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LIMITING LAWS FOR DIVERGENT SPIKED
EIGENVALUES AND LARGEST NON-SPIKED
EIGENVALUE OF SAMPLE COVARIANCE MATRICES

By T. Tony Car~t Xiao HanT$
AND GUANGMING Pan'-8

University of Pennsylvania® and Nanyang Technological University

We study the asymptotic distributions of the spiked eigenvalues
and the largest nonspiked eigenvalue of the sample covariance matrix
under a general covariance model with divergent spiked eigenvalues,
while the other eigenvalues are bounded but otherwise arbitrary. The
limiting normal distribution for the spiked sample eigenvalues is es-
tablished. It has distinct features that the asymptotic mean relies
on not only the population spikes but also the nonspikes and that
the asymptotic variance in general depends on the population eigen-
vectors. In addition, the limiting Tracy-Widom law for the largest
nonspiked sample eigenvalue is obtained.

Estimation of the number of spikes and the convergence of the
leading eigenvectors are also considered. The results hold even when
the number of the spikes diverges. As a key technical tool, we develop
a Central Limit Theorem for a type of random quadratic forms where
the random vectors and random matrices involved are dependent.
This result can be of independent interest.

1. Introduction. Covariance matrix plays a fundamental role in multi-
variate analysis and high-dimensional statistics. There has been significant
recent interest in studying the properties of the leading eigenvalues and
their corresponding eigenvectors of the sample covariance matrix, especially
in the high-dimensional setting. See, for example, [29, 24, 2, 36, 32, 30, 31,
12, 14, 15]. These problems are not only of interest in their own right they
also have close connections to other important statistical problems such as
principal component analysis and testing for the covariance structure of
high-dimensional data.

Principal component analysis (PCA) is a widely used technique for a range
of purposes, including dimension reduction, data visualization, clustering,
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and feature extraction [1, 23]. PCA is particularly well suited for the set-
tings where the signal of interest lies in a much lower dimensional subspace
and it has been applied in a broad range of fields such as genomics, image
recognition, data compression, and financial econometrics. For example, the
widely used factor models in financial econometrics typically assume that a
small number of unknown common factors drive the asset returns [17]. In
PCA, the leading eigenvalues and eigenvectors of the population covariance
matrix need to be estimated from data and are conventionally estimated by
their empirical counterparts. It is thus important to understand the spectral
properties of the sample covariance matrix.

1.1. The Problem. To be concrete, consider the data matrix Y = I'X
where X = (x1,---,X,) is a (p + 1) X n random matrix whose entries are
independent with zero mean and unit variance and T" is a p x (p + 1) deter-
ministic matrix with I/p — 0. Let ¥ = T'T'T be the population covariance
matrix. The sample covariance matrix is defined as

1 1
(1.1) S,=-YYT = -IXXTIT.

n n
Denote the singular value decomposition (SVD) of T' by
(1.2) I =VAzU,

where V and U are p X p and p x (p + ) orthogonal matrices respectively
(VVT = UUT =1), and A is a diagonal matrix consisting in descending
order of the eigenvalues py > --- > p, of 3.

In statistical applications such as PCA, one is most interested in the
setting where there is a clear separation between a few leading eigenvalues
and the rest. In this case, the leading principal components account for
a large proportion of the total variability of the data. We consider in the
present paper the setting where there are K spiked eigenvalues that are
separated from the rest. More specifically, we assume that uy > -+ > pg
tend to infinity, while the other eigenvalues pig41 > --- > p, are bounded
but otherwise arbitrary. Write

13) A= a)

where Ag = diag(1, ..., ux) and Ap = diag(px 41, .-, fp)-
A typical example of (1.3) is the factor model

(1.4) Y- AF+TZ=(A, T) <g>
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where A is p X K-dimensional factor loading, F is the corresponding K x n
factor, T is p x p matrix and Z is the idiosyncratic noise matrix. A common
assumption is that the singular values of the factor component A;F are
significantly larger than those of the noise component (otherwise the signals
are overwhelmed by noise). Indeed, [33] considered the weak factor model to
test the number of factors, where the leading eigenvalues contributed by the
factor component are of order p? for some 6 € (0, 1). [4] and [21] assume that
the leading eigenvalues of the pervasive factor model are of order p. Here
I' = (A; T)is not a square matrix, and thus it is necessary to consider the
setting where I is rectangular.

A second example is the covariance matrix 3 used in the intraclass cor-
relation model, where the covariance matrix is of the form

3 =(1-pI,+ pee'.

Here I, is a p x p identity matrix, e = (1,1,...,1)Tand 0 < p < 1. It is easy to
see that the leading eigenvalue of X is pp+(1—p), while the other eigenvalues
are equal to (1 —p),ie. K =1, Ag=pp+(1—p)and Ap = (1 —p)I,—1 in
(1.3). One can refer to [31] for more discussions about this model.

We study in the present paper the asymptotic distributions of the leading
eigenvalues and the largest nonspiked eigenvalue of the sample covariance
matrix S,, under the general spiked covariance matrix model given in (1.2)
and (1.3) with divergent spiked eigenvalues p; > --- > ug. In many sta-
tistical applications, determining the number of principal components is an
important problem. In addition, properties of the eigenvectors associated
with the spiked eigenvalues are of significant interest. In this paper, we also
consider estimation of the number of spikes as well as the convergence of the
leading eigenvectors.

The model defined through (1.2) and (1.3) belongs to the class of spiked
covariance matrix models. Johnstone [29] was the first to introduce a specific
spiked covariance matrix model, where the population covariance matrix is
diagonal and is of the form

(1.5) > = diag(p?, ..., p%,1,...,1)

with gy > pg--- > pr > 1. [29] established the limiting Tracy-Widom
distribution for the maximum eigenvalue of the real Wishart matrices when
p and n are comparable. The spiked covariance matrix model (1.5) has been
extended in various directions. So far the focus has mostly been on the
settings of bounded spiked eigenvalues with all the nonspiked eigenvalues
being equal to 1. See more discussion in Section 1.3.

1.2. Our contributions. In this paper, we first establish the limiting nor-
mal distribution for the spiked eigenvalues of the sample covariance matrix
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S,. The limiting distribution has a distinct feature. Unlike in the more con-
ventional settings, the asymptotic variance in general depends on the pop-
ulation eigenvectors. More precisely, the variance of a spiked sample eigen-
value depends on the right singular vector matrix U defined in the SVD
(1.2) (but not the left singular vector matrix V). The limiting distribution
of the spiked sample eigenvalues also precisely characterizes the dependence
on the corresponding spiked population eigenvalues as well as the nonspiked
ones. New technical tools are needed to establish the result. In particular,
we develop a Central Limit Theorem (CLT) for a type of random quadratic
forms where the random vectors and random matrices involved are depen-
dent. This result can be of independent interest. In addition, we establish
the limiting Tracy-Widom law for the largest nonspiked eigenvalue of S,,. We
also consider the properties of the leading principal components and show
that they are consistent estimators of their population counterparts under
the Lo loss. An important improvement of our paper over many known re-
sults in the literature is that our results hold even when the number of the
spikes diverges as n,p — 0o, and we allow the nonspiked eigenvalues to be
unequal.

The limiting distributions for the spiked eigenvalues and the largest non-
spiked eigenvalue have important applications. In particular, based on our
theoretical results, we propose an algorithm for estimating the number of
the spikes, which is of interest in many statistical applications.

1.3. Background and related work. Since the seminal work of Johnstone
[29], the special spiked covariance matrix model (1.5) has been studied much
further and the model has been extended in several directions. See, for ex-
ample [2, 3, 8, 13, 30, 31, 36, 38, 41, 14, 15]. We discuss briefly here some
of these results. This review is by no means exhaustive.

