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1 Introduction

The Bernstein-von Mises property, in Bayesian analysis, concerns the asymptotic
form of the posterior distribution of a quantity of interest, and more specifically it cor-
responds to the asymptotic normality of the posterior distribution centered at some kind
of maximum likelihood estimator with variance being equal to the asymptotic frequentist
variance of the centering point. Such results are well know in parametric frameworks,
see for instance [13] where general conditions are given. This is an important property
for both practical and theoretical reasons. In particular the asymptotic normality of the
posterior distributions allows us to construct approximate credible regions and the dua-
lity between the behaviour of the posterior distribution and the frequentist distribution
of the asymptotic centering point of the posterior implies that credible regions will have
also good frequentist properties. These results are given in many Bayesian textbooks see
for instance [16] or [1].

In a frequentist perspective the Bernstein-von Mises property enables the construc-
tion of confidence regions since under this property a Bayesian credible region will be
asymptotically a frequentist confidence region as well. This is even more important in
complex models, since in such models the construction of confidence regions can be diffi-
cult whereas, the Markov Chain Monte Carlo algorithms usually make the construction
of a Bayesian credible region feasable. However the more complex the model the har-
der it is to derive Bernstein - von Mises theorems. In infinite dimensional setups, the
mecanisms are even more complex.

Semi-parametric and non parametric models are widely popular both from a theore-
tical and practical persepective and have been used by frequentists as well as Bayesians
although their theoretical asymptotic properties have been mainly studied in the fre-
quentist literature. The use of Bayesian non parametric or semi-parametric approaches
is more recent and has been made possible mainly by the development of algorithms such
as Markov Chain Monte-Carlo algorithms but has grown rapidly over the past decade.

However there is still little work on asymptotic properties of Bayesian procedures
in semi-parametric models or even in nonparametric models. Most existing works on
the asymptotic posterior distributions deal with consistency of the posterior or rates of
concentration of the posterior. In other words it consists in controling objects in the



form
P™ U, X™]

where P7[.|X™] denotes the posterior distribution given a n vector of observationsX"
and U, denotes either a fixed neighbourhood (consistency) or a sequence of shrinking
neighbourhoods (rates of concentration). As remarked by [5] consistency is an important
condition since it is not possible to construct subjective prior in a nonparametric frame-
work. Obtaining concentration rates of the posterior helps in understanding the impact
of the choice of a specific prior and allows for a comparison between priors to some
extent. However to obtain a Bernstein-von Mises theorem it is necessary not only to
bound P™ [U,,| X"] but to determine an equivalent of P™ [U,,|X"] for some specific types
of sets U,,. This difficulty explains that there is up to now very little work on Bernstein
Von Mises theorems in infinite dimensional models. The most well known results are
negative results and are given in [6]. Some positive results are provided by [7] on the
asymptotic normality of the posterior distribution of the parameter in an exponential fa-
mily with increasing number of paramters. Nice positive results are obtained in [11] and
[12], however they rely heavily on a conjuguacy type of property of the family of priors
they consider and on the fact that their priors put mass one on discrete probabilities
which makes the comparison with the empirical distribution more tractable.

In a semi-parametric framework, where the parameter can be separated into a para-
metric part, which is the parameter of interest and a non parametric part, which is the
nuisance parameter, [2] obtains interesting conditions leading to a Bernstein - von Mises
theorem on the parametric part, clarifying an earlier work of [17].

In this paper we are interested in studying the existence of a Bernstein-von Mises
property in semi-parametric models where the parameter of interest is a functional of
the nuisance parameter, which is the density of the observations. The estimation of func-
tionals of infinite dimensional parameters such as the cumulative distribution function
at a specific point, is a widely studied problem both in the frequentist literature and in
the Bayesian literature. There is a vast literature on the rates of convergence and on the
asymptotic distribution of frequentist estimates of functionals of unknown curves and of
finite dimensional functionals of curves in particular, see for instance [20] for an excellent
presentation of a general theory on such problems.

One of the most common functional considered in the literature is the cumulative
distribution function calulated at a given point, say F(z). The empirical cumulative
distribution function, F),(z) is a natural frequentist estimator and its asymptotic distri-
bution is Gaussian with mean F'(z) and variance F(z)(1 — F(z))/n.

The Bayesian counterpart of this estimator is the one derived from a Dirichlet pro-
cess prior and it is well known to be asymptotically equivalent to F,,(x), see for instance
[9].This result is obtained using the conjuguate nature of the Dirichlet prior, leading
to an explicit posterior disitribution. Other frequentist estimators, based on frequentist
estimates of the density have also been studied in the frequentist literature, in particular
estimates based on kernel estimators. Hence a natural question arises. Can we generalize
the Bernstein - von Mises theorem of the Dirichlet estimator to other Bayesian estima-



tors 7 What happens if the prior has support on distributions absolutely continuous with
respect to Lebesgue Measure ?

In this paper we provide an answer to these questions by establishing conditions
under which a Bernstein-von Mises theorem can be obtained for linear functional of
the density of f, such as the cumulative distribution function F'(x), with centering its
empirical counterpart, for instance F,,(z) the empirical cumulative distribution function,
when the prior puts positive mass on absolutely continuous densities with respect to
Lebesgue measures. We also study cases where the asymptotic posterior distribution of
the functional is not asymptotically Gaussian but is asymptotically a mixture of Gaussian
distributions with different centering points.

1.1 Notations and aim

In this paper we assume that given a distribution P with density f with respect
to Lebesgue measure, X1, ..., X,, are independent and indentically distributed by P and
denote X" = (X1, ..., X,,) and without loss of generality we assume that the X; € [0, 1].
Let F = {f:1[0,1] — R™, fol f(z)dz = 1}. We now define some notations that will be
used throughout the paper. Denote I, (f) the log-likelihood associated with the density
fand 1,,(8) = 1,(fp). Let fo be the true density of the observations X" and denote by
Fp its cumulative distributon function and let x be a fixed real number.

We denote by < .,. > the inner product in Ly(Fy) = {g: [g¢*(@)fo(x)dz}.
and by |.| the corresponding norm. For an integrable function g we sometimes denote
Fyo(g) = fol fo(u)g(u)du =< 1, g >. We also consider the inner product in L?([0, 1]) noted
< .,. >9 with its corresponding norm whichdenoted |.|2. Let K(f, ') = F[log(f/f")]
be the Kullback-Leibler divergence between two densities f and f’. Let h(f,f) =

[J(VF(y) — ﬁ(y))%ﬂy]lﬂ be the Hellinger distance between f and f’. Denote also
V(f. ') = Fl(og(f/f)]-

We consider the usual notations on the empirical process, namely

1 n n
Pa(9) =~ 9(Xi),  Gnlg) = —= > [a(Xi) = Fo(g)]-
i=1 =1
Let F,, be the empirical distribution function : F,(z) = P,(1l <z).

Consider a prior IT on the set F of densities on [0, 1] with respect to Lebesgue measure.
The aim of this paper is to study the posterior distribution of ¥(f) a continuous linear
form on L2[0,1]. A typical example is ¥(f) = F(z) = P[X < z] for a given x and to
derive conditions under which

z
P [VaU() - B(R) < 24X — @[

] in Py Probability,
0

where V} is the variance of /n¥ (P, ). We also denote by ®y (z) the cumulative distribu-
tion function of a Gaussian random variable centered at 0 with variance V', by E™[.| X "]
posterior expectations and BVM for Bernstein Von Mises.



1.2 Organization of the paper

In Section 2 we present the general Bernstein Von Mises theorem, which is given in
the formal way in the case where linear submodels are adapted to the prior. We then
apply this general theorem to the case where the prior is based on infinite dimensional
exponential families, in Section 3. In this Section we first give a general results giving
the asymptotic posterior distribution of the W(f) which can be either Gaussian or a
mixture of Gaussian distributions. We also provide a theorem describing the posterior
rate of concentration under such priors, see Section 3.1. Finally, in Section 3.3, using an
example we explain how things can go wrong. The proofs are postponed in Section 4.

