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Summary. This article examines consistency of Bayes factors in the model comparison prob-
lem for linear models. Common approaches to Bayesian analysis of linear models use Zellner’s
g-prior, a partially conjugate normal prior on the model parameters indexed by a single param-
eter g. More generally, a hyper-prior can be placed on g, providing a mixture of g-priors. When
comparing nested models, flat priors are often placed on the common parameters with the g-
prior used for the other parameters, forcing the prior on g to be proper for a determinate Bayes
factor. Even for the non-nested case, an “encompassing” approach comparing all models to
a base model is often used, where the base model has a flat prior and the prior on g must
be proper. In this paper, we consider the Jeffreys prior on g, an improper prior that is also
the reference prior. By using this improper prior on all models under comparison, the Bayes
factor is always well defined. Under nominal assumptions, the reference prior is shown to yield
consistent Bayes factors. Thus we show that the reference prior, successful in many estima-
tion problems, is also appealing for the model comparison problem. In addition, consistency is
demonstrated for a large class of proper priors on g as well.

Keywords: Bayes factor, Model selection, consistency, g-prior.

1. Introduction

Model comparison, which refers to using the data to decide on the plausibility of two or
model competing models, is a common problem in statistical inference. In the Bayesian
framework, the approach for model selection and hypothesis testing is conceptually the
same, whereas there is a significant difference in classical frequentist procedures for model
selection and hypothesis testing. Non-Bayesian model selection is generally very difficult.
Berger and Pericchi (2001) discussed the motivation and advantages for using a Bayesian
approach to the model comparison problem over the classical approach.

One important reason for using a Bayesian approach is consistency. Consistency means
that the true model (or hypothesis) will be selected if enough data are observed, assuming
that one of the competing models is true. In classical hypothesis testing, the p-value is
used to determine whether to reject the null hypothesis. In frequentist model selection,
the classical tools such as p-values, Cp and AIC are used. However, these classical tools
do not guarantee consistency (Berger and Pericchi, 2001). In contrast, Bayesian model
comparison can usually provide consistency and a better interpretation. There are various
procedures for Bayesian model comparison (Berger and Pericchi, 2001). A natural approach
is to use the Bayes factor (Kass and Raftery, 1995), which is based on the posterior model
probabilities. In this work, we consider Bayes factor consistency in linear models.
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Consider linear models of the form

Y = Xβ + ǫ, (1)

where Y = (y1, y2, . . . , yn)T is an n × 1 response vector, X is an n × p matrix of known
quantities, β is a p × 1 vector of unknown parameters, ǫ ∼ N(0, δI) and δ is the unknown
variance. We assume that X has full rank p.

Suppose we have two such linear models, M1 and M2, with dimensions p1 and p2,

M1 : Y = X1β1 + ǫ, (2a)

M2 : Y = X2β2 + ǫ. (2b)

The two competing models are not necessarily nested. A natural way in the Bayesian
framework is to compare models in terms of their posterior model probabilities. Let p(Mi)
be the prior probability for model Mi, i = 1, 2 and let mi(Y ) be the marginal likelihood
of Y given Mi. From Bayes Theorem, the posterior model probability for each model
Mi, i = 1, 2, is

p(Mi | Y ) =
p(Mi)mi(Y )∑
j p(Mj)mj(Y )

. (3)

Since βi and δ are unknown, the marginal likelihood of Y given Mi is

mi(Y ) = p(Y | Mi) =

∫
p(Y | βi, δ)π(βi, δ) dβi dδ, (4)

where π(βi, δ) in (4) is the prior for the unknown βi and δ under Mi. The Bayes factor in
favor of M2 against M1, BF21, is defined as the ratio of the posterior odds of M2 to its
prior odds (Kass and Raftery, 1995). From (3), the Bayes factor can be written in terms of
the marginal likelihoods,

BF21 =
m2(Y )

m1(Y )
, (5)

which evaluates the evidence in favor of M2 against M1 based on the data.
In order to use the Bayesian method, priors are needed for the unknown parameters β

and δ. In general, proper priors are required for model specific parameters, since improper
priors produce indeterminate Bayes factors (Berger and Pericchi, 2001). A frequently used
default Bayesian prior is the Conventional Prior (CP) approach (Berger and Pericchi, 2001),
with roots in Jeffreys (1961) and developed by Zellner and Siow (1980) and Zellner (1986). A
widely used conventional prior for β in the normal linear model is Zellner’s g-prior (Zellner,
1986),

π(β|g, δ) ∼ N (β̃, gδ(XT X)−1), (6)

which is appealing because it is computationally efficient and depends on only one hyper-
parameter, g. A brief review is given in Section 2.1.