Paul [36] showed that if p/n — v € (0,1) as n — oo, and the largest
eigenvalue pq of 3 satisfies 1y < 1+ /7, then the leading sample principal
eigenvector vy is asymptotically almost surely orthogonal to the leading
population eigenvector vy, i.e., |viVi| — 0 almost surely. Thus, in this case,
v1 is not useful at all as an estimate of vi. Even when pu; > 1+ V7, the
angle between vy and vy still does not converge to zero unless p; — oo.

Baik and Silverstein [2] considered a case where the covariance matrix

(1.6) x=V (AOS 2) \al

with Ag being a diagonal matrix of fixed rank and V a unitary matrix. It is
shown that the spiked eigenvalues tend to some limits in probability, assum-
ing that the spectral norm of Ag is bounded and lim, ;. 2 = v € (0, 00).
Bai and Yao [8] further showed that the spiked eigenvalues converge in dis-
tribution to Gaussian distribution or the eigenvalues of a finite dimensional
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matrix with i.i.d. Gaussian entries. Baik, et al. [3] investigated the asymp-
totic behavior of the largest eigenvalue when the entries of X follow the
standard complex Gaussian distribution and observed a phase transition
phenomenon that the asymptotic distribution depends on the scale of the
spiked population eigenvalues. El Karoui [20] proved that the largest eigen-
value tends to Type-2 Tracy-Widom distribution for the general 3 without
the spiked part, i.e., Ag = 0. Shi [39] discussed asymptotics of the compo-
nents of the sample eigenvectors corresponding to the sample spiked eigen-

values for ¥ = (AOS

Bloemendal et al. [13] obtained the precise large deviation of the spiked
eigenvalues and non-spiked eigenvalues under a more general model than
(1.6). We should note that the above results except [20] are only for the
case of bounded spiked eigenvalues with the nonspiked eigenvalues all being
equal to 1.

Jung and Marron [31] and Shen et al. [38] considered the model

0 .
I) under some moment conditions on X. Recently,

(1.7) Y = VA2X,

where the entries of X are i.i.d. standard normal random variables, and
A = diag(p1, .., K UK +15 - - 5 [tp) is the diagonal matrix consisting of the
population eigenvalues, and V is an orthogonal matrix. [31] and [38] showed
the almost sure convergence of the spiked eigenvalues when the spiked pop-
ulation eigenvalues satisfy that p/(u;n),7 = 1,---, K, tend to nonnegative
constants and g 41, -+ , 4p are approximately equal to one. The almost sure
convergence of the eigenvectors associated with the spikes is also studied.
Wang and Fan [41] further developed the asymptotic distribution for each
Aj (j = 1,...,K) of the model (1.7) under a more general setting, which
allows fig41,..., itp to be any bounded number, p/(p;n) to be bounded,
M’:ﬁ > ¢ for some constant ¢ > 1, j = 1,--- , K and the entries of X to
be i.i.d. sub-Gaussian random variables. The asymptotic behaviors of the
corresponding eigenvectors are also discussed in [41]. Here we would like to
point out that [41] did not provide the limits in probability of the spikes
unless \/\gzj = o(1) and the joint distribution of {)\;}, j = 1,..., K. To the
best of our knowledge, the asymptotic behavior of the spiked eigenvalues
for general pgy1,...,1tp when p/(pjn), j = 1,---, K, converge to positive
constants is still open for the model (1.1). More recently, [42] considered
a similar spiked model with the population eigenvalues p; = «o;d%,j =
1,---, K. They proposed a bias corrected estimator of eigenvalues when
either p — 0o,n — oo and a; > 1/2 or p>~4% /p — 0 and 0 < a; < 1/2.
Note that [31], [38] and [41] swapped the roles of the sample size n and
the dimension p so that they essentially studied the matrix XTAX. This is
equivalent to assuming that the population covariance matrix is diagonal.
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Indeed, as will be seen later, in general the asymptotic variance of the spiked
eigenvalues depends on the population eigenvectors. This phenomenon does
not occur under the previously studied model.

As we mentioned before, an important application of (1.1) is high dimen-
sional factor model (1.4). There is a significant interest in the estimation of
A and F. See for example [5], [6], [35], [40] and [41]. The asymptotic prop-
erties of their respective estimators have been investigated in these papers
under different conditions. Another important problem is to determine the
number of factors K in (1.4). There are several popular procedures available
to estimate K, including PC, and IC,, ([4] and [6]), AIC and BIC ([9]), and
the spectral method ([33] and [34]).

1.4. Organization of the paper. The rest of the paper is organized as fol-
lows. Section 2 establishes the limiting normal distribution for the spiked
eigenvalues and the limiting Tracy-Widom distribution for the largest non-
spiked eigenvalue of the sample covariance matrix S,. An algorithm for
identifying the number of spikes is developed in Section 3. Section 4 consid-
ers the properties of the principal components and shows that the sample
eigenvectors corresponding to the spiked eigenvalues are consistent estima-
tors of the population eigenvectors in terms of the Ly norm. Most of the
results developed for S,, also hold for the centralized sample covariance ma-
trices and this is discussed in Section 5. Section 6 investigates the numerical
performance through simulations and an application of a factor model. The
proof of Theorem 2.4 is given in Section 7 and the proof of the other re-
sults, including Theorems 2.1-2.3, 2.5 and 4.1, and other technical results,
are provided in the supplementary material [16].

2. Asymptotics for Spiked Eigenvalues and Largest Nonspiked
Eigenvalue of S,,. We investigate in this section the limiting laws for
the leading eigenvalues and the largest nonspiked eigenvalue of the sample
covariance matrix S,, under the general spiked covariance matrix model (1.2)
and (1.3) with divergent spiked eigenvalues 1 > -+ > ug, while the other
eigenvalues are bounded but otherwise arbitrary. We begin with the notation
that will be used throughout the rest of the paper.

For two sequences of positive numbers a,, and b,, we write a,, = b, when
an > cb, for some absolute constant ¢ > 0, and a, < b, when b, 2 a,.
Alternatively we denote a,, 2 b, by a,, = (b,,). We write a,, ~ b, when both

ap 2, by, and a, < b, hold. Moreover, we write a,, < b, when a, /b, — 0.
Then we say a, = O(b,) or b, = Q(a,,). For a sequence of random variables
A,, if A, converges to b in probability, then we write A, B b We say
an event A, holds with high probability if P(A,) > 1 — O(n™!) for some
constant [ > 0. Denote the j-th largest eigenvalue of a symmetric matrix M
by A;(M) and the largest singular value by ||[M]||. Set ||M||p = /tr(IMMT).
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For simplicity, denote by A\ > Ao > ... > Ag > --- > A, the ordered
eigenvalues of the sample covariance matrix S,,, and denote by p; > ps >
. 2> K > -+ >y the ordered eigenvalues of the population covariance
matrix 3. Throughout this paper ¢ and C' are constants that may vary from
place to place.

To investigate the sample covariance matrix S,, = %FXXTFT with the
population covariance matrix 3 specified in (1.2) and (1.3) we make the
following assumptions.

ASSUMPTION 1. {x; = (%15, ,Xp41,;)7, j = 1,...,n} are i.i.d. random
vectors. {xj;: i =1,...,p+1, j=1,...,n} are independent random variables
such that Ex;; = 0, E|x;;|> = 1, E|x;;|* = v4; and sup, v4; < C.

ASSUMPTION 2. p 2 n and the K largest population eigenvalues pu; are
such that d; = an —0,7=1,2,...,. K. And for i = K + 1,...,p, p; are
bounded by C. Moreover, % — 0 and K?dg — 0.

Assumption 2. 2 — 0, y; > 1,i=1,..., K and K < min{p, nt/6}.