2 Bernstein Von Mises theorems

2.1 Some heuristiscs for proving Bernstein Von Mises theorems

We first define some notions that are useful in the study of asymptotic properties of
semi-parametric models. These notions can be found for instance in [20].

As in Chapter 25 of [20], to study the asymptotic behaviour of semi-parametric
models we consider 1-dimensional differentiable paths locally around the true parameter
fo, that is submodels of the form : t — f; for 0 < t < tg, for some ¢ty > 0 such that for
each path there exists a measurable function g called the score function for the submodel
{ft,,0 <t <ty} at t =0 satisfying

/20,0 _ 120, 2
ggR(t (>t0()—;mw5”w0 du = 0. 1)

We denote by Fp, the tangent set, i.e. the collection of score functions g associated with
these differentiable paths. Using (1), Fy, can be identified with a subset of {v € La(Fp) :
Fy(v) = 0}. For instance, when considering all probability laws, the most usual collection
of differentiable paths is given by

fi(@) = e(t) folx)e'™ (2)

with |¢g]ec < 00 and ¢ such that ¢(0) = 1 and ¢/(0) = 0. In this case, g is the score
function. Actually, as emphasized by [20], we can prove, by considering the collection of
differentiable paths of the form f;(x) = 2¢(t) fo(z)(1 + exp(—2tg(x)))~! (with previous
conditions on c), that the tangent space is the subspace of Ly (Fp) of functions g verifying
Fo(g) = 0.

Now, consider a continuous linear form ¥ on LLy. We can identify such a functional
by a function € Ly such that for all f € Lo

wu»:/waWMw 3)



Then for any differentiable path ¢ — f; with score function g, if the function v is bounded
on R (or on the support of f; for all 0 <t < t),

1/2 1/2 2
YA ) [y /(ﬂ<w—o<m)
—— = [ ¥ u)du + W(u)du
t t
1/2 1/2 u
+2/w ( : “(>—§mm5”w0fy%mm

= < 1,9 >+o(1).

Then, we can define the efficient influence function ) belonging to lin(F ) (the closure
of the linear space generated by Fy,) that satisfies for any g € Fy,,

[ dwgtn)fatwin = [ v

lim U(fr) — ¥(fo)
t—0 t

This implies :
=<¢,9>. (4)

The efficient influence function will play an important role for our purpose. The effi-
cient influence function is also the key notion to characterize asymptotically efficient
estimators (see Section 25.3 of [20]).

Now, let us provide some examples by specifying different types of continuous linear
forms that can be considered.

Example 1. An important example is provided by the cumulative distribution function.
If o € R s fized, consider for any density function f € Iy whose cdf is F,

Wﬂ=/ngww=F®w

so that in this case, Y(u) = lly<qz,, which is a bounded function and if Fy, is the subspace
of L2(Fy) of functions g satisfying Fo(g) = 0 then 1(u) = y<z, — Fo(o).

Example 2. More generally, for any measurable set A then consider ¥ (u) = llyea and
for any density function f € Lo

W<f>::t/"uueA11u>du

Example 3. If fo has bounded support, say on [0,1] then the functional

1
szMwaumMu

satisfies the above conditions, ¥ (u) = u and ¥(u) = u — K [X].



In this framework, the Bernstein Von Mises theorem could be derived from the conver-
gence of the following Laplace transform defined for any ¢ € R by

Ly(t) = ET[exp(tv/n(¥(f) — ¥(Pn)))X"]
Jexp (tv/n(2(f) — U(P)) + In(f) — n(fo)) dr(f)
fexp (ln(f) _ln(f())) dﬂ'(f) ‘

Now, let us set fy, = fiif t = n~3. We have :

VI (U (fgn) —U(P) = \/ﬁ/?/)(w)(fg,n(fﬂ) — fo(z))dz — Gy (1)
= An(g)+ <1h,g > —Gn(¥),

" Bu(9) = Vi (W(fy) — W(fo)) ~ < g >
Furthermore,
"
o) ~atho) = 3t (B0 )
= Ralo)+ Gulg) - 2,
with
R.(g) = nP, <1og <fj’;0”>> — Gulg) + F°(292).
So,
W (W) — WP) + InlFyn) ~ Il
= Rule) = ) g — 1)+ thnle) 4t < g >
= R(g— 1) + Golg — 1) — 2L 5 W), t2F°2(¢2) + Uy,
with

Un = tAn(g) + Rn(g) - Rn(g - tl&)

Lemma 25.14 of [20] shows that under (1), R,,(g) = o(1) and (4) yields A,,(g) = o(1) for a
fixed g. It is not enough however to derive a Bernstein-von Mises theorem. Nonetheless
if we can choose a prior distribution 7 adapted to the previous framework to obtain
uniformly U,, = o(1),

\/ﬁ(q’(fg,n) - ¥(f) + ln(fym) —In(f) = o(1)

and the equality

fem(g,fw:ncn(gw)fMdﬂ(f): [ exp (In(f) = In(fo)) dr (QW)_
[ Pn(0)+Gn ()= g ) Jexp (ln(f) = 1a(fo)) dm(f)

+0(1), (5)



then

L,(t) =exp (7521*—102(1#2)) (1+o0(1)).

In this case, our goal is reached. However, it is not obvious that a given prior w sa-
tisfies all these properties. In particular in a nonparametric framework R, (g) # o(1)
uniformly over a set whose posterior probability goes to 1. An alternative is to give up
the framework of tangent sets and score functions and to consider local linear submodels.

2.2 Bernstein Von Mises under linear submodels

In this section we study the case where linear local models are adapted to the prior.
More precisely, we assume that | log(fo)|ec < oo so, for each density function f, we
define h such that for any =,

h(z) = /nlog <;;((9;))) or equivalently f(z) = fo(x)exp (h\(}?) .
For the sake of clarity, we sometime write f3, instead of f and Ay instead of h to underline
the relationship between f and h. Note that in this context h is not the score function
since Fy(h) # 0. It would be equivalent to consider local models of the form f = fy(1 +
h/\/n), except that we would have to impose constraints on h for f to be positive. We
consider a continuous linear form ¥ on Lo such that for any f € Lo, we consider ¥ such
that (3) is satisfied and we set for any z,

Ye(x) = Y(x) = Fo(h). (6)

Note that . coincides with the influence function ) associated with the tangent set
{g € La(Fp); Fo(g) = 0}. Then we consider the following assumptions.

(A1) The posterior distribution concentrates around fy. More precisely, there exists
un = o(1) such that if A, ={feF: V(fo,f) <u2} the posterior distribution
of A} satisfies

P™{A, |X"} =1+ op,(1).

(A2) The posterior distribution of the subset A, C Al of densities such that
f(x) >

log (

/ Jfo(z)

P™ [An]X"™] = 1 + op, (1).

3

(fo(z) + f(2)) dz = o(1) (7)

satisfies

(A3) Let
Fo(h?)
2

and for any =z,

Prn () = te(x) + \f log <F0 [exp <h - “")D .



We have
—tb 2 — _
S, exp (=P 4G (hy = tadin) + Rulhy = tr,n) ) dr(f)

[, exp (— DD 4 Gulhy) + anf)) dr(f)

=1+ OPO(l)' (8)

Before stating our main result, let us discuss these assumptions. Condition (A1) concerns
concentration rates of the posterior distribution and there exists now a large literature
on such results. See for instance [19] or [8] for general results. The difficulty here comes
from the use of V instead of the Hellinger or the IL;-distance. However since u,, does not
need to be optimal, deriving rates in terms of V' from those in terms of the Hellinger
distance is often not a problem (see below).

Condition (A2) is a refinement of (A1) but can often be derived from (A1) as illus-
trated below.

The main difficulty comes from condition (A3). To prove it, we need to be able to
construct a tranformation 7" such that Tf, = fh—td?t,n exists and such that the prior
is hardly modified by this transformation. In parametric setups, continuity of the prior
near the true value is enough to ensure that the prior would hardly be modified by such
a transform and this remains true in semi-parametric setups where we can write down
the parameter as (6,7n) where 6 is the parameter of interest and is finite dimensional.
Indeed as shown in [2] under certain conditions the transformations can be transfered
to transformations on € which is finite dimensional. Here this aspect is more complex
since T is a transformation on f which is infinite dimensional so that a condition in the
form dn(T'f) = dn(f)(1 + o(1)) does not necessarily make sense. We study this aspect
in more details in Section 3.

