’<||wTXA||22t>~|— Y IP’(||wTXAH22t).

ACQ ACQ
[A|=L(t/6)2 | Ar [A|=1(¢/6)%]

By the first part of this lemma,

P (HwTXAuz > @uwuﬁ) < exp (— (t- m)j/z) .

Plug in this to the previous inequality, one has

IP(HH(;(wTXQ)H zt) S(L(t/é)gj M> -exp( (t/(k\/3/2) — (t/0) /\\f)+/2)
! <{<t/ra>21> exp (=(0/(x/372) = VTEEPTE).

Specifically, if § = C\/SIOg(689 t+sglog d/S" = \/5/549,

slog(esgb) + sq4log(d/sg) slog(esyb) + s4log(d/s,)
/3] /[(t/5)2] > g g g / g0 g 9)
(s [/8)°] 2 \/ Sg Sg

Therefore, (81) shows that

P (HH;\(wTXQ)HZ > 3,) <rl09 exp (_Cslog(esgb> igsg log(d/sg)>

69 g <_Cslog(esgb) + g log(d/sg)>
Sg

<9p25/5 exp <_0310g(65gb) + Sy IOg(d/Sg)>
Sg

<exp (10g2 + 2s lzg(eb) _ CS IOg(eSQb) ‘: Sg log(d/sg)>
g g

slog(esqyb) + sg4 10g(d/39)> .

Sg

<exp (—C
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Lemma 6 (sub-Gaussian quadratic form concentrations) Suppose Z € RP is a sub-Gaussian

vector satisfying Assumption 1.
1. For any fized u,v € RP,u,v # 0, u' ZZ v is sub-exponential such that for everyt > 0,
P ((uTZZTv —Eu"ZZ 0| > tHuHQHUH2> < Cexp(—ct/r?). (83)

2. In addition, suppose X = [X{,...,X,]]T € R™P is a random matriz with independent

random sub-Gaussian rows satisfying Assumption 1,

(0t
P( Zt||“’2||v\|2>§26xp<Cnmln{/#>,{2}>~ (s1)

3. More generally, for any fired matrix U € RP*", the following concentration inequality in

1 n
— g uTXkX,;rv —u' Y
n

k=1

spectral norm holds,

|

Proof of Lemma 6. Since we can rescale u and v without essentially changing the problem,

1 n
=S UTX X v - UTSe
n

k=1

L[t
> tHUHHv]g) < 2exp <CT — cnmln{ll&, /{2}) . (8h)

2

without loss of generality we assume ||ulls = ||v|ls = 1. Let A = wv', then v' ZZTv =
ZTw'Z = ZTAZ. By Assumption 1, EZ = 0 and |(Z,e;)|ly, < Ck. By Hanson-Wright
inequality ([59, Theorem 1.1]),

P (‘uTZZTv - EuTZZTv’ > t) —P (\ZTAZ ~EZTAZ| > t)
<o e (i)
<2exp | —cmin ,
kHAllgs” w2 IA]

(2t
<2exp | —cmin bl I

where
1/2 1/2
Al s = | D lail =) luivy]? = [lull2[[v]}2 =1,
i3 i,J
A = max [|Az]z = max [uv x|z = |Jully max |v 2| = |ju]2lfv]ls = 1.
llzll2<1 llzll2<1 llz][2<1
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Therefore, for every t > k2,
P(|juT2270—BuT2270| > t) < 2exp (—ct/n?).
Thus, there exists a constant ¢ < log 2, for every ¢t > 0,
P(|juT2270—BuT2270| > t) < 2exp (~ct/n?).

Notice that Eu' X, X kT v=u'Yv for all 1 <k < n, by Bernstein-type concentration inequality

L[t ot
>t| <2exp| —cnming —, — .
kYK

(c.f., [60, Proposition 5.16]),

1 n
P(|= "X X v—u'y
(‘n;u k k’l) u v

This has finished the proof of (84).

Finally, we consider (85), which can be done by an e-net argument and the result in (84).