The choices of g are reviewed in Liang et al. (2008), where they compared mixtures
of g-priors (assign a prior on g) with fixed g-priors (fix g as a constant). Simply fixing
g may cause some undesirable properties (Liang et al., 2008; Berger and Pericchi, 2001),
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for instance, the “Information Paradox.” Fortunately, many problems associated with the
original formulation can be resolved by using mixtures of g-priors (Liang et al., 2008). In the
CP approach, noninformative priors are used for common parameters and proper priors are
used for the parameters that are in only one model. In the typical case where one model is
contained in the other, the parameter g, as a hyper-parameter in the Zellner’s g-prior, occurs
only in the larger model, which forces the prior on g to be be proper. However, objective
priors are usually improper. Marin and Robert (2007b) suggested using g-priors for model
selection in a different formulation, allowing the use of an improper prior on g. In this
paper, we adopt the idea of Marin and Robert (2007b) and study Bayes factor consistency
properties using the reference prior (Bernardo, 1979; Berger and Bernardo, 1989, 1992) for
g (see Section 3 for details).

As mentioned in the beginning, consistency refers to the ability of selecting the true
model (assuming it exists) if enough data are provided. In terms of posterior model prob-
ability, consistency (Fernández et al., 2001) means that

P (MT | Y )
P→ 1 (7)

when MT is the true model. This is equivalent to considering Bayes factor consistency in
the sense that

BFjT
P→ 0, (8)

for any model Mj other than the true model.
There are several other papers considering Bayes Factor consistency. Westfall and Gönen

(1996) developed a new Bayes factor for testing the null hypothesis of no group differences in
one-way ANOVA and evaluated its consistency properties for both fixed and growing model
dimensions. Fernández et al. (2001) investigated the consistency problem for the Bayes
factor with various choices of “fixed” g, which may depend on n or p or both. Berger et al.
(2003) proved asymptotic consistency of Bayes factors for large model dimensions p = n
for the one-way ANOVA model assuming known variance δ. In addition, Garćıa-Donato
and Sun (2007) showed that Bayes factors for testing in a one-way random effects model
with intrinsic prior and divergence based priors are consistent for fixed and growing model
dimensions p. Maruyama and George (2008) proposed a new form of Bayesian variable
selection criterion for normal linear regression model with extended Zellner’s g-prior for the
case p > n and proved consistency for fixed p as n → ∞.

This paper is organized as follows. In Section 2, Zellner’s g-prior is reviewed along with
the two different formulations in Liang et al. (2008) and Marin and Robert (2007b). In
Section 3, we present the reference prior for g and the associated Bayes factor. In Section
4, we study the consistency problem for the Bayes factor associated with both the reference
prior and the usual proper priors for g. Finally, we conclude with our findings and some
future work.

2. Mixtures of g-Priors

2.1. Zellner’s g-Prior
One prior for linear model (1) that has gained considerable attention is Zellner’s g-prior
(Zellner, 1986), a special form of a normal-gamma conjugate prior,

π(β | g, δ) ∼ N (β̃, gδ(XT X)−1), π(δ) ∝ 1/δ. (9)
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The prior mean β̃ may either be elicited based on an “imaginary” sample, or it may be a
hypothesized value under the null hypothesis. This prior on β has a convenient correlation
structure and only depends on one parameter g, which controls the amount of information
in the prior relative to the sample. As we can see, the amount of subjectivity in Zellner’s
g-prior is limited to the choice of g. The problem of choosing g becomes crucial. Liang
et al. (2008) gave a nice review of Zellner’s g-priors along with the choice of g.

Common approaches for model comparison based on Zellner’s g-prior adopt the spirit
of Zellner and Siow (1980) to put flat priors on the common parameters in the two models
and the g-prior on those parameters only in the more complex model for nested models.
That is, for M1 and M2,

M1 : Y = X1β1 + ǫ

M2 : Y = X2β2 + ǫ = X1β1 + X−1β−1 + ǫ, (10)

where X−1β−1 refers to the part excluded in model M1. Flat priors are used for (β1, δ)
and the g-prior is assigned to β−1, which is only contained in M2:

π(β1, δ) ∝ 1/δ, β−1 | g, δ ∼ N (0, gδ(XT
−1X−1)

−1). (11)

The prior mean β̃−1 of β−1 is set to zero since (10) is set up to test β−1 = 0. This setting is
appealing in testing problems, but it is less appealing for model selection because the prior
specification for the more complex model depends on the simpler model under comparison.