Now, we can claim the main result of this section.

Theorem 2.1. Let fy be a density on F such that |log(fo)|eo < 00 and |¢]ee < oc.
Assume that (A1), (A2) and (A3) are true. Then, if

Z?:1 w(Xz)

n

\I’(Pn) = Pn(¢) =
we have for any z, in probability with respect to Py,
P {Vn(W(f) = U(Py)) < 2|X"} — ®pyy2)(2) — 0.

Sieve priors lead to interesting behaviours of the posterior distribution as is illustra-
ted in the following section. Indeed they have a behaviour which is half way between
parametric and non parametric and depending on where the true density lies their asymp-
totic behaviour can vary significantly. We illustrate these features in the following two
sections.



3 Bernstein Von Mises theorem under infinite dimensio-
nal exponential families

In this section, we study a specific class of priors based on infinite dimensional ex-
ponential families on the following class of densities supported by [0, 1] :

{520 £ vperodic, [ o)t =1, tog() e L200.1) .
0

We assume that fy € F and we consider two types of orthonormal bases defined in the
following section.

3.0.1 Orthonormal bases

We now describe the two types of orthonormal bases considered, namely the Fourier
and wavelet bases. Fourier bases constitute unconditional bases of periodized Sobolev
spaces W7 where ~ is the smoothness parameter. Our results are also valid for a wide
range of Besov spaces. In this case, we consider wavelet bases which allow for the following

expansions :
+oo0 291

F) =010l y(t) + > > 0 Tw(t), te[0,1]

j=0 k=0

where 0_19 = fo t)dt and 0, = fo t)Yjx(t)dt. We recall that the functions Y, are
obtained by d11at10nb and translations of a periodized mother wavelet ¢ that can be
assumed to be supported by the compact set [—A, 4] :

To(t) = 'Zrzﬂtfkmu) teo,1].

l=—00
If T belongs to the Holder space C” and has r vanishing moments then the wavelet
basis constitutes an unconditional basis of the Besov space Bj 4 for 1 < p,q < +00 and
max (0 i_ 7> < v < r. In this case, By 4 is the set of functions f of L»[0, 1] such that

Hf”%p,q < 00 where

1
’0_10’ + (Z+OO 2]Q(’Y+ p (221 1 ‘9]k| > )q if ¢ < 00

1f v pa = 1
0—10] + sup;>g {23 (Zzﬂ 1 \ij!p) } if g=o00

We refer the reader to [15] for a good review of wavelets and Besov spaces. We just
mention that Besov spaces include in particular Sobolev spaces (W7 = 83’2) and, when
7 is not an integer, Holder spaces (C7 = Bl ). To shorten notations, the orthonormal
basis will be denoted (¢x)en, where ¢ = 1 ;) and



- for the Fourier basis, for A > 1,
Por—1(t) = V2sin(27At),  dax(t) = V2 cos(2mAt).
- for the wavelet basis, if A = 2/ + k, with j € N and k € {0,...,2/ — 1},

="

Now, the decomposition of each periodized function f € L[0,1] on (¢))aen is written

as follows :
=Y _0agalt), te[o,1],
AeN

where 0 = fol f(t)pa(t)dt. Recall that when the Fourier basis is used, f lies in W7 for
v > 0 if and only if | f|, < oo, where

1
2
um:@+zuwg.

AEN*

We respectively use |.|y and |.|,pq to define the radius of the balls of W7 and B, 4 res-
pectively. We now present the general result on posterior concentration rates associated
with such prior models.

3.1 Posterior rates

Assume that fy € F and let ® be one of the orthonormal basis introduced in Section
3.0.1, then

log(fo) — / log(fo(x))dz = Oorda.

AEN*
Set 0y = (0px)ren+ and define

1
(60) = — /0 log(fo(x))dz

we have

fo(z) = exp (Z Oorda () — 0(90)> :

AEN*

We consider the following family of models : for any k € N*, we set

k
Fr = {f@ = exp (ZG,\@\—C(H)) : GERk},

A=1

c(e)zlog(/lexp<§k: Orin (& > >

where

10



So, we define a prior 7 on the set F = U, Fy, by defining a prior p on N* and then, once
k is chosen, we fix a prior 7, on Fj. Such priors are often considered in the Bayesian
non parametric literature. See for instance [18]. The special case of log-spline priors has
been studied by [8] and [10], whereas the prior considered by [21] is based on Legendre
polynomials. For the wavelet case, [10] considered the special case of the Haar basis.

Since one of the key conditions needed to obtain a Bernstein Von Mises theorem is
a concentration rate of the posterior distribution of order €,, we first give two general
results on concentration rates of posterior distributions based on the two different setups
of orthonormal bases : the Fourier basis and the wavelet basis. These results have their
own interest since we obtain in such contexts optimal adaptive rates of convergence. In a
similar spirit [18] considers infinite dimensional exponential families and derives minimax
and adaptive posterior concentration rates. Her work differs from the following theorem
in two main aspects. Firstly she restricts her attention to the case of Sobolev spaces and
Fourier basis, whereas we consider Besov spaces and secondly she obtains adaptivity by
putting a prior on the smoothness of the Sobolev class whereas we obtain adaptivity
by constructing a prior on the size k of the parametric spaces, which to our opinion
is a more natural approach. Moreover Scricciolo merely considers Gaussian priors. Also
related to this problem is the work of [10] who derives a general framework to obtain
adaptive posterior concentration rates and apply her results to the Haar basis case. The
limitation in her case, apart from the fact that she considers the Haar basis and no other
wavelet basis is that she constraints the 6;’s in each k dimensional model to belong to a
ball with fixed radius.

Now, we specify the conditions on the prior 7 :

Definition 3.1. Let 5 > 1/2 be fized and let g be a continuous and positive density on
R bounded (up to a contant) by the function My(x) = exp (—|z|P) for a positive constant
p and assume that for all M > 0 there exists a,b such that

9y +u) = aexp{=b(ly[" + [u[")}, V|y| <M, VuecR

The prior p on k satisfies one of the following conditions :
[Case (PH) | There exist two positive constants ¢; and ca such that for any k € N*,

exp (—c1kL(k)) < p(k) < exp (—cakL(k)), 9)

where L is the function that can be either L(x) =1 or L(z) = log(z).
[Case (D) ] If ki = (logn)~tn!/GO+D),

p(k) = 0 (k).

Conditionally on k we define the prior on Fy, by assuming that the prior distribution my
on 0 = (0\)1<x<k s given by

—F ~ g, TxT 7‘0)\_2/6 i.1.d.
where 3 < 1/2+p/2 ifp<2and f<1/2+1/pifp> 2.

11



Observe that we do not necessarily consider Gaussian prior since we allow for densities
g to have heavier tails. The prior on k£ can be non random, which corresponds to the
Dirac case (D). For the case (PH), L(z) = log(z) corresponds to a Poisson prior on k and
the case L(x) = 1 corresponds to hypergeometric priors. Now, we have the the following
result.

Theorem 3.1. Assume that |log(fo)|ec < 00 and that there exists v > 1/2 such that
log(fo) € Bp.oo, with p > 2. Then,

P”{fe: h(fo,fe>g%enw"}:lmp(l), (10)
and
2
P”{fe: 160 — 8] < “zg(;j)) enml =1+ 0p(1), (1)

where in case (PH),

0
logn \ 2+1
€n = €0 )
n

__B .
€n =€on 28¥1 ify >0

in case (D),

o .
€n = €gn 261 logn”, ify<
and €y is a constant large enough.

Remark 1. If the density g only satisfies a tail condition of the form
g(l') S Cg’x‘*}?’

with p > 1, then, in case (PH), if v > 1 the rates defined by (10) and (11) remain valid.