That is to say, we focus on the matrix S,, with the population covariance
matrix X = I'T'T satisfying Assumption 2 or 2'.

REMARK 1. Here the requirement about the order of K comes from the
fact that the study of the spiked eigenvalues essentially boils down to an
K x K matrix. In order to allow K to tend to infinity we have to analyze
the convergence rate of each entry of the matrix. One can see (10.15) in [16]
for more details.

Note that we do not assume that p and n are of the same order. The
following theorems hold either under Assumption 2 or Assumption 2" except
Theorem 2.5. We only give the proofs under Assumption 2. The proofs under
Assumption 2" are similar and thus we omit them.

AssUMPTION 3. There exists a positive constant ¢ not depending on n
such that % >c>1,i=1,2,... K.

2.1. Asymptotic behavior of the spiked sample eigenvalues. Our first re-
sult gives the limits in probability for the spiked eigenvalues of S,, A1 >
> Ak

THEOREM 2.1. Suppose that Assumption 1 holds. Moreover, either As-
sumption 2 or Assumption 2’ holds. Then
Ai Kt 1
2.1 — —1=0,(d; + — + —),
(21) 1= Oyt et
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uniformly for alli=1,..., K.

REMARK 2. As mentioned in the introduction, PCA is an important
statistical tool for analyzing high-dimensional data. Several recent results
on high-dimensional PCA are quite relevant to Theorem 2.1. Recently [9]
considered AIC and BIC criteria for selecting the number of significant com-
ponents in high dimensional PCA when p and n are comparable. Comparing
to the paper [9], Theorem 2.1 here covers Lemma 2.2(i) of [9] and we allow
K to tend to infinity. Their assumption px 1 = --- = p, = 1 is also relaxed
to bounded eigenvalues here. In addition, checking the proof of Theorems
3.3 and 3.4 of [9], we find that for general population covariance matrices,
their criteria Aj and Bj for estimating the number of spikes may not work
since the proof highly depends on the assumption pxy1 =--- = p, =1, as
demonstrated in Table 4 given in Section 6. In addition, Theorem 2.1 also
covers part of Theorem 3.1 in [38] where it assumes normality for the data.

Note that % “B 1 does not imply that )\; is a good estimator of u;
due to the fact that u; tends to infinity. Moreover, Theorem 2.1 does not
precisely characterize how the nonspiked population eigenvalues affect the
spiked sample eigenvalues. To see this, it is helpful to make a comparison
with the conventional setting studied in [2]. Consider the model (1.6) and
recall the assumptions of [2] that 14 /7 < p; = O(1) and v = lim,, s £ €
(0,00). It was shown in [2] that

2.2 VRS S
(2.2) i

So the effect of the population eigenvalues on the corresponding sample
eigenvalues can be precisely characterized in the setting considered in [2].
On the other hand, one cannot see the effect of the nonspiked population
eigenvalues on the spiked sample eigenvalues from (2.2). Note that if there
are no spikes, then all the sample eigenvalues are not bigger than (1+\ﬁ)2+c
for any positive constant ¢ with probability one. When there are sufficiently
large spikes, the sample spikes are pulled outside of the boundary (1 + \ﬁ)Q
due to the population spikes with probability one. Moreover, (2.2) precisely
quantifies the effect of the population spike. In view of this, one would ask
whether there is a similar phenomenon for unbounded spikes. Indeed, it
is natural to imagine that for the case pu; — oo, the term % will not
disappear and thus one needs to subtract it from \; in order to obtain the
CLT. Surprisingly, a more precise limit of A\; turns out to be determined not
only by p; but also the nonspiked eigenvalues. This is very different from
(2.2) and can be seen clearly from (2.9) below.

We now characterize how the population eigenvalues including spiked
eigenvalues and non-spiked eigenvalues affect the sample spiked eigenval-
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ues. To this end, corresponding to (1.3), partition U as U = (El), where
2

U, is the K X (p+ 1) submatrix of U, and define
(2.3) >, = UJApUs.

For any distribution function H, its Stieltjes transform is defined by

1
mH(z):/)\_de()\), for all z € CT.

For any 6 # 0, let my(z) be the unique solution to the following equation

(2.4) g(2) = — <z - %tr [(1 + MQ(Z)X;)_lz;l])_l, seCt

where CT denotes the complex upper half plane and X is defined in (2.3).
Indeed, as will be seen, for § > 2,

- 1 1 _
Mg (2) + —Etr(z1 - —XT5X) ' =0,
for z € CT by a slight modification of the proof of Appendix 7.2. One can
also refer to (1.6) of [11] or (6.12)-(6.15) of [7] for (2.4). One may see below
that mg(z) describes the collective contribution of the nonspiked eigenvalues
of X to the spiked sample eigenvalues.
By (2.4), we set 6; to be the solution to
- 0;
(2.5) me, (1) + — =10,
Mg

where my, (1) = ligrn mep, (z). It turns out that ; instead of y; is the more
zeCt—1

precise limit of the spiked sample eigenvalues \;. From (2.5) one can see that
0; depends on u; as well as the nonspiked part 3;. Indeed, this point can
be seen more clearly from (2.9) below. A similar dependence of 6; on u; as
well as the nonspiked part 3; has appeared in [35], where a different factor
model is considered.

ASSUMPTION 4. Assume that the following limits exist:

ptl pt
i : 2 92 . .
o; = pli)rgo 221(745 - 3)u?s +2, o= plggo 221(745 - 3)u,-sujs, i,j] < K.
S= S=

REMARK 3. If MmMaxX)<¢<K,1<s<p+l \uts\ — 0 then og; = \/§ and Oij = 0.
Furthermore, if U; is a random unitary matrix independent of X with the
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ol 7.p.
condition max; <<k 1<s<p+i |Uts| — 0, then

pt pH
N
’Z(%S = 3ujsuj| < max|74s 3l I<t< R Ss<pt sl Z fugsl™ =
p+ ‘
D (s = 3)ugy ~5 0.
s=1

Therefore o; i> 2 and 05 & 0. In addition, when U is haar distributed,
then o; ~2 v/2 and 0y ~2 0( e.g. see [28]).

We are ready to state the asymptotic distribution of the spiked eigenvalues
of S,,. Let u] be the i-th row of U with u;; being the (¢, j)-th entry of U.

THEOREM 2.2. Suppose that Assumptions 1, 3, and 4 hold. Moreover,
either Assumption 2 or Assumption 2" hold. Then for alli=1,2,..., K,

)\i;ai £>N(O,ai2).

(2.6) vn

Moreover, for any fixed r > 2

(2.7) Jai=h A = O i>N<0,2<?“)>,
0, 0,

where X1 = (E@) with

ij

ST ST
Tij, 17 J,
It follows from (2.4) and (2.5) that rig, (1) — —1. Therefore % o — 1. How-

ever, we can not replace 6; by p; in (2.7) directly because the convergence
rate of ul' to 1 is unknown. Indeed, by (2.4), we have

(28) o— _ p K/ tdFAP

ﬁl 1+tm€ 0 r

where F,, is the empirical spectral distribution of Ap. Here for any n x n
symmetric matrix A with real eigenvalues, the empirical spectral distribu-
tion (ESD) of A is defined as

1 n
= ;I{Ai(Axxk
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Together with (2.5), we conclude that

(2.9) 0= 1+ 2 [ —apn, ).

By the Taylor’s expansion we have

0
(2.10) T 14 ffi4O(Ey),
i np;
where »
1 p— K
TR =
b j=K+1 i
In particular, for the special case pigy1 = ... = pp = 1, (2.9) yields that
p— K
2.11 0; = p;(1+ ——).
It is interesting to note that, although here the spiked eigenvalues 1, - - , g

are divergent, this is consistent with the right hand side of (2.2), which is
for the conventional setting of bounded spiked eigenvalues. It then follows
from (2.10) that

(2.12) \/E(Z—l—fmeO(?f:ﬂ)) 2N (0.07).