For any two non-nested models M1 and M2, the “encompassing” approach of Zellner
(1984) is usually used (Liang et al., 2008; Marin and Robert, 2007b; Casella and Girón,
2008)) to compute

BF21 =
BF2b

BF1b
, (12)

where the subscript b indicates the base model, either the full model MF or the null model
MN , to make each pair nested so that (11) formulation can still be used.

In this formulation, the prior for g must be proper in order to get a determinate Bayes
factor since it only appears in the more complex model.

2.2. Mixtures of g-Priors
Liang et al. (2008) considered the model selection problem in the linear regression model
context and proposed fully Bayes approaches by using mixtures of g-priors. They used the
formulation (11) and (12), which restricts that the prior for g has to be proper. Liang et al.
(2008) discussed three families of proper priors for g, which they termed the Zellner-Siow,
hyper-g and hyper-g/n priors:

• Zellner-Siow priors: πZS(g) =
(n/2)1/2

Γ(1/2)
g−3/2e−n/2g,

• hyper-g priors: πg(g) = a − 2
2 (1 + g)−a/2, 2 < a ≤ 4,

• hyper-g/n priors: πg/n(g) = a − 2
2n (1 + g/n)−a/2, a > 2.
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The prior distribution of β | δ based on πZS(g) is actually the multivariate Cauchy distri-
bution suggested in Zellner and Siow (1980). The hyper-g/n prior is a modification of the
hyper-g prior in order to get a consistent Bayes factor under the null model (when there is
only the intercept term). Under any non-null model, Liang et al. (2008) show consistency of
the Bayes factor associated with these three types of priors, whereas under the null model
consistency does not hold for hyper-g prior.

Marin and Robert (2007b) proposed a different but novel way to use mixtures of g-priors
for model selection in the regression model. They compare each model Mi with the full
model MF . For each model, they placed Zellner’s g-prior on the regression coefficients βi

(or β in MF ) and a noninformative prior on the variance δ,

Mi : βi | gi, δ ∼ Npi
(β̃i, giδ(X

T
i Xi)

−1), π(δ) ∝ 1/δ, (13a)

MF : β | g, δ ∼ Np(β̃, gδ(XT X)−1), π(δ) ∝ 1/δ, (13b)

where β̃i = (XT
i Xi)

−1XT
i Xβ̃. If one uses the same prior for gi and g, then the prior on

g can be improper but still have a determinate Bayes factor. This is encouraging, since
objective priors are usually improper. Marin and Robert (2007b) introduced a discrete
improper diffuse prior distribution on g (see Section 3.3.2 of their book for details). However,
the infinite summation becomes a problem in practice and the values for g are restricted to
be integers. Later, Marin and Robert (2007a) suggested that a continuous improper prior
for g, the Jeffreys’ prior,

π(g, δ) ∝ 1

δ(1 + g)
, (14)

may be used. However, they didn’t consider any large sample consistency property. In
Section 3, we show that (14) is also the reference prior.

3. Bayes Factor and Priors

In this paper, for the model comparison problem (2), we adopt the idea of Marin and Robert
(2007b) and place a g-prior on each model as in (13):

M1 : β1 | g, δ ∼ Np1
(0, gδ(XT

1 X1)
−1), π(δ) ∝ 1/δ, (15a)

M2 : β2 | g, δ ∼ Np2
(0, gδ(XT

2 X2)
−1), π(δ) ∝ 1/δ, (15b)

where Xi is the n × pi known design matrix Mi, i = 1, 2. Without loss of generality, we
choose β̃i = 0, i = 1, 2 in (15), where β̃i is defined as in (13). One special case is important.
In the model selection context when comparing non-null regression models of the form

Yi = β01n + Xiβi + ǫ, i = 1, 2, (16)

where β0 denotes the intercept term and 1n is a n × 1 vector of 1, a flat prior can be put
on β0. Then it is reasonable to set β̃ = 0 as in Liang et al. (2008). In fact, after integrating
out β0, the results in the following sections would be the same as under (15).