3.2 Bernstein Von Mises under these models

In this section, we apply Theorem 2.1 of Section 2.2 to establish the following Bern-
stein Von Mises-type result. For this purpose, let us expand the function . defined in
(6) on the basis (¢x)ren :

e = Z Pe AP

AeN

We denote IT, i, the projection operator on the vector space generated by (¢x)o<i<i for
the scalar product < f,g >= Fy(fg) and Ay = ¢, — IIg, zAy. So we can write for any
x €[0,1],

k
Ty ktbe(x) = Yo+ Y Ymeada(@),
=1

12



since ¢o(z) = 1. We denote B, ) the renormalized sequence of coefficients that appear
in the above sum :

Yrie,
By = lz/ﬁ[k]a Vite k] = (VILea)1<a<k-

Such quantites will play a key role in the sequel. Let Iy > 0 be large enough so that

2

P™ [k > lones| X™] < e™ ",

for some positive ¢ > 0, where €, is the posterior concentration rate defined in Theorem
3.1 and define I,, = lopneZ.
We have the following result.

Theorem 3.2. Let us assume that the prior is defined as in Definition 3.1 and for all
teR,1<k<l, and 0

m(0)

@ —tBor) 1B =1+0(1) (12)

uniformly. Under assumptions of Theorem 3.1
— forall z € R

B V() ~ W(E) < 2X7] = T plhi e (W)+OPO<1>, (13)

where
- Vo = Fo(¢?), which corresponds to the variance of \/ny(P ) under Py.

~ Hnk = \FFO[(w Mfo kw) Z]2k+1 90]¢]] +G (Aw)
— In the case (D), if

S wa=o(n T (logn) ) (14)
A=Llp+1
then,
P (VAU - (7)< 24X = @ () + on, (1) (19

The first part of Theorem 3.2 shows that the posterior distribution of /n(¥(f) —
U(P,)) is asymptotically a mixture of Gaussian distributions having the same variance
Vo but with different mean values p,,  with weight p(k|X™). To obtain an asymptotic
Gaussian distribution with mean zero it is necessary for p,; to be small whenever
p(k|X™) is not. The conditions given in the second part of Theorem 3.2 ensure that this
is the case, however they are not necessary conditions.

We now discuss condition (12) in three different examples.

13



— Gaussian : If g is Gausian then for all & < I, (or k, g in the case of a type (D)
prior) and all j <k, 6; ~ N(0, 78j7%%) and for all 6 € A, N Fy,

k42,28 268
M < k= < O(n* 1) = o(1)
n n
Soh_1 05557 S (05— 00) W% + 38 00055 2 L 1126
NG = NG < 7 [||9—0on + (k +1)}
= o(l).
This implies that uniformly over A,
T (0 — Bnk) = m(0)(1 + o(1))
— Laplace : If g is Laplace, g(z) o e~ 1%,
0; —tih;/\/n 0; bi
log(g( V1)) pog(g( 2y < ol
T Vs "
So that
(0 — By) Sk 3811
'log ["] ’ < ===
(0) NG

LB+1/2
<
< C T

Hence if v > (3 condition (12) is satisfied.
— Student : In the Student case for g we can use the calculations made in the Gaussian
case since

=o(1), ifk <k’ =n"C*D(logn)"!

k
> tog (1+C5263) —1og (14 C27(0) — iy /v/n)?)
j=1

k
= 0 D250 — i /vy 6]
j=1

= o(1)

Therefore in all these cases condition (12) is satisfied.

Interestingly Theorem 3.2 shows that parametric sieve models (increasing sequence
of models) have a behaviour which is a mix between parametric and nonparametric
models. Indeed if the posterior distribution puts most of its mass on k’s large enough
the posterior distribution has a Bernstein Von Mises property centered on the empirical
(nonparametric MLE) estimator with the correct variance whereas if it allows for k’s
that are not large enough (corresponding to Z?:l 32210 — tih;//n)? — 9?] or Ay not
small enough) then the posterior distribution is not asymptotically Gaussian with the
right centering. We illustrate in the following section this issue in the special case of the
cumulative distribution function.

14



3.3 An example : the cumulative distribution function

As a special case consider the functional on f to be the cumulative distribution
function calculated at a given point z. As seen in Section 2, ¥(u) = Ily<p — Fo(z).
Denote Fy,(z) = P, (1) and recall that the covariance of G, (1)) under P§ is equal to
Vo = Fy(a) (1 — Fy(w)-

As an illustration, consider the case of a non localised basis and more specifically the
Fourier basis. The case of wavelet bases is dealt with in the same way. In other words
set ¢oj41(u) = V2sin(2m(j + 1)u) and ¢o;(u) = v/2cos(2mju), j > 1 and ¢o(u) =1 .

Corollary 3.1. If the prior density g on the coefficients is Gaussian or Laplace then if
fo €Sy, withy > 3> 1/2 and if the prior on k is the dirac mass on kn, = ky g then the
posterior distribution of v/n(F(x) — F,(x)) is asymptotically Gaussian with mean 0 and
variance V.

If the prior density g is Student and if v > 8 > 1 then the same result remains valid.

Proof. To prove this Corollary we need only verify conditions (14) since condition (12)
is proved in the previous section.
To prove condition (14) note that

s = sin(2mjz) 1 —cos(2mjx)
A G 21
Therefore
2 _1 2(72—5)—1
D Uf =0k ) =o(n” 27
jzkn,ﬁ

as soon as v > (3, which achieves the proof.
|

Remark : In this remark we illustrate the fact that in the case of a random k, which
leads to an adaptive minimax rate of convergence for the posterior distribution we might
not have a Bernstein - von Mises theorem. Consider a density fy in the form

fo=exp [ D fojé;(u)du — c(6o)

Jj>ko

where ky is fixed but can be large and 6y 2; = 0 and 6y 251 = sin(2mjz) /[T /?/Tog j log log j].
Then for J; > 3

IN

1
Z jlog jloglog 52

> 657

Jj=J1 Jj=J1

> 1
< dx
/j x log z(loglog x)?
-
loglog J;’

15



and similarly

1
D% < D= -
[i— . +1 . 2
57, 55,9 7+1]og jloglog j
o0 1
< d
- /jl 227+ og x(log log )2 “
1 o0
= |- 1+ 0(1
[ 2v227 log x(log log x )2 J1( +o(1)
1

= 14 0(1 16
2’)&71%Y log Ji (log log J1)2( @) (16)

when J; — oo.
Consider a Poisson distribution with parameter v > 0 fixed on k is then for such fy,
if k, = n'/ 7D (logn)~2 D (loglogn)~2/ 7+ if k; is large enough

Pk < kikn| X" = 1+ o(1).

We now study the mean terms p, ; and we show that there are some k’s for which
neither p, ;, nor w(k|X™) can be neglected.
First note that when k — oo G,,(Ay) = o(1)

fng = /nFp [(@ZJ — My, x¥)(lo — Mfo,klo)] (17)
= VaFy (D ¥95) (o — My, klo) (18)
j=k+1

= Vi [ [~ Mpoad)to = Mypgdo)] + v [ (o = 1) (5 = Mypped)lo — My, )

We first consider the first term of the right hand side of (17).

[kl = \/ﬁ/ (> iey) o — My, klo)

| j=k+1

= \/ﬁ/_i Tﬂji%j%

j=k+1  j=k+1

= Vn > b

j=k+1

sin?(2mxl)
= \/ﬁlgc;2 <2l + 1)7""3/2 10g(2l + 1)1/2 log log(zl + 1)

16



and if x = 1/4 we have

1
ng1 = Vﬁpk%;l 1o (47 +3)7792(log 4j + 3)1/2loglog (47 + 3)
1
/1’ ,k,l S \/ﬁ . - )
—y—1/2 *
< o2l r
= vn [27\/@10glogm N
\/» k;ffyfl/Z
< K
= n\/@log log k
1
tngr > 2707N/n : ~ ;
' j>l~c/42+1/2 j73/%(log j)1/2 loglog j
> C,\/ELM
= Viogkloglogk’

Note that there exists ¢ > 0 such that for all k < k,

Hnk1 = cy/logn.