For any w € R", ||w||e = 1, set u = Uw in (84), we have

> . | 2llvll2 ) < 2e - i LQ .
Uwl||2||v Xp | —cn min .
-2 207 ) = Kkt K2

By [60, Lemma 5.3], we can find a 3-net N% of "1 = {z|z € R", ||z|2 = 1} with |N%] <5

1 n
P(|= X X v—w'UTY

By the union bound,

1o t
P <vw €Ny |- > wUTXp X v—w UTSo| > 2\|Uw|yg\|vug>

k=1 (86)

., L[t

<5"-2exp | —cnming —, —5 .

K* K

For any g € R",g # 0, set x = ﬁ € arg MaX,,crr |uw|o=1 lw'g|, we can find y € N1 such that
’ 2

|z —yll2 < % By triangle inequality,

1
lglle =1y gl =12"gl—|yTgl < |zTg—y g < llz — yll2llg]l2 < S llgll2-

Therefore,
1 & 1 &
sup —ZwTUTXkX;v—wTUTEv <2 sup —ZwTUTXkX;v—wTUTEv .
weR™,|wll2=1 | = WEN% 4

o1



The (86) and the previous inequality together, also notice that ||U|| = sup,epr |juw|,=1 [Uw]l2,

we have

1 n
> w' U X X v —w U S

IP’( wp > tIIUlleII2>
wERT,H’ng:l

n
k=1
1< t
<P | sup —ZwTUTXkX,IU—wTUTZU > U v]l2
w€N1 n _ 2
31 k=l (87)
1< t
<P <Vw € N, nkZIwTUTXkX,jv —w' U o] > QHUwHQHUHQ)

, [t
<5"-2exp | —cnming —, — .
K* K

Finally, note that

1 n
=Y U Xy X v - U5
n

k=1

1 n
= 0w UT X X v —w U S
n

k=1

= sup
weRT ||w||2=1

)

2

we have proved (85). [

We collect the random matrix properties of X in the following lemma. These properties will

be extensively used in the main content of the paper.

Lemma 7 Suppose X = [XlT, e 7XJ]T € R™*P is a random matriz with independent random

sub-Gaussian rows satisfying Assumption 1.

1. Suppose T C {1,...,p} is with cardinality s. Then,

2t
zt) < 2exp <Cs—cnmin{n4,l€2}> ; (88)

2. For any fized vector o € R, 6 > 0, and fized index subset Q C T° satisfying |Q| = r,

1
P <HX7TXT2;1T — I
n I’

t > 6> C(maxicre |37 ll2)lall2,

(e xom], =

r

(g ) o0 (e —enmin{ o i) o

#1/am) o (Crero™1 - enmin{ o e )

Here, H\(+) is the soft-thresholding estimator at level \.
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Proof of Lemma 7.

1. The first statement is via e-net. Denote W = XTETT/ , then the rows of Wy are independent

isotropic sub-Gaussian distributed. For any fixed vector z € S*~! = {x : z € R®, ||z2 = 1},
by [60, Lemma 5.5], Z; = ((Wr).,z) are independent sub-Gaussian random variables with
EZ? =1 and ||Z;||y, < Ck. Therefore, by Remark 5.18 and Lemma 5.14 in [60],]|ZZ — 1[4, <

2|1 22|y, < 4”Z¢Hi2 < Ok?. Bernstein-type inequality shows that

t 2t
):}P’( 22> < 2exp <—cnmin{/€4,/€2}>.

By [60, Lemma 5.2], we can find a %—net Ni of $*71 = {z: 2 € R®, ||z||s = 1} with |Ni| < 9%

n

Sz

i=1

N |

1
P (|2 wealg 1] >

The union bound tells us

1 t 2t
P(:?EIJ%/); —||[Wrz|)3 — ' > 2) < 9%.2exp (—cnmin{l‘&,ﬁz}) . (90)
By [60, Lemma 5.4],
1w - 1< 2 g (oW W= Lol =2 e | Lt 1] o0
4

Since 2 < omin(E) < omax(E) < 3, we have H21/2 I, HE_l/QH < \[ Therefore,
1.7 , 1/2 T 1/2
1= X7 Xr¥pp = L] =7 ( WT Wr — L)Y 27|l
1/2 ~1/2
<IN W Wr = L7 (92)
< iwiwr - 1.
n
Combine (90), (91) and (92) together, we have arrived at the conclusion.