REMARK 4. We note that Assumption 4 is not needed if we consider
the individual asymptotic distribution of the spiked sample eigenvalues. To

p+l
see this, it suffices to normalize (A\; — 6;)/6; by o3 = ([ > (745 — 3)u§j + 2.

J=1

Moreover, the joint distribution of *;_—6‘?2‘, i = 1,...,r tends to the normal

distribution with the covariance matrix being the correlation matrix corre-
sponding to 2.

REMARK 5. It is helpful to compare the above theorem with Theorem
3.1 of [41]. Besides the difference between the models in (1.2) and (1.7),
one of the key differences is that o2 in (2.12) depends on the entries of the
eigenvector matrix U while the variance in Theorem 3.1 of [41] does not
depend on it. This is due to the fact that [41] assumes that U = I. Secondly,

Theorem 3.1 of [41] involves Op(ﬂ) which reduces to O(-£5) (essentially

VR n,u?
O(i)) in (2.12) by dropping the additional %. Thirdly we also allow K

to diverge. Fourthly [41] assumes x;; to be subGaussian random variables
while Theorem 2.2 holds under the bounded fourth moment assumption.
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REMARK 6. We would compare the above theorem with Theorem 2 in
[5] which deals with the factor model (1.4). Recall the estimator of Ay in [5],
i.e. the estimator A; is such that 1~\1T1~Xl = diag(\1, ..., A\r) essentially. Hence,
we have proved the central limit theorem for ATA; (when 7 is fixed). While
Theorem 2 of [5] shows the CLT of (A;);, where (A1); is the i-th row of A;.
Checking the dimension condition in Theorem 2 of [5], the CLT holds for
d; — 0 and p; ~ n, which is a special case of Assumption 2.

In view of (2.10) we need to estimate f and f; in practice. A natural
estimator of f; is % by Theorem 2.1. For f, one can use

. Lp(@XXTD) - K ),
p— K —pK/n

which was proposed in [41]. When p ~ n, by Proposition 1 in the next
section, K can be estimated accurately.

Moreover, Theorem 2.2 can be extended to the case when the population
eigenvalues p; have multiplicity more than one.

ASSUMPTION 5. Suppose that K < n'/%, a, = PE = . = UK—n, <
L1 = UK—np41..- < Q1 = [in; = ... = 1, and there exists a constant c
such that % >c>1,1=1,2,..., L. Moreover, nq,..., ngs are finite.

ASSUMPTION 6. Suppose that the following limits exist

T

T
ri+l1 xiu

) S H 2 T
G(ri, k1, ko, l1,12) = nh_}rglon x Cov(u xiu X1,U, | p, m+l2x1).

T
ri+k1

If either the fourth moments 45 = 3, s = 1,...,p + [ or the entries of the

population eigenvectors satisfy min  max Uy, 4r ;| = o(1), then
ref{ki,ka,li,la} J

1 ifk1:k2andllzlgorklzlgandllzkg

ri, k1, ko, l1,12) =
9 1k2, ll) {0 otherwise.

Then we have the following result.

THEOREM 2.3. Suppose that Assumptions 1, 5 and 6 hold. Moreover,
either Assumption 2 or Assumption 2" holds. Let

p— K t
Hi:ai(qu " /Oéi—tdFAP(t))
Letri = Y\_gn;, fori=1,2,...L. Then
NLD
0;
where R; are the eigenvalues of n; X n; Gaussian matriz &; with ES; =0
and the covariance of the (&;)g, 1, and (&;)k, 1, being G(ri, ki, k2, li,12).

(2.14) Aris1 = 05, Atz — Oi ooy Apvn. — 05) 2 R,
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The proof of Theorem 2.2 requires new technical tools. The following CLT
for a type of random quadratic forms, where the random vectors and random
matrices involved are dependent, plays a key role in the proof. This result
can be of independent interest.

THEOREM 2.4. Suppose that Assumption 1 holds and the spectral norm
of 31 is bounded. In addition, suppose that there exists an orthogonal unit
vector wy such that wlUJ = 0. If % — 00 and 8 — oo, then

b
(2.15) \;?(WIX(TLI - XTIX) T X Tw + m9(1)) B N(0,1).

Moreover, if there exists another unit vector wa such that wiUJ = 0 and
wiwy = 0, we have

>
(2.16) l/ﬁw{X(nI - XTFIX)_lXTwQ B N(0,1)
g12
p+l
where &3 = S0 [(ya; — 3)wh] +2, 6% = 3 [(1s — 3)wiwd,] + 1 and wi
s=1

1s the j-th element of w;, 1 =1, 2.

2.2. Tracy-Widow law for the largest nonspiked eigenvalue of S,. We
now turn to the limiting distribution of the largest nonspiked eigenvalue of
the sample covariance matrix S,,. The limiting law is of interest in its own
right and it is also important for the estimation of the number of the spikes.
To this end we introduce additional assumptions.

ASSUMPTION 7. There exist constants ¢ such that E|x;;|* < ¢ for all
ke N*.

ASSUMPTION 8. Let my, (z) be the solution to

1

, z€CT,
2= Ltr(T+my, (2)T1) 1%,

(2.17) my, (2) = —

and define
74+ = inf{z € R, Fy(z) = 1},

where Fy(x) is the c.d.f. determined by msy, (2) (One can also refer to page
4 of [11]). Suppose that

(2.18) limsup pry1d <1,

where d = — lim  my, (2).
z€Ct—y
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Intuitively, (2.18) restricts the upper bound of px 41 to ensure A 41 to be
a nonspiked eigenvalue. Denote the ¢-th largest eigenvalue of %XTZ]lX by
v;. Note that the limiting law of v; is the Type-1 Tracy-Widom distribution.
Recall the definition of I above (1.1). i.e. I'is a p x (p + [) matrix and [ is
the dimensional difference of columns and rows of I'. By contrast, K is the
number of spiked eigenvalues.

THEOREM 2.5.  Suppose Assumptions 1, 7, and 8 hold. In addition, ei-
ther Assumption 2 or 5 holds. | < n'/% and p ~ n. For any i satisfying
1 <i— K <logn, we have, with high probability,

Ni —viek| < n=2/3=¢,

In particular, A1 has limiting Type-1 Tracy- Widom distribution.

REMARK 7. Theorem 2.5 shows that the non-spiked sample eigenvalues
AK+1, AK+2,---, AK+r Share the same asymptotic distribution as vy, vo,..., Uy
since the fluctuation of vy, vs,..., vy are n=2/3 > n=2/3-¢ Here r is a fixed
integer. See [10] and [25] for more details.

3. Estimating The Number of Spiked Eigenvalues. Identifying
the number of spikes is an important problem for a range of statistical ap-
plications. For example, a critical step in PCA is the determination of the
number of the significant principal components. This issue arises in virtually
all practical applications where PCA is used. Choosing the number of prin-
cipal components is often subjective and based on heuristic methods. As an
application of the main theorems discussed in the last section, we propose
in this section a procedure to identify the number of the spiked eigenvalues.