Under formulation (15), g is in each model so that both proper priors and improper
priors on g can be used.
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3.1. Bayes Factor
Let π(g) be the prior on g. It’s straightforward to show that the marginal likelihood of Y

given model Mi satisfies

p(Y | Mi) ∝ (Y T Y )−n/2

∫
∞

0

(1 + g)−pi/2(1 − g

1 + g

Y T HiY

Y T Y
)−n/2π(g) dg, (17)

where Hi = Xi(X
T
i Xi)X

T
i is the n × n hat matrix for model Mi, i = 1, 2.

By definition, the Bayes factor for comparing model M1 with model M2 is

BF21 =

∫
∞

0

(1 + g)−p2/2(1 − g

1 + g
R̃2

2)
−n/2π(g) dg

∫
∞

0

(1 + g)−p1/2(1 − g

1 + g
R̃2

1)
−n/2π(g) dg

=

∫
∞

0

(1 + g)(n−p2)/2[1 + g(1 − R̃2
2)]

−n/2π(g) dg
∫

∞

0

(1 + g)(n−p1)/2[1 + g(1 − R̃2
1)]

−n/2π(g) dg

, (18)

where

R̃2
i = Y T HiY /Y T Y , i = 1, 2. (19)

Note that (18) is very similar to the formulas in Liang et al. (2008) when comparing non-null

models. One difference is that R̃2 here is not the true coefficient of determination unless all
models have an intercept term as in (16).

3.2. Reference Prior for g
In this paper, we focus our discussion based on an improper π(g), the reference prior
(Bernardo, 1979). It is derived based on the idea to maximize the expected Kullback-
Leibler divergence of the posterior relative to the prior. The reference prior has proved
to be remarkably successful for estimation problems. The purpose here is to study the
properties of the Bayes factor associated with the joint reference prior on δ and g.

In order to find the reference prior, first we need to find the Fisher information ma-
trix. For model (1) with Zellner’s g prior for β, i.e. β | g, δ ∼ Np(0, gδ(XT X)−1), by a
straightforward calculation, the likelihood function for (g, δ) is

L(g, δ) = p(Y | g, δ) ∝ δ−n/2(1 + g)−p/2 exp

{
− 1

2δ
(Y T Y − g

1 + g
Y T HY )

}
, (20)

where H = X(XT X)−1XT . It’s easy to show that the Fisher information matrix for (g, δ)
is

I(g, δ) =




p
2(1 + g)2

p
2δ(1 + g)

p
2δ(1 + g)

n
2δ2


 , (21)

and

|I(g, δ)| =
p(n − p)

4δ2(1 + g)2
. (22)
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Hence, the Jeffreys’ prior of (g, δ) is (14). In the following theorem, we show that the
reference prior has the same form of the Jeffreys’ prior, i.e.,

πR(g, δ) ∝ 1

δ(1 + g)
. (23)

Theorem 1.

(a) The improper prior (23) is the Jeffreys’ prior for (g, δ).

(b) It is also the one-at-a-time reference prior when either g or δ is of interest and the
other is the nuisance parameter.

(c) It is the independent reference prior for g and δ.

(d) The Jeffreys and reference priors do not depend on the choice of Xi.

The proof is given in Appendix A.1. In fact, this prior on g, π(g) ∝ 1/(1+g), is a special

case of the hyper-g prior with a = 2, π(g) = a − 2
2 (1 + g)−a/2, which is discussed in Liang

et al. (2008). However, they only focus on proper priors, i.e., a > 2. In this paper, we will
discuss the asymptotic properties of Bayes factors based on the (improper) reference prior
for g.

4. Bayes Factor Consistency

We consider consistency of the Bayes factors defined as follows.

Definition 1. The Bayes factor BF21 for comparing M1 with M2 is consistent if, as

n → ∞, BF21
P−→ 0 under model M1 and BF21

P−→ ∞ under M2. If both relations hold
with probability 1, the Bayes factor is called almost surely consistent or strongly consistent.

4.1. Consistency under the Reference Prior
Consider using the g-prior in both models as in (15) with the reference prior (23) on g, i.e.,
the improper prior on g for the Bayes factor (18). The following theorem shows consistency
of the Bayes factor under the reference prior on g for model (2).