2. Now we consider the proof for (89). Note that |[Hs(a' X} Xq)|l2 < t implies there exists
A C Q such that all entry of |a” X} X,| are greater than J, and “|aTX7TXA\ - (5H2 > t.
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Thus,
(s, =)
<P (EIA C Q, such that all entries of ‘aTX%—XA/n‘ > 6,and |Jo' X} Xa/nly > t)
<P (3A COVIAIS <t ]|a"X) Xa /0|2 > t)
+P (EIA C Q, \/Wd > t, all entries of ‘aTX%—XA/n‘ > 6)

< Z P (\|aTX7TXA/n||2 > t) + Z P <all entries of ‘aTX;XA/n‘ > 5)

ACQ ACQ
IAI=L(t/3)2 A IAI=T(t/8)%]
< > P(laTXiXa/mlb )+ Y P <“aTX;XA/n“2 > 1),
ACQ ACQ
IAI=L(t/8)2 1A IAI=T(t/6)%]

(93)

Since t > ¢ > C' max;ere |]Zi,TZilT||2|]a|]2,
3VI(t/0)*1(max [SirSypll2)llolls < 3v2(t/0)(max S Sy ll2) ol < ¢.

By Part 3 of Lemma 6, for any A C Q, t > 3\/|A| max;ere ||Zi 7577 ||2]|al2, we have

=

ozTX;—XA/nH2 > t)

IA
~

oTX] Xp/n— EaTXQTXA/n’ - HEaTX;XA/nH2>

IA
=

o' X Xp/n—Ea' X] Xp/n

L= t=[Zaral,)

1/2
‘aTX;XA/n —Ea' X} X,/n ‘2 >t— (Z(zi,m)?)
€A

IA
~

aTX;XA/n —EaTXJXA/n‘ , >t — |A|m%X]Zi,Ta]>
ISH A

IA
=

I
~
N NP Y U S S

o XF X Jn~ Ba X7 Xa /], > 0~ IRl mae1%s 057 el rallall

<P

aTX] Xp/n— EaTXQTXA/n’L > t/2)

2 t
<2exp (C’A —cnmin{ , }) i
A Aalg =2l
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Combine (93) and the previous inequality, one obtains

(et xom], =

r

<(Ljapey ) o (L A7 —en mm{nﬂin%’ 1))
r 2
! (((t/avw)f"p (ereror - C”mi”{m4ﬁa||%’ T ))

Lemma 8 (Properties of Soft-thresholding) 1. Suppose a,b > 0, z,y € R, H.(:) is the
soft-thresholding operator satisfying H,(x) = sgn(z)-(|z|—a)y. Then the following triangular
inequality holds,

|Hato(z +y)| < [Ha(2)| + [Hp(y)]. (94)

2. Suppose a,b >0, z,y € RP, if || Hy(2)|loo,2 < b, then

[z, u)| < allylls + bllyl[1.2- (95)

Proof of Lemma 8.

[Hato(z +y)| =(lz +y] —a—=b)y < (2| —a+y[ = b)+ < (2] = a)4 + (jy| = )+

=[Ha ()| + |Hy(y)|

(2, y)| <[(Ha(2), 9)] + [(x — Ha(2), y)| = |

J

([Ha ()], )| + (& = Ha(2), y)]

d
=1

d
<Y I Ha @) l2llyg ll2 + 1z = Ha(@)lloollylh < [ Ho(@)lloo2llyllz + 1z = allylly
j=1

<bllyll1.2 + allyll:-
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Lemma 9 Suppose X = [X{,..., X,]]T € R™P is a random matriz with independent random

sub-Gaussian rows satisfying Assumption 1, €; i N(0,02). Suppose T C {1,...,p} is with

cardinality s, P € R™ "™ is a projection matriz and independent of Xp. Then, for anyt > log(es),

P (||X%—P€||OO > CK,\/TLt0'2> <e "4

Proof of Lemma 9. For fixed vector w € R", since Assumption 2 is satisfied, for i € T,

X1, ..., X, are independent sub-Gaussian distributed such that

2

2(%01/2,, 1|242 252 42
Eexp (tXj;) = Eexp (teZTElmZ_I/QX;) < exp <M> < exp <H2“> < exp