Suppose that the conditions of Theorem 2.5 hold. Define the asymptotic
variance of 11 by (see also (3) of [20] )

1 p— K Ad
1 b= (1 2dFA,L(N).
(31) 7= w0 PR [ )
By Theorem 2.5, Ax 41 has the same asymptotic distribution as v;. Together
with Theorem 1 of [20], we have

(3.2) 23KV Dy

On
where TW1 is the Type-1 Tracy-Widom distribution. Onatski [33] also es-
tablished such a result for the complex case, but Theorem 1 of [33] requires
that the spiked eigenvalues are much bigger than n%3 and p/n = o(1).
Moreover, the statistics used in [33] does not estimate v and o, while our
approach estimates them.
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From (3.2) one can see that the confidence interval of vy is [Ax41 —
w*onn*2/3,)\K+1 + w*ann*2/3], where w* is a suitable critical value from
the Type-1 Tracy-Widom distribution. This, together with Theorem 2.2,
implies that it suffices to count the number of the eigenvalues of S,, that lie
beyond (v4 + w*o,n~2/31og n) to estimate the number of spikes K where
logn can be replaced by any number tending to infinity. However, in practice
v+ and o, are unknown and need to be estimated.

We first consider estimation of o,,. It turns out that

[ dFole) 1/3

. (z—2)3
(3.3) op=|— lim
sl ([ )

Moreover, one can verify that with high probability

2(1—a)

(34) )\K+1 < )\na + logn Xn 3

where « is a constant such that o € [1/6,1) (see Section 8 in the sup-
plementary material). In view of (3.4) we estimate Fy(x) by its empirical
version Apo, Apagi, ..., Ap in (3.3), i.e. we exclude the first n® eigenvalues of
S,.- Moreover, for v, in (3.3), we use Apo + n=%9 to replace it. The reason
for using Ape + n =49 to estimate v, instead of \,a is to avoid singularity
in f dEp(z)

[CRmEE The estimator of o, is then given by

ST < N S

~ n—n® Lusi=n® (\;—2z)3 N —4/9

Op = —( T S T E ., where zp= Mo +n .
n—n® £Lsi=n% (\;—z0)2

We next consider estimation of v defined below (2.17). By the assump-
tion that K < n'/6, it follows from Theorems 2.2 and 2.5 that A,1/6 s not a
spiked eigenvalue. Based on this, an upper bound of Ax 41 is given in (3.4).
Hence we use the following pg as an initial upper bound of Ax 41

2(1—a)

(3.5) Po = Ape +logn xn~ 3

Although pg is a good upper bound for Ag 1 theoretically, it does not
depend on o, and hence in practice py may not work well. Based on (3.2),
we propose the following iteration approach to update pg. The idea behind
the iteration is that even if pg is not larger than Ax 11 in practice, pg is still
close to Ax41. Thus by (3.2), there is at least one eigenvalue in the interval
[P0, Do + w*mpo,n~2/3], where m,, — oc.

Theorem 2.5 implies that Kisa good estimator of the number of signifi-
cant components K.

PROPOSITION 1.  Under the conditions of Theorem 2.5, we have K=K
with high probability.
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Algorithm 1
1: Define the initial value po in (3.5).

2: Suppose that we have p,,—1. If there is at least one eigenvalue of S,, belonging to
[Prm—1,Pm—1 + 2.02(logn)ann72/3], where 2.02 is the 99% quantile of Type-1 Tracy-
Widom distribution, we renew pn = pn_1 + 2.02log no,n~2/3. Here logn can be also
replaced by the other number tending to infinity too. Otherwise the iteration stops.

3: After getting p,, we return to Step 2 until the iteration stops.

4: Denote the final value of the above iteration by penqd. We define K to be the number
of eigenvalues larger than penq.

Identifying The Number of Factors. A closely related problem is the
estimation of the number of factors under a factor model, which is widely
used in financial econometrics. Consider the factor model

(36) y: :Alft—i-Té’t, t= 1,2,...,7},,

where Ay is p x K-dimensional factor loading, f; is the corresponding K-
dimensional factor, {e;; :i=1,2,...,p;t =1,2,...,n} are the independent
idiosyncratic components.

In many applications, the number of factors K is unknown. An important
step in factor analysis is to determine the value of K. Let F = (fy, ..., f,),
Z = (e1,....,en) and Y = (y1,...,¥n). Then (3.6) can be rewritten as

(3.7) Y=AF+TZ= (A T) @) .

Suppose that (1;

Assumptions 2 and 8. It is easy to conclude that the (K + 1)-st largest
eigenvalue of %YYT follows the Type-1 Tracy-Widom distribution asymp-
totically. The following result is a direct consequence of Proposition 1.

> satisfies Assumptions 1 and 7 and (A; T) satisfies

COROLLARY 1. For the model (3.6), if (g) satisfies Assumptions 1 and

7 and (A1 T) satisfies Assumptions 2 and 8, K < n/6 and p ~ n, then
we have K = K with high probability.

Comparing to the approaches in [4] and [33], here we allow the number
of factors K to diverge with n. Moreover, we only assume that the spiked
population eigenvalues diverge to infinity, while [4] and [33] assume that
they are much larger than n?/3 or grow linearly with n.
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4. Estimating the Eigenvectors. As mentioned in the introduction,
the leading eigenvectors of the population covariance matrix are of signif-
icant interest in PCA and many other statistical applications. They are
conventionally estimated by their empirical counterparts.

We consider in this section estimation of the population eigenvectors as-
sociated with the spiked population eigenvalues ji1,...,ix, involved in o?
(2.7). To this end, we first characterize the relationship between the sam-
ple eigenvectors and the corresponding population eigenvectors. Write the

population eigenvectors matrix V as V = (vi,---,vp).

n

THEOREM 4.1. Suppose that the conditions of Theorem 2.2 hold. Let
& be the eigenvector of S, corresponding to the eigenvalue X\;. Then for
1<t < K, we have

Theorem 4.1 also implies that for ¢ =1,...., K, j = 1,...,p, i # j, we have
V]szfiij i) 0.

One should notice that the convergence is uniformly for j = 1,...,p since
L=¢l& =30 viGgv;.

Theorem 4.1 shows that the sample eigenvector &; is a good estimator of
v; up to a sign difference. An immediate application of Theorem 4.1 is to
estimate o for the case when V.= UT and 4, = ... = Vap = 74 by Corollary
2. This corollary shows that the empirical eigenvector plays an important
role in statistical inference of the spiked eigenvalue.

COROLLARY 2. Under the conditions of Theorem /.1, we have

4 Z 4 4p,
1 7j=1

p
]:

We now consider the extension to the case when the multiplicity of the
population eigenvalues p; is more than one. Correspondingly the following

corollary holds and its proof is the same as that of Theorem 4.1.

COROLLARY 3. Recall the definition of r; above (2.14). Under the con-
ditions of Theorem 2.3, The angle between vy, k € {ri_1 +1,...,m;} and the
subspace spanned by {&;,5 = ri—1 + 1,...,r;} tends to 0 in probability. In
other words, we have

T .
VIL( Z fjij)vk i) 1, ke {Tifl + 1, ...,Ti}.
J=ri-1+1
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Corollary 3 shows that the sample eigenvectors {§;,j = ri—1 + 1,...,7;}
are close to the space spaned by {v;,j =1 +1,...,7;}.

5. Centralized sample covariance matrices. So far we have focused
on the non-centralized sample covariance matrix S,. We now turn to its
centralized version

1 ¢ 1
=—) I(x; — X)(x; - ®)'TT =I'X(IT- ~117)XTTT,
, n
where 1 is the n x 1 vector with all elements being 1. Denote (I — 111T) by
T. First we have the following Lemma.

LEMMA 1. Under the conditions of Theorem 1, we have

(5.1) ﬁ(w{xr( - TXT2L 1XT)" 1XTW1+T719(1)) B N(0,1)

g1

and

=
52)  YPWIXT(nI - TXT 2L LX) X Wy BN (0,1)

012
p+l1 4 ~2 rdl _ 2 2 ..
where 67 = Y070 [(vay = 3)wij] +2, 6% = 3 [(as — 3)wi,w3,] + 1 and wy;
s=1

1s the j-th element of w;, 1 = 1, 2.