Theorem 2. Without loss of generality, suppose that M1 is the true model with model
dimension p1, and M2 is any other model with dimension p2. Assume that

βT
1 XT

1 X1β1

n
→ b1 > 0, n → ∞. (24)

Consider the Bayes factor BF21 associated with the reference prior (23):

(i) If M1 ⊂ M2, then BF21
P→ 0 as n → ∞. Moreover, if p2 − p1 ≥ 3, almost sure

convergence holds, i.e., BF21
a.s.→ 0.

(ii) If M1 * M2 and

βT
1 XT

1 H2X1β1

n
→ b2, 0 ≤ b2 < b1, (25)

then BF21
a.s.→ 0.
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The proof of this theorem is given in Appendix A.4. From (18), we can see that the
asymptotic behavior of the Bayes factor entirely depends on the asymptotic behavior of
R̃2

i , i = 1, 2. In general, R̃2 can be expressed in terms of quadratic forms with noncentral
chi-square distributions. Fernández et al. (2001) gave some results about convergence in
probability of residual sums of squares in the context of linear regression. We develop some
more general and stronger results in the next two lemmas.

Lemma 1. Suppose Qd ∼ χ2
d(ud), where ud is the noncentral parameter and d is the

degrees of freedom for noncentral chi-square distribution. If ud/d → cu, 0 ≤ cu < ∞ as
d → ∞, then

Qd − ud

d

a.s.−→ 1 as d → ∞. (26)

The proof of this lemma is given in Appendix A.2. Based on this lemma, we can obtain
the limits of R̃2

i .

Lemma 2. Assume that M1 is the true model and (24) holds.

(i) If M1 ⊂ M2, then

R̃2
1

a.s.→ b1

δ + b1
, R̃2

2
a.s.→ b1

δ + b1
. (27)

(ii) When M1 * M2, under assumption (25),

R̃2
1

a.s.→ b1

δ + b1
, R̃2

2
a.s.→ b2

δ + b1
. (28)

See Appendix A.3 for the proof. As we can see from Lemma 2, R̃2
1 and R̃2

2 converge

to the same constant almost surely if M1 ⊂ M2. When M1 * M2, the limit of R̃2
1 is

greater than that of R̃2
2, which makes intuitive sense. Theorem 2 provides some theoretical

justification for using the reference prior on (δ, g) for the model comparison problem (2).

4.2. Consistency for Proper Priors
In this section, we consider proper priors on g. Liang et al. (2008) showed Bayes factor
consistency associated with Zellner-Siow priors, hyper-g priors and hyper-g/n priors when
comparing any non-null models under the formulation (10), (11) and (12). In the following
theorem, we provide a more general result for proper priors under prior structure (15).
This theorem gives sufficient (but weak) conditions under which a sequence of proper priors
yields a consistent Bayes factor.

We adopt the following notation for the rest part of this paper. The notation an ≈ bn

will mean limn→∞ an/bn exists and is positive almost surely.

Theorem 3. Without loss of generality, suppose that M1 is the true model with model
dimension p1, and M2 is any other model with dimension p2. Consider a sequence π(g) of
proper priors on g (which may depend on n) that satisfy two conditions:

(a1) There is a constant k ≥ 0 such that
∫ c0an

an

π(g) dg ≈ n−k for any constant c0 > 1 and
any sequence an ≈ n.



Bayes Factor Consistency in Linear Models 9

(a2) There exists a constant ku such that k−(p2−p1)/2 < ku ≤ k and
∫
∞

0 (1+g)kuπ(g) dg ≈
1.

Assume also that the model structure X1β1 satisfies (24).

(i) If M1 ⊂ M2 and (a1) and (a2) hold, then BF21
P→ 0. Furthermore, strong consistency

holds if p2 − p1 > 2 + 2(k − ku).

(ii) If M1 * M2 and (a1) and (25) hold, then BF21
a.s.→ 0.

The proof of this theorem is in Appendix A.5. In this theorem, we assumed that M1

is the true model. In fact, the same results hold if M2 is true by reversing the subscripts.
Therefore, any proper prior that satisfies conditions (a1) and (a2) of Theorem 3 yields
consistency.

The conditions in Theorem 3 are actually quite weak and many proper priors satisfy
them. The following corollaries are proved in Appendix A.6. To begin, the proper priors
considered in Liang et al. (2008) yield consistent Bayes factors.

Corollary 1. The Bayes factors BF21 associated with the Zellner-Siow, hyper-g, and
hyper-g/n priors, are consistent as n → ∞.