By Hoeffding-type inequality,

t2
P (1XTul > tlul) < 2o (~cl3 ).
K

Moreover, by [61, Lemma 1], for any = > 0,

n
P (Z e2 > (n+2v/nr + 2:6)02> <e "
i=1
Set x = n in the last inequality, we have
P (ng2 > \/5n02> <e™,

Combine (96) and (97) together and notice that ||Pe|ls < ||¢]|2, we have

P (||X;—Pz—:||OO > CkV nt02) < ZIP (|X_—Z!—P5| > CkV nto’z)
€T
<P (||Ps|\2 > \/5n02> +Y P (|X,ng| > CrVnto?, | Pels < \/5n02)
€T

<P (el = Vuo?) + 371X el = Cnvta?

1€l

| Pella < \/5n02)

<e M +5-2exp(—Ct) < e "4 e

3k2t2
4

(96)

Lemma 10 With probability at least 1 — Ce=“"* the approzimate dual certificate defined in

(42) can be written as u = X "w, where ||w|j2 < C+/s/n.
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Proof of Lemma 10. By (42), we have u = X "w, where w = (w/,...,w] )T and w; =

A X7 pa-1. Thus [[w]3 = 375 [lwi]|3. Also note that

1 _ 1 _ _
EHXII,TET}T(JIA”% :<*XITZTXII,TET1T‘H*1v ETlTQZ*1>

(( X]l TXIZ,TZTT_I|T|)QI 1,ETTQZ 1>+HZT a3
=(~a, 57 rq-1) + HZ;,T a-1l3
<Nl =75 a1l + 157 L a1 13
<l sl + 3 lla 113 < 31l

By (50), with probability at least 1 — C'exp (—cn/s),

lmax

Hw||2<z HQI 1113

oy + S (2/Tomten) + LB § (o0 5 o))’

=3
<ol
n
0

Proof of Lemma 4. For any 1 <i<p, 1 <j<d,,A C(j),|A| =k, by Lemma 6 with

v=3"le;, UeR! Uy, =1Upe =0,

2t
22t> < 2exp <Ck:—cnmin{m4,mg}>. (98)

we have

1
(ei)r — EX,IXE_le,;

"
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By the same method in Lemma 5 Part 2,

P(’Ha <(€i)(J)_X( )X2 ) Z’Y>
2
1 1
IP’(HA C (j), all entries of | (e;), — gXXXEflei\ >« and || (e;)) — ;XXXEileng > ’y>

<A ) VIla < 5.l ey~ SX{ x5 ez||2>v)

)s V/|Alae >, all entries of | (e;), EXIXE_IQW > a)

1
< > <H ei)a — X XT el Z’Y)

AC(j)
|Al=Ls/sq]
1
+ < all entries of | (e;), — — X4 XX te;| > a>
n
|A| fs/sﬂ
1 _ 1 _
< ¥ Pl - xixstakza)+ X (I - 2 xixs el 2 o).
AC(J) AC(j)
[Al=]s/sq] [Al=[s/s4]

Combine (98) and the previous inequality together, we have

P ( a <(€z‘)(j) - iX(E)XE_l'eZ) ) = 7)
<(Luh ) 2o (Cls/sg) —en- Bl T onld)

1 1
+ <[ J ) 2exp [ O] 5/591 —Cn-CS Og(esgb):;g Og(d/sg)>
g

2s/sg
<4 <2esgb> exp <C’5/sg B Cslog(esgb) + 54 log(d/sg)>

S Sg

<dexp <28 log <2659b> - Cs sy — Cslog(esgb) + g log(d/sg)> '
Sg s Sq

By (99) and the union bound, we have

1
P <max IHales = 2XTXE )l <1

1<i<
P 1
T 1
ZZ < < G) ~ Xy XS ei) 227)
i=1 j=1

2 1 1
<d% - dexp ( log < eng> 4+ Csfs, — CE 0g(esgb) + 54 Og(d/sg)>

Sg Sg
o8 log(esgb) + sg4 log(d/sg))
Sg

<4exp <2 log(sg) + 2log(d/sg) + ? log (2eb) + C's/sq —
9

slog(esgb) + s4 10g(d/5g)>
Sq '

<4exp <—C’
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