By Lemma 1 and checking carefully the proofs of the main results, it can
be seen that all arguments remain valid if X is replaced by XY (note that
Y2 = 7). So Theorem 2.1-Corollary 3 hold for %FXTXTFT as well.

6. Numerical Results . In this section we illustrate some of the theo-
retical results obtained earlier through numerical experiments. We first use
simulation to confirm that the asymptotic behavior of the spiked eigenvalues
is indeed affected by the population eigenvectors.

Let K =2 and Ap = diag(us, ..., tp). Suppose that {u;, i = 3,...,p} are
i.i.d. copies of the uniform random variable U(1,2). Define v; = (%, %)T,
vy = (%, —%)T, V = (v1,v2) and Ag = diag(800, 200). We now define two
different population matrices

As 0 VAVT 0
(A me (L)
Then the eigenvalues of 39 and X3 are the same but the eigenvectors corre-
sponding to the first two largest eigenvalues are different. Consider the case
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p=nand X = (z;;) are i.i.d. U(—+/3,v/3). Denote by \; and A1 respectively
the largest eigenvalues of the sample covariance matrices %25/ 2XXTZ);/ 2

and %Eé/ QXXTE:I,,/ 2. Table 1 reports the sample variance of the rescaled

eigenvalues ‘gg‘l and ‘gg‘l . It can be seen that the behavior of the spiked

sample eigenvalues is indeed affected by the population eigenvectors.

TABLE 1
The variances of the rescaled largest eigenvalues

p 200 400 600 800 1000

32 08111 0.7965 0.8287 0.7574 0.7874
33 1.2507 1.4051 1.2800 1.5012 1.3911

We now consider estimating the number of factors under the factor model
(3.7):
Y = A\\F + TZ.

In the simulation, the entries of F and Z follow the standard Gaussian
distribution. Consider two choices: T = T; or Ty, where T7 = I, Ty =

1 1
diag(1,1,...,1, —, ..., —
gLl 1 7 ﬁ)
—_——

p/2
p/2

being (A1, ..., Axx) = (v/0F — 1, ..., /b% — 1) where K = 5[n'/7] + 1, and
(b1, ., bk) = /(6,....6 + K —1)xr+1,0<r<1.

We compare the accuracy of three methods for estimating the number
of factors K: our procedure proposed in Section 3, the method introduced
in [34] , and the approach given in [9], which are denoted by CHP, Ouns,
and BYK, respectively. Here we omit the simulation results of BIC used in
[9] for reasons of space. The initial value of py is given in (3.5) and note
that K < n'/6. However this requirement may be violated in practice when
the sample size n is not sufficiently large. For example when n = 100 in
our simulation setting n'/% is as small as three while K = 5[n'/7] +1 = 11.
Therefore one has to replace the initial value of pp by A, (n1/67 +lognxn=5/9

where ¢; is a constant such that K = 5[n'/7] + 1 < ¢;[n'/%]. Here we set
c1 = 15 according to our extensive simulations in order to reduce the number
of updating iteration (such a replacement does not change the conclusions
of the theoretical results developed in Section 3). In contrast to the size of
n, such an initial value of Py is essentially a conservative choice. One can
see that )\15[n1 /61 is a nonspiked eigenvalue. The approach in Section IV of
[34] uses an iteration approach to estimate K, which also requires the rough
information of the number of nonspiked eigenvalues. In addition, we also
set 15[n'/%] as the initial value for the algorithm in [34] when running the

. Let A be a p x K matrix with nonzero entries
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algorithm there. [9] uses AIC based on sample eigenvalues to estimate K.

Different combinations of n and p are considered. The following tables
report the proportion of times the number of factors is correctly identified,
i.e. K = K, where for each (n,p) we repeat 500 times. Different choices of
r (ranging from 0.3 to 1) are also considered. From Tables 2 and 3, one can
see that the accuracy of our approach increases as (n, p) become larger. Our
approach works better in comparison to [34]. This is likely due to the fact
that our method allows the number of factors K to be increasing with n,
while [34] requires K to be fixed. Tables 2 and 3 show that the method based
on the AIC criterion and our procedure have similar performance. But as
mentioned earlier in Remark 2, the model in [9] only allows that px41 =
... = pp = 1, which is a special case of what we consider in the present
paper. Indeed, Table 4 also confirms that for the non-identity matrix To, the
method based on the AIC criterion performs much worse than our approach.
Therefore, our procedure is preferred for the case where pgy1,..., 1, are
unknown.

7. Proofs. In this section, we prove only one of the main results, Theo-
rem 2.4. The proof of Theorem 2.2 is involved and is given in the supplement
[16]. The proofs of the other results and additional technical lemmas are also
provided in the supplement [16].

7.1. Proof of Theorem 2.4. The main idea of this proof is to first express
wiX(nI — XT%X)_lXTwl as a sum of martingale differences and then
apply the central limit theorem for the martingale difference.

We below consider the case p 2 m and prove (2.15) only because the
case £ — 0 and (2.16) can be proved similarly. First of all, we need to do
truncation and centralization on x;; as in the first paragraph of Section 12
in the supplement [16]. In fact, by (12.2)-(12.6) in [16], we conclude that
the truncation and centralization do not affect the CLT. i.e. we can get the
following inequality similar to (12.7) in [16]

p) o <1215~ 1
wlX(nl — XT#X)_lXTwl = wIX(nI — XT71X)—1XTW1 + o,,(%),
where X is the truncated and centralized version of X. The argument is

standard and we omit the details here. Therefore, for simplicity we below
assume that

EXZ']' = 0, |Xij‘ S 6m4/np.

CLT of the random part. Define the following events

1 p k 1 p
Fy = {||=XT20X]| < 4|1 (1+0)), £ = (|- XISXe] < 4|21+ )}k
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TABLE 2
Ratio of Identifying The Correct Number of Factors with T

21

r\(n, p) (50,50) \ (50,100) \ (50,150)

CHP  Ons BYK | CHP Ons BYK|CHP  Ons BYK
0.3 0.608  0.000 0.610 | 0.192  0.000  0.330 | 0.068  0.002  0.122
0.4 0.816  0.020 0.706 | 0.442  0.000  0.618 | 0.184  0.000  0.368
0.5 0.904 0.008 0.662 | 0.676  0.012  0.788 | 0.450  0.002  0.606
0.6 0.892 0.044 0.612 | 0.832  0.012  0.880 | 0.638  0.006  0.800
0.7 0.906  0.040 0.636 | 0.880  0.014  0.870 | 0.756  0.002  0.866
0.8 0.914  0.040 0.638 | 0.918  0.022  0.886 | 0.868  0.010  0.880
0.9 0.908 0.030 0.648 | 0.948  0.022  0.866 | 0.916  0.016  0.910
1.0 0.914 0.042 0.616 | 0.946  0.014  0.872 | 0.912  0.020  0.896

TABLE 3
Ratio of Identifying The Correct Number of Factors with T4

r\(n, p) (100,100) \ (100,200) \ (100,300)

CHP Ons BYK | CHP Ons BYK | CHP Ons BYK
0.3 0.954 0.130 0.974 | 0.772 0.056 0.854 | 0.392 0.006 0.482
0.4 0.980 0.234 0.982 | 0.942 0.088 0.984 | 0.782 0.005 0.908
0.5 0.956 0.272 0.974 | 0.964 0.148 0.990 | 0.938 0.068 0.976
0.6 0.972 0.330 0.976 | 0.980 0.162 0.994 | 0.966 0.124 0.990
0.7 0.970 0.396 0.974 | 0.978 0.234 0.986 | 0.972 0.158 0.996
0.8 0.954 0.412 0.974 | 0.972 0.272 0.998 | 0.984 0.178 0.980
0.9 0.954 0.446 0.980 | 0.970 0.316 0.986 | 0.980 0.240 0.984
1.0 0.950 0.444 0.972 | 0.958 0.326 0.984 | 0.982 0.290 0.988