We now consider the second term of (17). Let M; ;, denote the projection on (¢o, ...
with respect to the scalar product < f,g >o= [ fg(u)du and note that

o0
My, 1lo = Myglo + Mgy k[ Y 0005
j=k+1

k2l = vﬁl/kﬁ)—]) (> ¥id)(lo — My, klo)

j=k+1

= Wi [(fo=1) [ (D %i65)(lo — Mylo)

j=k+1

t|va / (o= 1) | (2 wé))(Myalo — My, ko)

j=k+1
- 1/2 - 1/2
< 2fo—loo | D ¥ > 65,
j=k+1 Jj=k+1
k—*y—l/Z
< Cvnlfo-—

lloo——s""
| Vlog kloglog k

17



By choosing kg large enough | fo — 1| can be made as small as need be so that we finally
obtain that there exist C,c > 0 such that for all & < k,,

Cy/logn > pp 1 > cy/logn.

Thus in this case the posterior distribution is not asymptotically Gaussian with mean
F,(z) and variance Fy(x)(1 — Fp(x))/n. Wether it is asymptotically equivalent to a
mixtures of Gaussian is not clear. It would be a consequence of the way the posterior
distribution of k£ concentrates as n goes to infinity.

4  Proofs

In the sequel, C' denotes a generic positive constant whose value is of no importance.

4.1 Preliminary lemma

Let us first state the following lemma.

Lemma 1. Set K,, = {1,2,...,k,} with k, € N*. Assume either of the following two
cases :
- v >0, p=q=2 when ® is the Fourier basis
-0<y<r,2<p< o0, 1< qg< oo when @ is the wavelet basis with r vanishing
moments.
Then the following results hold.
- There exists a constant c1 o depending only on ® such that for any 6 = (6))x € RFn

Z Ororll < crovVkn|0]e,- (20)

AeKy o

- Iflog(fo) € By g(R), then there exists ca~ depending on ~y only such that

> b6y < cany R, (21)
AEK,

- Iflog(fo) € By 4(R) with v > %, then there exists c3 ¢~ depending on ® and v only
such that :

1
Z Oordn| < czon RE2 . (22)

K, ~

Proof. Let us first consider the Fourier basis. We have :

doda] < D 10 x Iéalo

AeKy AeKn

[$loc D 164,

AeKy,

IA

18



which proves (20). Inequality (21) follows from the definition of By, = W7. To prove
(22), we use the following inequality : for any z,

D boaoa@)| < 16l Y 100l

MK, AEKR
3 3
< élos | Y IN65 o
AEKy, A Kn

Now, we consider the wavelet basis. Without loss of generality, we assume that logs (ky, +
1) € N*. We have for any =z,

1 1
Y o)) < | Y& > @)
ANeK, ANeKy, AEKy,
27 -1 2
< [0 > T

0<j<logy(kn) k=0
Since Y(z) =0 for = ¢ [—A, A],
card {k € {0,...,27 —1}:  Tj(z) #0} <3(24+1).
(see [14], p. 282 or [15], p. 112). So, there exists cy depending only on T such that

2

S @) < ol | Y 3eA+1IE |

>\EK7L OSJSIOgQ(kn)

which proves (20). For the second point, we just use the inclusion By 4(R) C B; , (R)

and _
21 -1

A R?
2 2 2 —25v —2v
Sh- Y Ysm Y oove o
AEKy J>logy(kn) k=0 j>logy (kn)
Finally, for the last point, we have for any x :

N

27 -1 29 -1 2
Yotmon@)| < Y (Y] | D TR
MK, j>logy(kn) \ k=0 k=0
.1 . 1
< D (RR27)2 (324 +1)2cF)?
J>logy(kn)
< RBEA+1)Eer Y. 226G
j>logy (kn)
1
. RGEA+D)rer iy
1—2277
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4.2 Proof of Theorem 2.1
Let Z, = /n(¥(f) — ¥(P,)). Using (Al) and (A2), we have

P {A|X"} = 1+ 0, (1). (23)

So, it is enough to prove that conditionnaly on A, and X", the distribution of Z,
converges to the distribution of a Gaussian variable whose variance is Fy(?). This will
be established if for any ¢ € R,

: t2 )
i L(t) = exp (QFO wc]) , (24)
where L, (t) is the Laplace transform of Z,, conditionnaly on A,, and X" :

La(t) = E7 [exp(tv/n(@(f) — W(Po)) An, X"]
E™ [exp(ty/i(¥(f) — (Po)))La, ()| X7]

P {A,[X"}
_ Ja e (Vn(Y(f) = U(B)) + Ia(f) — la(fo)) dm(f)
Ja, exp (In(f) = 1n(fo)) dm(f)

Recall that we have set for any =,

Bhn(z) = /01(1 — ) exp (“fg)) du,

S0,

which implies that

xT 2 a
@)= o) = folo) (U2 + 2y )
and
W) - BB = G0+ i ( [ 610~ foeie
= —tGn(te) + LRy (hbe) + ﬁFow?Bh,nwc%
Since (2
zaﬁ—%mﬁz—og)+Gam+RMm,



we have
Ja, €50 (Gulh = tue) + tRy(hi) + = Fo(W? Bptbe) = 292 + Ro(h)) dr(f)
Ja, exp (=242 4 Gu(h) + Ru(h) ) dr(f)
Ja exp (—w + Go(h = ty0) + Ro(h =ty ) + Un,h> dr(f)
Ja, exp (=242 4 G(h) + Ru(h) ) dr(f)

Ln(t) =

where straightforward computations show that

2
Un,h - tFO(h(wc - djt,n)) + %FO(QEZTI) + Rn(h) - Rn(h - “Et,n) + LnF0<h2Bh,an)

V/Af
— By (hbe) + (i) + jﬁFom?Bh,nwc)
= tFy(hte) +nlog <F0 [exp <;ﬁ — i}%)]) + \/tﬁFo (hQB;wi/)C) .

Now, let us study each term of the last expression. For this purpose, let us state the
following lemma.

Lemma 2. On A,, we have
- Fyll?) = 0(mu).
~ R (| B — 1) = ofm)

Proof. For the first point, we observe :

Fo(i2) < | <log ( L (5])))2 folw)dir = nV (fo, f) < mui.

For the second point, we use following inequalities.

Fy <h2

(ﬂ\h\s\/ﬁ + ﬂ|h|>ﬁ)>

h(z)

1
9 e’ |h(x)] evn +1
/h (z) fo(x) (6 NG Upaycynt | =5 | Dn@isva | 42
1 e\ F |h|3 1
< (2 + 6> Fo (%) + §F(h2]l|h|>\/ﬁ)

v 3
T ()
= o(n).

1 1
Bhn — 2') = R <h2 ‘Bh,n -5

IN

IN
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Now, we have

(%)) = o (e )

— 1- \/tﬁpo [eﬁ%} + ;Fo [eﬁﬁ} +0(n3).

So,
h 2 h 2 2 2
o [edry) = B0 DBt g [ g2) =y o) P DO Bate]
Note that Fy(|h|) = 0(y/nu,). Therefore, uniformly on A,,
_ 13 FO [hwc] FO [hQBh,nwc]
)] = - (e
t2 o[l Fy[h? B2 _
t5 <Fo [v2] + 0\[/5 ] + ol nh’ Ld ]> +o(nt)
B t Fo[h?Bpntd  tFo(yz)
= 1- - [Fo[hwc] + NG i —i—o(l)}
= 1+4o0 (n’lﬂ)
and
2 2
nlog <F() {exp <\;Lﬁ - i}%)]) = —t {Fo(hwc) + Folh %,nwc] - tFogbC)} +o(1).
Finally,
t2
Unp = 5 Fo [¥2] +0(1)
and

—t) 2 — _
fAn exXp <_M + Gn(h - twt,n) + Rn(h - t¢t,n)) dﬂ-(f)

La(t) = exp <2F0 [w?]) S, 0 (=252 4 Go(h) + Ra(h)) d(f)

Finally (A3) implies (24) and the theorem is proved.

4.3 Proof of Theorem 3.1

Denote for any n,

Bulen) ={f €F: K(fo.f)<e, V(fo.f) < e},
where K (fo, f) is the Kullback-Leibler divergence between fy and f :

k(o) = [ 10w (28 foopaa
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and

Vi 1) = /0 & (J;?g))))Q fol@)dz.