The hyper-g priors and hyper-g/n priors are proper when a > 2. Liang et al. (2008)
suggested taking 2 < a ≤ 4. These priors yield consistent Bayes factors.

Maruyama and George (2008) proposed another proper prior on g, the beta-prime prior
with density

πB(g) =
gb(1 + g)−a−b−2

B(a + 1, b + 1)
, a > −1, b > −1. (29)

They suggested choosing −1 < a < −1/2 and b ≈ n. With their choice of parameters or
with fixed b, we have the following consistency result.

Corollary 2. The Bayes factor BF21 associated with the beta-prime priors (29) with
fixed (a, b) or with −1 < a < −1/2 and b ≈ n is consistent.

Finally, the Zellner-Siow and hyper-g are both examples of scale families of priors. In
fact, any such scale family of priors yields consistent Bayes factors.

Corollary 3. If π is any proper density on [0,∞) and the prior on g is the scale
family πS(g) = π(g/n)/n, n = 1, 2, . . ., then the associated Bayes factor is consistent.

5. Discussion

This paper treats consistency problems for the Bayes factor model comparison using mix-
tures of g-priors in the context of linear model. Usually the g-prior is only used on the more
complex model, which forces the prior on g to be proper. In this paper, we adopt the idea
of Marin and Robert (2007b) to assign a g-prior on each model so that an improper prior
for g can be used. Reference priors are widely used for estimation prior and have proved to
be remarkably successful. It is interesting to study the property of the Bayes factor asso-
ciated with the reference prior on g, which is improper. We show that the reference prior
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is also appealing in our model comparison formulation since the associated Bayes factor is
consistent. We also provide a general result for proper priors on g as stated in Theorem 3.

In this paper, we fix the model dimension, i.e., p1 and p2 do not depend on n. It would
be interesting to consider the case when the model dimension actually depends on n. In
a on-going project, we investigate the consistency problems of the Bayes factor when the
model dimension p grows with n and obtain consistency or inconsistency depending on the
limit behavior of p/n.

A. Appendix: Proofs

A.1. Proof of Theorem 1
Parts (a), (c) and (d) are obvious. For part (b), if g is the parameter of interest, we
follow Berger and Bernardo (1989)’s reference prior algorithm. Choose a nested sequence
of compact sets

(0, bl) × (cl, dl)

for (g, δ), where bl → ∞, cl → 0 and dl → ∞.
The Fisher information matrix is given in (21). It is easy to see that the conditional

reference prior for δ given g is

πl(δ|g) =
|I22|1/2

1(cl,dl)(δ)∫ dl

cl

|I22|1/2dδ

=
1(cl,dl)(δ)

δ log(dl/cl)
,

and the marginal prior of g on (0, bl) is

πl(g) ∝ exp

{
1

2

∫ dl

cl

πl(δ|g) log

∣∣∣∣
I

I22

∣∣∣∣ dδ

}

= exp

{
1

2

∫ dl

cl

1

δ log(dl/cl)
log

[
p(n − p)

2n(1 + g)2

]
dδ

}

∝ 1

1 + g
, g ∈ (0, bl).

Thus

πl(g) =
1(0,bl)(g)

(1 + g) log(bl + 1)
,

and the reference prior is

πR(g, δ) = lim
l→∞

πl(δ|g)πl(g)

πl(1|1)πl(1)
∝ 1

δ(1 + g)
. (30)

If δ is the parameter of interest and g is the nuisance parameter, we have

πl(g|δ) =
|I11|1/2

1(0,bl)(g)
∫ bl

0

|I11|1/2dg

=
1(0,bl)(g)

(1 + g) log(bl + 1)
,
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and

πl(δ) ∝ exp

{
1

2

∫ bl

0

πl(g|δ) log

∣∣∣∣
I

I11

∣∣∣∣ dg

}

= exp

{
1

2

∫ bl

0

1

(1 + g) log(bl + 1)
log

[
n − p

2δ2

]
dg

}

∝ 1

δ
, δ ∈ (cl, dl).