TABLE 4
Ratio of Identifying The Correct Number of Factors with Ts

r\(n, p) (100,100) \ (100,200) \ (100,300)

CHP Ons BYK | CHP Ons BYK | CHP Ons BYK
0.3 0.946 0.264 0.490 | 0.938 0.088 0.658 | 0.792 0.042 0.716
0.4 0.928 0.296 0.454 | 0.974 0.178 0.624 | 0.968 0.070 0.710
0.5 0.944 0.360 0.424 | 0.968 0.236 0.682 | 0.986 0.148 0.704
0.6 0.926 0.400 0.440 | 0.966 0.276 0.672 | 0.978 0.206 0.654
0.7 0.926 0.466 0.434 | 0.970 0.336 0.662 | 0.972 0.262 0.670
0.8 0.918 0.512 0.450 | 0.978 0.390 0.650 | 0.986 0.270 0.660
0.9 0.928 0.510 0.434 | 0.978 0.402 0.608 | 0.980 0.310 0.670
1.0 0.930 0.544 0.410 | 0.980 0.418 0.614 | 0.976 0.386 0.658
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where X, = X—xje[, X}, is the k-th column of X and e, = (0, ..,0,1,0,...,0)7
is a M-dimensional vector with only k-th element being 1. By Theorem 2 of
[18], we have

(7.1) I(F)=1 and I(F?)=1,k=1,..,n

with high probability.

We define ZL =31, A =T— IXT8,X, A) =1— 1XT3 X, and Ay, =
Ak—%XZEtheZ. Then A = Ak—%(ekxzfllXk—{—X;f]lxkeL—{—ekafllxke;).
Therefore,

) 1
(7.2) wlX(nl — XTTIX)_IXTwl — EWIXA_IXTWL

By the definition of X and Ay, we observe that the k-th row and k-th
colomn of Aj are 0 except for the diagonal entry. Hence it is not hard to
conclude the following important facts

(7.3) efA e, =1,
(7.4) elA; e, =0, i#k
and

(7.5) XkAlzlek = Xrer = 0.

In the sequel, we prove the central limit theorem for %w{XAleTwll (Fy)
instead of 2w] XA~ XTwy. In fact, it follows from (7.1) that I(Fy) = 1 with
high probability. Therefore 2w]XA~1XTw; and 2w] XA~ XTwI(F,) have
the same central limit theorem. Let By = E(.|x1,...,x), E = E(.) and write

(7.6)W] XA ' XTwy I(Fy) — Ew] XA ' XTw, I(F))

(Ej, — Ep1)W] XA ' XTw I(Fy)

I
NE

b
Il
—

(Bx — Epy) (WIXA ™ X w1 1(Fy) — wiXp A7 X wy I(F5))

I
NE

e
Il
—_

I
NE

(Ex — Ep1) (W XA XTwy — W] XA ' XTw ) I(Fy) + 0p(n?)

ol

3l

—_

(Ex — Ex—1) (I + 21 + I3 — W] XA XTI w) I(Fy) + 0p(n2),

e
Il
—
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where the third equality follows from (7.1), I; = (w]xy)*e]A ey, I, =
D itk wixgwix;e] A" ley, and I3 = D itk wix;wix;el A" le;. We define

1 = _ = —
(77) ap = 1-— E(xL&XkA(kl)ek + xlzlxkeLA(kl)ek)
and
1 ~
(7.8) bp=1-— Ee;Aglxgzlxk.

We next simplify the formula. Noting that wiX = w{X, + wixze], by
the formulas

W QW -Q)Q!
(7.9) W= T QT w o Q)
and
m e Qfla
(7.10) (Q+ ; abj)"a =1 S, biQ
we have
(7.11)

Al A1y A(]j) (ekxzile + ekxiilxkei)A(k})
- (k)

na

A;1XLf}1xke£A_l n A(_kl) (ekxzilxk + ekXLilxkeL)A(kl)

— A—l k
BT nby na
and
(wixy)%elA e,
(7.12); = (wx;)’e]A e, = it
ag
_ (Wlxk)2e£A];1(3k _ (Wlxk)QGZAlzlek _ (wlxk)2
ar(1l — %e%A;lXZEp{k) agby aby

Moreover, it follows from (7.3), (7.4) and (7.9) that

1 ~
(7.13) by =1— ﬁeLAEIXZElxk =1
and
1 ¢ 1 ~ -
(7.14)ak = 1- ExzﬁleA@l)ek =1- ﬁeZAglekxzﬁleAngL&xk

1 - -
= l—ﬁszleAngzﬁlxk.
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By the Cauchy interlacing property we know

(7. 15) XIS XA XT S x, ] (Fy) < ixkzlxknz X AXISY | I(Fy)
= ix;ilxk\|A,;1X£ilxk||f(Fd) < ixkzlkaA YIXTE X [ (Fy)
= 2(n9)

This implies that

(7.16) apl(Fg) = 1+ O((nG) )-
As for the term i # k, by (7.4), (7.5), (7.9) and (7.10) we have
(7.17)

—1 _ _ ~ _ _ ~
A_lek _ A(k)ek _ Aklek n Ak 1X221Xk _ Aklek n Ak 1X221Xk'
ay ak ayby, ag ag

We then conclude that

WIXkA]; 1 XZ Elxkxzwl

na

(7.18) I, = Zwlkalxl TA leg
i#k

It follows from (7.4), (7.5) and (7.11) that for i,j # k

(7.19)
I3 = Z wlx;w]x;el A e,
1,57k
A 1(ekxk21xkek +erx Ele)A_kl
Z wlxzwlxje A e] + Z wlxzwlx] (k) s ( )ej
7.77ék ,j;ék‘ k

WIX;CA(_’CI) (ekXZEIXkeL + ekxzilxk)A(_kl)X£w1

— WIXkA kal + nar

Consider (Ej — Ex_1)(I3 — w] XA, "XJw1)I(Fy) next.
We claim that

(7 20) W-{XkA@l) (ekxzilxkez + ekxzile)A(_kl)XZwl

nag
is negligible. Let By = Z‘leA kallekA IXTEl Indeed, by (7.9)

and (7.3)-(7.5) we have A, 1) A+ LA 1XT21xkeZA . This, together
with (7.3), (7.4) and (7.5) implies that

w{XkAngZilxkeA ekxkﬁleA kal XLBka

7.20) =
(7.20) n2ay, n2ay,
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It follows from (7.19) and (7.3)-(7.5) that

Z(Ek Ek 1)(]3 lekA 1XLW1 Fd :Z Ek 1
k=1 k=1

Xk:Bka

I(F")+0,(n72).

Considering the second moment of the above equation, by Lemma 8.10 of
[7] we have

XkBka

k 4 k
PIFY) < Y BB P1(F,")

n*ay k=1

(7.21) ZE\ Ej, — Ex_q)
k=1

8 — K 8 .
< =0 > EX[Buxi — By PI(EY) + 0 S BB I(FSY)
k=1 k=1

C2

where we used the inequality
trBy, < XpA; ' XIR2X, A XTT(FM) = o(L).