To prove Theorem 3.1, we use the following version of the theorem on posterior conver-
gence rates. Its proof is not given, but it is a slight modification of Theorem 2.4 of

[8].

Theorem 4.1. Let fy be the true density. We assume that there exists a constant c
such that for any n, there exists F;, C F and a prior m on F satisfying the following
conditions :

- (4) 2
P {]_-;:C} _ 0(6_(C+2)"€").

- (B) For any j € N*, let
Snj={f€Fn+ Jjen <h(fo,f) < (J+Den},

and H,, j the Hellinger metric entropy of Sy j. There exists Jo, (that may depend
on n) such that for all j > Jo,

Hn,j < (K - 1)7’Lj263“

where K 1s an absolute constant.

- (C) Let
Bulen) ={f€F: K(fo.f) <€, V(fo,f) < e}
Then,
P™ {Bn(€n)} > e~ n.
We have :

PT{f: h(fo,f) < Jonen|X"} =14 0p(1)

To prove Theorem 3.1 it is thus enough to prove that conditions (A), (B) and (C) of
the previous result are satisfied. We consider (A,,),, the increasing sequence of subets of
N* defined by

A =A{1,2,...,0,}

with [, € N*. For any n, we set :

f; = f9 € ‘Fln : f9 = €Xp Z 9)\¢)\ - 0(9) s Heub < W g
AEA,

with
Wn = exp(wonp(log n)q)7 p>0

Recall that X ,
- €n, = €on 271 (logn) >+ in case (PH)
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__B
- €, = €on_ 25+1 in case (D).

Define I,, by

lone?
ln, = L 2

where [y is some positive constant. When ~, 5 > %, we have

lne2 — 0. (26)

Proof of condition (A) : We have, since >, 7, < 00

{F < D pk) P76} > wl

k>l k<lp
< Cexp(=l,L(,)) + Z P {91% > w2}
k<l

2 T |0k|p wﬁ

< Cexp (—lonen) + Z P {exp (27p/2> > exp <2
k<lp k
w,

< Cexp (—lonei) + Cl,, exp (—2>

< Cexp (—lone%) + Cexp (—nH)
for any positive H > 0. Hence,
m{F;} < Cexp (—(lo — 1)nea)

and Condition (A) is proved.

Proof of condition (B) : We apply Lemma 1 with K,, = A,, and k,, = [,,. For this
purpose, we show that the Hellinger distance between two functions of F;; is related to
the fo-distance of the associated coefficients. So, let us consider fy and fyp belonging to
Fr with

fo=exp | Y Oada—c(0) |, fo=exp| D 0hor—c(t)
A€hn AEAn

Let us assume that [0 — 0], < crenln? with ¢; a positive constant, then using (20)
and (26),

D (O = 00)0s|| < CVI]0' = 0]le, < CV1n]0) = 0]y, < Ceren — 0

AEA, 0o
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and

1
}6(0) — 0(9’)‘ = |log (/o fo(z)exp (Z (0 — (9))(%(1’)))

>\€A7l
< flog [ 1+C) > (65 — 03l
AEA,
< Cl Y () = 02)alo-

AEA,

Then,

W (fo. for) = /f@ (GXP ( Z (0% — Ox)oa(x) + % (c(6) — 0(9'))) — 1) dx

AEA,

2
1
/0 fo(2) (GXP Cl > (05 —06x) ¢Aoo) - ) dx

NEAn
< CL Y (0h—03)bal%
AEAR
< Cllo -0l <Cilo -0l (27)

IN

The next lemma establishes a converse inequality.
Lemma 3. There exists a constant ¢ < 1/2 depending on v, 3,R and ® such that if
(j +1)2%€%1, < ¢ x min (co, (1 — 6_1)2)
then for fg € Sy j,
I60 ~ 612, < ——(log )2 (fo, fo).

Note that in cases where €2l,, is not bounded (which only occures in some cases where
~v < () then there is no such j.

1
Proof. Using Theorem 5 of [22], with M; = (fl il x )2 if

ac

W (fo fo) < 51—V,
we have

V(fo.fo) < 5h2(fo,fo) (|log My| —log(h(fo, fo))” - (28)
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But

My = / fo@)exp | Y (Box — Ox)da(x) + Y Boxéa(@) — c(bo) +c(0) | da
e,

AEA,

IN

1 1
/ fo(z) exp (cl,(p V0o = 0o, + s, R 12 —c(6o) + c(9)> dx,
0

by using (20) and (22). Furthermore,

1
|c(fo) —c(0)] = |log / fo@)exp [ = D (6ox — 02)éa(2) — Y Oorgala
0 AEA, )‘géAn
1 1
< Jlog </ fo(x) exp <cl,q>\/E]90 — 0o, + c304R 15 7> dl’) ’
0
1
= 1,0 \/EHHO —0¢, + c30R 17 T (29)
So,

|1og My| < 261,07/ Tallfo — Oy + 25,0, R 127
Finally, since fg € S, ; for j > 1,

2 1y 2
V(fo, fo) < 5h*(fo, fa) <2c1’¢\/ﬂ||00 — Oy + 2035, R1Z T — log(en)>
2
S C4,vﬁ<I>Rh (fo, fo) (\/>”90 0)e, +logn>
< 2c4q80,80° (fo, fo) (Inl6o — 017, + (logn)?)

where 04751%(1, is a constant that only depends on v, 3,R and ®. Since fo(x) > ¢ for
any x and fo oa(z)dz = 0 for any A € A, we have

2
1
V(fo. fo) = Co/ (Z (Box — O)éa(x) + D foaoa (e )0(90)) dx
0 \aea AEA,
> < {Z (Gox —O0)" + Y ‘9(2))\]
AeAn A,
> collfo — 07, (30)

Combining (27) and (30), we conclude that

2¢45,80,R
I =07, < =2ERER(fo, fo) (Lalbo — 617, + (logn)?)

4
% (log n)*h*(fo, fo),
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if

2¢4.8,0,R 2¢4~5,0,R , . 1
SHANBRR 2 p), < SRBER )22y o 2
€o co 2

Lemma 3 is proved by taking ¢ = (max(2c4~ g.0.r,1)) /2. [ |

Now, under assumptions of Lemma 3, using (27), we obtain
Hy; <10g ((Cla(j +1)logn)"™ ) < Iy log (Ce;* VVinlogn)

Then, since I, L(n) = lpne2, we have

Hyj < (K —1)nj%e,

as soon as
g2~ Jologn
o= L)
where jg is a constant and condition (B) is satisfied for such j’s. Now, let j be such that
. 2 2 . fco 1 —1\2
c(j +1)%€;l, > min 5,5(1—6 ) - (31)

In this case, since for fy € F,

101es < VInlbley < VInwy,
for n large enough,
H,; < log ((cznwnegl)ln) < 21, log(wn) < 2wolun? (logn)e.
Then, using (31), condition (B) is satisfied if wy and ¢ are small enough and if
ln(logn)? < n'~",

which is true for n large enough, since v, 3 > %, for p small enough.