Thus πl(δ) =
1(cl,δl)(δ)

δ log(dl/cl)
,

πR(g, δ) = lim
l→∞

πl(g|δ)πl(δ)

πl(1|1)πl(1)
∝ 1

δ(1 + g)
, (31)

and part (b) holds.
2

A.2. Proof of Lemma 1
Since Qd has a noncentral chi-square distribution, it can be written as

Qd = (Z1d +
√

ud)
2 + Z2

2d + . . . + Z2
dd,

where Zid
iid∼ N(0, 1), i = 1, . . . , d. Then

Qd − ud

d
=

1

d

d∑

i=1

Z2
id + 2

Z1d√
d

√
ud

d
,

where {Z2
id} is actually a triangular array and the Strong Law of Large Numbers (SLLN)

for i.i.d. samples does not apply. But we can still obtain
∑d

i=1 Z2
id/d

a.s.−→ 1 by the strong
law of large numbers for triangular arrays (refer to Hu, and Taylor (1997), Theorem 2.1).

Moreover, by the Borel Cantelli lemma, Z1d/
√

d
a.s.→ 0. Since

√
ud/d converges to a constant,

(Qd − ud)/d
a.s.−→ 1 as d → ∞.

2

A.3. Proof of Lemma 2

R̃2
1 =

Y T H1Y

Y T Y
= 1 − Y T (I − H1)Y /δ

Y T Y /δ
= 1 − Q1/Q, (32)

R̃2
2 =

Y T H2Y

Y T Y
= 1 − Y T (I − H2)Y /δ

Y T Y /δ
= 1 − Q2/Q, (33)

where Q = Y T Y /δ, Q1 = Y T (I − H1)Y /δ and Q2 = Y T (I − H2)Y /δ.
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(i) If M1 is nested within model M2,

Q ∼ χ2
n(λ1), λ1 = βT

1 XT
1 X1β1/δ, (34)

Q1 ∼ χ2
n−p1

(0), (35)

Q2 ∼ χ2
n−p2

(0). (36)

Under assumption (24), λ1/n → b1/δ. By Lemma 1, we have Q/n
a.s.→ 1 + b1/δ, Q1/(n −

p1)
a.s.→ 1, and Q2/(n − p2)

a.s.→ 1. Thus, R̃2
1

a.s.→ 1 − δ/(δ + b1) = b1/(δ + b1) and R̃2
2

a.s.→
1 − δ/(δ + b2) = b1/(δ + b1).

(ii) For any model M2 that does not contain M1, under assumption (24), Q and Q1 still

have distributions (34) and (35) respectively, and R̃2
1

a.s.→ 1 − δ/(δ + b1) = b1/(δ + b1). Let
λ2 = βT

1 XT
1 (I −H2)X1β1/δ, so Q2 ∼ χ2

n−p2
(λ2). By (25), λ2/n → (b1 − b2)/δ > 0. Using

Lemma 1 again, we have Q2/(n−p2)
a.s.→ 1+(b1− b2)/δ. Thus, R̃2

2
a.s.→ 1− (δ + b1− b2)/(δ +

b1) = b2/(δ + b1).
2

A.4. Proof of Theorem 2

We adopt the following notation for the proofs of the theorems. Recall that an ≈ bn means
that an/bn converges to a positive limit almost surely. In addition, the notation an . bn

means lim supn→∞
an/bn exists and is positive almost surely.

The Bayes factor (18) is a ratio of two integrals. Let I2 and I1 denote the integrals in
the numerator and the denominator respectively. We derive lower and upper bounds for
each integral. Consider I1 first. For simplicity, we reparameterize with t = g/(1 + g). Let

t̂1 = (nR̃2
1−p1+2/3)/[R̃2

1(n−p1+2/3)] be the maximizer of the function (1−t)p1/2−1/3(1−
R̃2

1t)
−n/2. By Lemma 2, t̂1 > 0 for sufficiently large n almost surely. For such n and for the

reference prior on g,

I1 =

∫
∞

0

(1 + g)−p1/2(1 − g

1 + g
R̃2

1)
−n/2πR(g) dg

=

∫
∞

0

(1 + g)−p1/2−1(1 − g

1 + g
R̃2

1)
−n/2 dg

=

∫ 1

0

(1 − t)p1/2−1(1 − R̃2
1t)

−n/2 dt =

∫ 1

0

(1 − t)p1/2−1/3(1 − R̃2
1t)

−n/2(1 − t)−2/3 dt

≤ (1 − t̂1)
p1/2−1/3(1 − R̃2

1 t̂1)
−n/2

∫ 1

0

(1 − t)−2/3 dt

= 3

(
p1 − 2/3

n − p1 + 2/3

)p1/2−1/3
(

1 − R̃2
1

R̃2
1

)p1/2−1/3(
n

n − p1 + 2/3

)
−n/2

(1 − R̃2
1)