We conclude that

1 & 1
— Er —Ep_1)([3 —wW XA Ix I(F;) = —
n;( ke — Er_1)(I3 k w1 I(Fy) Op(\/ﬁ,

which is negligible.
Next we consider I; and I. It follows from (7.12) and (7.18) that

(122) = >~ (B Buca) 1 + 21 (F)

—1 s
wlxk)2 i WIXkAk XLElxkxzwl

= ;ﬁ ;(Ek - Ekfl)(( 20,

We claim that the second term of (7.22) is negligible. Actually, similar to
(7.21), it is easy to show that

na JI(Fy).

n

WTXkA_IXTEIXkXTwl
> (B —Byy) ———F nalz A= I(Fy) = op(Vn)
k=1

Therefore, the leading term of (7.22) is

n wlx;)?
\/15 ;(Ek - Ek—l)(;:)I(Fd)
n —aQa WX 2 "
- } S (B~ B) R sy L L SN E B (w2,
= @ "=



26 T. TONY CAI ET AL.

Similar to (7.21), by (7.16) we can show that

ag) (Wixp)®

1 ¢ (1- B
NG ;(Ek —Ep-1) o I(Fy) = op(1).

It suffices to show CLT for

n

(7.23) 7 S (Br — By (wxp)? = \}ﬁ [(wxi)? — 1].
k=1

k=1
By the CLT for the sum of i.i.d. variables, we conclude that

n

1 D
i 2o B~ Be)(Wxe)? 5 N (O, %),
k=1
where
!
w33 P w2 w2 1
(7.24)02 = 7[[-3 [(W1Xk;) _ 1]2 Zl 1 7424 Zz#] 1iW1y
n
p+l
= Z(’Mi —3)wi, + 2.
i=1

7.2. Calculation of the Mean. This section is to calculate the expecta-
tion of 1 w]XA~'XTw;I(Fy). The strategy is to prove that

(7.25) \FE{ wIXCA~H(XO)Tw, I(Fy) + 1g(1)| — 0,

and

1
(7.26%]}3 [WIXA ' XTw, I(Fy) — wIX°A~H(XO)Tw, I(Fy)] — 0,

where XY = (x9,...,x%) is (p + [) x n matrix with i.i.d. standard Gaussian
random variables. As before, we omit I(Fy) in the following proof.
We prove (7.26) first by the Lindeberg’s strategy. Define

Zk—ZXze + Z xje], ZO—ZXZG —|—sz el

i=k+1
1 ~
lee + Z X} :I—g(zzlc)Tzlzllm
i=k+1
1 1

Ag =I-— 7(22)T2122 and A, =1- *Zzilzlv
n n
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Then we have X = ZN, X0 = Z(l), Zg+1 = Z}C. It follows that

1
(7.27) TIE [WIXA ' XTw; — w]X A~ (X7)Tw]
-7 ZE WIZL(AL) N (Z))Twi — wIZR(AD) " (Z)Tw
1 .
= % ZE [W.{Zk(Ak) YZy)Twi — w]ZiA 1ZLW1]
k=1

v ZE [WIZA L 2wy — wlZQ(AD) ™ (Z))Twi]
For any k, similar to the expansions from (7.11)-(7.20), we can get

(7.28) E [w{z}c(A,{:)—l(z}f)Tw1 - w{zkA,glz;wl]

(wixy)? N 2WIZkA;1Z£f]1kaLW1 N XLBka

ag nay, n2ay

where Bk = 21ZkA kalwl ZkA Z 21 and a ajp = 1— 2Xk21ZkA Z Elxk.
Let ap, =1 — thr21ZkAk Al 21, T, = Qi — a. Then we have

11
(7.29) — =k

ap  ar  agag

By Lemma 8.10 of [7], we conclude that

1 ~ " ~ 1 = " ~
(7.30)  Elml® = E|l5x 51 Zp A 2] S x), — —trS1 Z A 2T 5 P
n n
C. - PR s d?
< tr(ChZiA, 1Z]%1)% = 0(;).
Consider the first term at the right hand side of (7.28). It follows from (7.29),
(7.30) and Holder’s inequality that
(7.31)

wW1X wi1x)?2 wW1xXk )3T, d
eV wx)ty  pwelny o et e = o4
ag apag P
Thus we conclude that
2 1 1
gVIXe)” g W) o dy gl L
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Moreover, a similar approach can be applied to the other terms at the right
hand side of (7.28) and thus we have

1 — - .
(132)  =3E [(WIZL(A) 1 (Zh) w1 — wiZeA ' Z]wi

QWIZkAEIZZi]lWl n tT‘Ek

+ o(1).
nag n2ay O( )

1
— +
ax

1 n
= — E
\/ﬁ Z
k=1
By the same arguments above, we can also get

1 < . A0y
(133) = DB WiZeA 2w - wIZ)(AD (BT
k=1

+o(1).

_ 1 iE i n 2wIZkA,glszllw1 " tTBk
ay nay, n2ay

\/ﬁ k=1

Combining (7.27), (7.32) and (7.33), the equation (7.26) holds.

We next prove (7.25). To simplify notation, we use X for X° and hence
assume that X follows standard normal distribution. By w]UJ = 0, we
conclude that w!/X is independent of A and hence lIEWIXA_lXTwl =

n

1Etr AL, By (6.2.4) of [7](or Lemma 3.1 of [11]), we have

1

1
—EtrA™' =E
n

1+r]A e’

where we denote A = iiﬁXXTi‘}/Q—I, r; = %i}nxi and A; = Zi# rr] —
I. By Lemma 8.10 of [7], we have

1 C <
(7.34) E[r]JA 'r — WtréflEﬂ < ﬁtrﬁl% =o(M™Y),

- 1 _ 1 ~1/2
which concludes that Elﬂ}éflrl = EHﬁthflEl + o(n™"/*). Moreover,

1 1 C
2 EltrA'Y, — EtrA7 S ?

e AT 14 NErATE, T n?
C _ _
(7.35) < —E[furjApt =o(n™).
1 _ 1 —1/2 R 1
Hence ElJrﬁtrAflEl T 1+ L ErATTS +o(n ). Define f; = 1+rTA; ey’

L 1 AT A-L 1 —1 .
b; = T E AT and a; =r;A; 1, — ;5trX A By the equality that

A +T-b(0)S) =D rir] —b(0)%,
i#£1
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we have
(7.36) A7l =—(I—0b.(0)%1) " +bi(2)A(0) + B(9) + C(0),

where

AWG) = 3= 01(0)80) (rar] — —TA

i#1
B() = (B — b)) T —b1(0)%1) 'rir] A,
i#1
C(0) =n""by(T— b1 (0)1) 'S > (A7 — ALD).
i£1

For A(#), similar to (7.34) we have
(7.37)
1 - 1 - - 1 - -
EE\trA(G)El\ < ZE|rZTA;121(I—b1(0)21)*1ri—@tr(21A;121(I—bl(Q)El)*1)| =

i£2

Similar to the previous inequalities (7.34)-(7.35) or as in Chapter 9 of [7],
we can also show that B(#) and C(6) are negligible. Hence we get

1 ~ 1 - -
(738)  _BrAT'S = ——tr(1- b (0)51) 15 +o(n V),

which implies that

1
I TN
1-— EtT(I — *(Et’l”A 1)21) 121

1
n

1
(7.39) gEtm—l = + o(n~1/?),

By the Steiltjes transform of the limit of the ESD of any sample covariance
matrix, there exists only one mg(z) such that (One can also refer to (1.6) of
[11] or (6.12)-(6.15) of [7])

1

7.40 ng(2) = — TR
( ) mg(Z) s %t’f'(I +m9(2)21)_121 z

Consider the difference between (7.39)-(7.40) and denote § = LEtrA~! +
mg(1). It is easy to conclude that

Lir [ LA (T4 hg(1)51) 715
(1 — %tT‘(I — (EtY’A_l)il)_lil)(l — %tT’(I + ﬁl@(l)fh)_lil)

1
n

)= o(n™'7?).

5(1+

Together with the fact that ||21]] = O(#~1), it follows that & = o(1/y/n).
Therefore, we have shown that

(7.41) \/ﬁ(%EtrA_l +ig(1)) = 0. O
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