Proof of condition (C) : In the sequel, D is a constant that only depends on | fo]o,
v, R and ® and that may change from line to line. Now, we use the set K, defined in
Lemma 1, such that k, = card(K,), that will be specified later, goes to co. We assume
that 6 belongs to A(u,) where

A(up) =< 6: 0\ =0 for every A ¢ K,, and Z (Box — 00> <u? 3, (32)
MK,

where u,, goes to 0 such that

Vi — 0. (33)
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We define for any A € A,

1
Ba(fo) = /0 o7() folx)da

Let us introduce the following notations :

fox, = exp ( D boaoa(z) —c 90Kn)) , Jok, =exp ( Y fonda(e) — C(GOKR)) ‘
MK, >\¢Kn

We have
K(fo. fox,) = > BoxBx(fo) + clbox,) — c(6o)
MK,
= Z QO)ﬂA fO + log (/ f() ngKn 90A¢)\($)d$>‘
AR

Using inequality (22) of Lemma 1 and a Taylor expansion of the function e* we obtain

1
/ f0($)€* ZAgKn 90>\¢A(m)d$
0

= / (1 — > foada(z (Z Oorga(x ) X (1+0(1))> dx

AEKn AEK
1t :
= 1= 3 A 4y [ @) | 3 fnea@) | dox (1o,
AZKn 0 AE K
We have
> boaBa(fo)| < N foll2 (Z 9(2»)
AEKn MKy,
and
) 2
/ fo(z) (Z 90A¢A(9€)) dz < lfolleo Y 03
0 A K AEKn
So,
2
1
log </ fola)e™ Zaexn eow*(z)dx) = > boaa(fo) — 5 (Z BoxBx(fo )
0 A Kn ALK,
2
I 5
+2/ fol) | D Oondale) | deto| D 6]
0 ALK, MK,
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So, finally,

MK, MKy, ALKy,

) 2 2
K(fo, for,,) = ;/0 Jo(z) (Z 90,\@(55)) dx—% (Z 90A5,\(f0)) +o ( > 9(2»)

This implies that for n large enough,

K(fo, fox,) < |l follse Y 035 < Dk, .
AEKn

Now, if fy € Fy,, with

fo = exp ( > Oada— 6(9)) ,

AeKn
we have
K(fo,fo) = Y 00a8a(fo) + D (Box — 02)Bx(fo) — c(fo) + c(box,) — c(fox,) + c(0)
AEK, AeKy,
= K(fo, fox,) + Y (Box — 02)Bx(fo) — c(box,) + c(6)
AeKn
< Dk,> 4 Y (Box — 02)Bx(fo) — c(box,) + (6).
AeKn

We set for any z,

T(x) = Y (6x —box)da(x).

K,
Using (20),
1T < 1,0V knun — 0.
S

1 1 1
/ for, (@) exp(T())dz = 1 + / fore (@) T(@)da + / fork,, (@) T2 (@)o(n, v)dz,
0 0 0

where v is a bounded function. Since log(1 + u) < w for any v > —1 and for n large
enough,

1 1
[ o @@+ [ o, 0T @t 2y > -1,
0 0
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Then, for § € A(u,) and n large enough,

c%m+w>m{/m%§)wA) )I%O%m(meA) )
AeKy, ANeK,

_ bg(/‘hK JeEnern 02~ %nm<%m>

= log (/ for, (@ dx)

1
< /fOKn ZL‘)dJL‘—I—/ fox, (2)T?(z)v(n, z)dx

< (9A — 00x) 8 (fox,,) + Dkpu?.
\eKy

So,
K(fo,fo) < Dk + Y (6ox — 0x) (Br(fo) — Brl(fox,))

NeK,
Dk ® + up || fo — for,|l2

IN

Using (22), we have

2
1
1fo— fox, I3 < ||fo||go/0 <1€XP( D Ooaoa(z) 090Kn)+0(90))) dz.

A,

and
1
c(Oork,) — c(bo)] = |log / Jo(z)exp | — Z Oorga(z) | dx
0 AEKn
< | foadaleo:
AEK
Finally,
1
Ifo = forc,ll2 < DI Y Boadaleo < DEZ.
MK

and )

K (fo, f9) < Dk + Dupkz ™. (34)

We now bound V (fy, fp). For this purpose, we refine the control of |c(6px, ) — c(6o)] :

(o, ) — c(b0)] = 1og( [ @) e ( 3 emm)) dx)




where w is a bounded function. So,

2
1
|c(Box,,) — c(Bo)| = |log (1 > boaBa(fo) +/0 w(n, z) fo(z (Z Oora(z ) dx)

MKy ALKy,

IN

2
(Z |90>\ﬂ>\ fO "1‘ (Z QQAQZ))\(CII)) d$)

MK, AEK

D }:e& SD@T
MK,

|c(bok,,) — c(0)]

IN

In addition,

IN

> 165 = boal [Bx(fox, )| + Dknul,
AEKn

un ([ fo = forc, |2 + 1 fol2) + Dknu;
Duy, + Dkyu?

IN A

Finally,

V(fo, fo) = /01 fo(x) (log <;Zg§>>2dx

1 2
- /0 <Z(90>\ —0\)oaA(x) — c(6y) + 0(9)> fo(z)da

A€A

IN

1 2
||fo||oo/0 (Z(%A = 0\)oa(x) + c(box,) — c(bo) + ¢(0) — 0(90Kn)> dx

A€A

. 2
< /ol (/0 (Z(GOA - 9A)¢A($)) dz + 2(c(bor,) — c(60))” + 2(c(8) — 0(90Kn))2)

AEA
< u? + Dk;? + Dkyu?. (35)

Now, let us consider the case (PH). We take k,, and u,, such that

_1
]{;27 g kofi and Up = uoenkn 27 (36)

where kg and ug are constants depending on | fo|eo, 7, R and ®. If ky and ug are small
enough, then, by using (34) and (35),

K(fo, fo) < e and V(fo, fo) <,
So, Condition (C) is satisfied if

2

]P)Tr {A(un)} Z e*CTLCn’
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where, A(uy,) is defined in (32). We have :

P {A(un)} > PTLO: > (0x—00)) < up p x exp(—crknL(kn)}
ANeK,

The prior on 6 implies that

P1 = P70 2(0)\_00)\)25“31
AeKy

> P70 Z)\/ﬁ)\fﬁGx—Hox‘Sun

NeK,

= P"<0: Z)\_B

AeKy

:/ / {Srerars

1 1
Gr— 7o 2 XN00x| < 75 2un

H g(x))dzy
<7-0 u}

T)\— To 2)\590)\

AEK,
= / / g (y,\ + 7 2)\ﬁ90/\> dyy.
Z)\EKn/\ Plyal<Ty un} )\EHK 0
Using (21), when v > 3, we have sup,cg, 765)\690)\ < oo and since

1
sup {7’0 Qkﬁun} < 0o (37)

using assumptions on the prior, there exists a constant D3 such that

P > D"/ / d
! 3 Z)\GKn/\ Alyal<my 2“71} H "

AeKp,
> Dk"/ / 1 dyx
{Sreralislzry 2o} Ag{
> eXp( D4kn10gn)7 (38)

where Dy is a constant. When v < f3, since there exists a,b > 0 such that V|y| < M for
some positive M
9(y +u) = aexp(—blul”’)
using the above calculations we obtain if p < 2
P, > Direxp{-C APP1 00, [P} / / 1 dyx
’ /\;;n Z ZAEKn A Blyxl<7y 2U/n,} Ag{n
> exp [—Ck}fp/%ﬁ_w] exp (— Dk, logn)
> exp(—(Dy+ Dkylogn) if 3<1/2+p/2
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and if t > 2

P, > Diexp{-C Z APB10or[PY exp (—Dyky, log n)
AeKy
> exp(—(Dg+ Dkylogn) ifB<1/2+1/p

So, Condition (C) is established as soon as Dk, logn < cne2. Using (36), this can
be satisfied if and only if we take k,, such that

C’I’L€2

Dylogn’ (39)

‘ =

ko

(V]
Q=

~

< kp <

€n

which is possible if and only if €y is large enough. In particular, this implies that

{ <logn>_2711}
sup - €n < 0.
n n

Note that when k), satisfies (39), Conditions (33) and (37) are satisfied as well.
Similar computations show the result for the case (D) with

B
logn \ 25+1
€n = €0 )
n

_1
by taking k, = k; and u,, = upenkn 2. The rate (11) is proved by using Lemma 3 in the
case of v > . If v < 3, the constraints become

e > (k¥)=2y = n /24D (1ogn)?, and ne2 > ki logn

therefore the posterior concentration rate is bounded by O(n=2"/(#+1)(log n)?7).

4.4 Proof of Theorem 3.2

Our goal is to prove conditions (A1), (A2) and (A3) of Section 2.2. Let €, be the
posterior concentration rate as obtained in Theorem 3.1.

Let us consider f = fy € F for 1 < k < I,,, where I, = lpne? in the case of type
(PH) priors and I, = &} in the case of type (D) priors. First, we have, using the same
upper bound as in the proof of Lemma 3 we have

Vs = [ (o (“’;?((j))»Q folw)d

CR?(fo, F)llnl0 = Ool7, + (logn)?]
2C (logn)?é2,

<
<

as soon as 0 € {f;h(fo, f) < €n}. Thus, using (11), we have

PT{AL X"} =1+ 0g,(1)
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with
)2 2 O(n—1/2)

for a constant ug large enough. Note that we can restrict ourselves to Ain N (Uk<t,, Fk),

un = ug(logn

since P™ [(Ug<y, Fi)¢] < e~ for any ¢ > 0 by choosing [y large enough, see the proof
of Theorem 3.1.
To establish (A2), we observe that

[og fo —10g foloo < 1 D (Bor = 0x)daloo + |c(6) — (B0))
AeN

c (mue ol + Z) — o(1),

by using Lemma 1 and (29). So, (A2) is implied by (Al). Now, let us establish (A3).
Denote A,, the set defined in assumption (A2) and restricted to (Ug<;,Fi). For any ¢,
we study the term

s )2 - -
fAn exp <_M + Gn(hy — tyn) + Rn(hy — twtm)) dm(f)

IN

I, =
Fo(h2)
o, exp (=252 4 Gulg) + Rultg) ) an(1)
Fo((hs—tde.n)? . -
1<ty P(K) [4, np, €XP (_ oy W) 4 G (hy — ) + Ru(hy — “/’t,n)) dmi(f)
B < 2)
Scuct 1) [y, m, 050 (- w(hg) 4 Bollg) ) (1)
and we show that I, = .... + op, (1). If we set
k
t g ke — tP1,e0 t
b = 0’ bt = —
k.t N NG Azjlibn,c,x@,

we have using (20) and since k <,

tf
lbn kil < fuwnc Klles

2tVk )
f\fuwcnfo, - < n) —O(En).

A

IN

Recall that for fy € Fy,

hg = vn (Z (Ox — Oox)px — c(0) + 0(90)> and - Bk = M\[fcn[k]
e

so, for 0/ = 60 — By, i, with Hy, = (hg — t1)c)//n and Ay, = . — Iy 1.
ho = hg— /by s+ Vn(c(@) —c(0 — Bp))

= h9 - tl;t,n + t(wc - Hfo,kwc) - \/ﬁlog

Fo(eHn+tAw/\/ﬁ)
F0<6H")
= h9 - tzzt,n + tAw - Ana
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with

A, = \/Ek)g

Now, we use

Fy(e™)

Therefore,

FO(eHn+tA¢/\/ﬁ)

so,
FO(eHnthAw/\/ﬁ)
Fo(eHn)

Using

t
ﬁFO(eH”Aw) =

Since Fo(eH"Aw> = F(Aw)

Fo(eHnHAw/\/ﬁ)
Fy(eHn)

- (- o ()

= 1- \/tﬁFo (ehe/‘/ﬁwc) +0 (i)

2 /A2
H, tAy t A¢ 2\ Ao
FO (6 (14‘\/5—"2” +0 F(Aw) n3/2

t FolemAy) 2 9
SN it D SN ONON 1.
t Ry TantoBe) ol

By (eh/Vm Ay (1 =t/ Vi + O 7))

7 (ehe/\/ﬁAw) _ t;FO (eho/ﬁch) +o0 (;)

B

|
o

Fo(¢e) + o(1) = o(1), we obtain

FO(eHn-‘rtAw/\/ﬁ) t h t2 t2 1
1+ —Fp (e"/VPA,) — = Fy (Aythe) + — Fo(A? -
Fy(efln) +\/ﬁ 0<€ ¢) n o ww)+2n 0(Ay) +o n)’
and finally,
F eHn‘i’tAw/\/ﬁ
A, = nlog O(Fo(eHn) )

7 | Fo (o

— tFy (D) + 2 Fo(A3)

2
) - %Fo (Ayt)e) +

Fo (thhe,nAﬂ’)
\/ﬁ

)+
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(1), Fo(eA3) = F(A2) = 0(1) and Fyeh/Vy) =

+ o(n~1)40)



where
1
Bhn = / (1 —w)e"™/ Vi, (41)
0
This implies that

Fy(hi,
Rn(hgl) = \/ﬁF{](h@/) + 0(20)
_ +2
= Rp(hg —tY) — vVnA, + 5F0(A§)) + tFy(hgAy) — t2Fo(Ayde) + o(1)
= Ru(hg — 1) +o(1).
We finally obtain, using the fact that A, = 0(e,) = o(n~'/%),
_ Fo((he)?)
2

_ _F(J((h@;“/’)?) + G n(hg — 1) + Ry(hg — th) — tFy(hoAy) + G n(Ay)

[Fo(A7) — Fo(veAy)] + o(1)

*‘(}n(heﬁ *']%n(héc

)
2

Note that FO(A%ﬁ) — Fo(¥eAy) = 0 thus to the order o(1), setting pi, , = —Fo(heAy) +
Gn(Aw)

Fy((he)? Fy((ho — t)? . .
V) L )+ Rog) =~ I 6 g ) 4 R 1)+t
Note that by orthogonality Fy(hgAy) = v/nFo[() — My, k1)) > jsk+1 0ojds] so that i,
does not depend on ¢ and setting 73,0 = 0 — B,, , for all § € Oy, N By, we can write

pb(h%kg)
7 +Cnhrpo)+Fn(hrio) gre( £, (h))

72 e
o = o i Jouns,

Fo(hd)

5 4G n(ho)+ B (k) e (£ (1))

f@mBgn e

Note that
Tk(Bén) = {‘9 € Gk; f0+Bn’k € Ben}yk < kn

and By |2 < t/\/n, so that for all 0 € Ty(BL) [0 — 603 < €2 + t*/n < 262 since

ne2 — +oo and for all § € B, (1—2/nez) N Ok, 8 + By € Be, N Oy so that

Bm(l—ﬂ/(ne%)) NO; C Tk:Ben C Be,L(1+t2/(ne%))' (42)
Write €,1 = €,(1—t2/(ne2)) and €,2 = €,(1+t2/(ne2)) Therefore, under the assumption
that ®)
Tk
— 14 0(1),
ﬂk(e — Bn,k) ( )
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uniformly over B/ ,

_ Fo(hd)
, praity o Jou, ¢ ? *‘G"“"Lﬂ)*’%n(he)czw(fe(h))(1+ W)
k = e 2 erm - F(h2) %
Jonp,, € 7 T En b ab0) g £y ()
7F0(h§) G
pra g, Jounp, © T TG0
e 2 et : 0
= Fy(h2)
f@;mBe e~ oL +Gn(he)+Rn(he)dﬂ(f9(h))
Therefore,

Gl t) = Elexptvn(¥(f) —¢(Pn)p, (f)IX"]

kn
= Do (kX" | (1+0(1))
k=1
2 Fo(9?) o n th
< &2 1Y p(kIX™) e, np,, o€ | (14 0(1))
k=1

and

_ k
Fp(9?)

Gal,t) = €72 S p(k| X" etk B, | X" K]
k=1

Besides under the above conditions on the prior, with probability converging to 1,
T [Bgcn ) ’Xn:| S 677’LC€%7
for some positive constant ¢ > 0. Since for all k such that © N B, /o # 0

lnkl = Op(Vnen)
then uniformly over k such that ©; N B, /o # 0
7 [ Be, X k] ek = o(1)

and
2 Fo(b?) i n i
ala,t) > e 2 Y p(k|X ™) g,ap,, 2o + o(1).
k=1

This proves that the posterior distribution of v/n((f) — ¥ (P,)) is asymptotically equal
to a mixture of Gaussian distributions with variance Vo = E¢[G ,(¢)], means —p,, j, and
weights p(k|X™).
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Now if [Ay| = o(1) (k — +00) G n(Ay) = op(1) and with probability converging to
1, Ve >0

0o 1/2 / oo 1/2
sl < \fonm<z¢;) (zeaj) ve

k+1 k+1

Thus if k = k,, 3 and

2v—28-1

S 42 = o(n T (logn) ),
j=k

n.3
fnk = op(1) and Theorem ( 15) is proved.
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