−n/2

≈ n−p1/2+1/3(1 − R̃2
1)

−n/2 , u1(n).
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Next, consider a lower bound for I1, assuming p1 ≥ 2:

I1 =

∫ 1

0

(1 − t)p1/2−1(1 − R̃2
1t)

−n/2 dt ≥
∫ 1− 1

n

0

(1 − t)p1/2−1(1 − R̃2
1t)

−n/2 dt

≥ n1−p1/2

∫ 1− 1

n

0

(1 − R̃2
1t)

−n/2 dt =
n1−p1/2

(n − 2)R̃2
1

{[
1 − (1 − 1

n
)R̃2

1

]1−n/2

− 1

}

≈ n−p1/2(1 − R̃2
1)

−n/2 , l1(n). (37)

When p1 = 1,

I1 =

∫ 1

0

(1 − t)−1/2(1 − R̃2
1t)

−n/2 dt ≥
∫ 1

1− 1

n

(1 − t)−1/2(1 − R̃2
1t)

−n/2 dt

≥ n1/2

∫ 1

1− 1

n

(1 − R̃2
1t)

−n/2 dt ≥ n1/2

[
1 −

(
1 − 1

n

)][
1 −

(
1 − 1

n

)
R̃2

1

]
−n/2

≈ n−1/2(1 − R̃2
1)

−n/2 = l1(n). (38)

So (37) holds for p ≥ 1.

Similarly, let l2(n) = n−p2/2(1− R̃2
2)

−n/2 and u2(n) = n−p2/2+1/3(1− R̃2
2)

−n/2. We have
lower and upper bounds for I2,

l2(n) . I2 . u2(n).

If M1 is the true model, consistency for the Bayes factor requires BF21 → 0 as n → ∞.
It’s sufficient to show

BF21 =
I2

I1
.

u2(n)

l1(n)
= n(p1−p2)/2+1/3

(
1 − R̃2

1

1 − R̃2
2

)n/2

→ 0, n → ∞. (39)

Now consider case (ii) first, M1 * M2. From Lemma 2, as n → ∞,

1 − R̃2
1

1 − R̃2
2

a.s.−→ δ

δ + b1 − b2
< 1.

Thus [(1 − R̃2
1)/(1 − R̃2

2)]
n/2 → 0 exponentially fast with respect to n. We conclude that

(39) holds regardless of the sign of p1 − p2, and consequently BF21 is consistent.
Finally consider case (i), M1 ⊂ M2. We have

1 − R̃2
1

1 − R̃2
2

=
Q1

Q2
= 1 +

Q1 − Q2

Q2/(n − p2)

1

n − p2
. (40)

Applying Lemma 2 again, as n → ∞, Q2/(n−p2)
a.s.→ 1 and Q1−Q2 = Y T (H2−H1)Y /δ ∼

χ2
p2−p1

(0). Thus

(
1 − R̃2

1

1 − R̃2
2

)n/2

=
(
1 + OP (n−1)

)n/2
= OP (1), (41)
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which is bounded in probability. Moreover, M1 is nested within M2, i.e. p2 − p1 ≥ 1, so
that (p1 − p2)/2 + 1/3 ≤ −1/2 + 1/3 < 0 and n(p1−p2)/2+1/3 → 0 as n → ∞. Therefore,
(39) holds in probability, and BF21 is consistent in this case.

If p2 − p1 = 1 or 2, it appears that no stronger general result is possible. However,
if p2 − p1 ≥ 3, almost sure convergence of BF21 for this case can be proved. We give an
outline of the proof using the Borel-Cantelli Lemma. Let

Bn = u2(n)/l1(n) = n(p1−p2)/2+1/3

(
1 − R̃2

1

1 − R̃2
2

)n/2

= n(p1−p2)/2+1/3

(
1 +

Q1 − Q2

Q2/(n − p2)

1

n − p2

)n/2

.

In order to show almost sure consistency, it’s equivalent to show P {|Bn| > ǫ i.o.} = 0 for
any ǫ > 0. By the Borel-Cantelli Lemma, we need to show

∑
n P {|Bn| > ǫ} < ∞. We have

∑

n

P (|Bn| > ǫ) =
∑

n

P

{
Q1 − Q2

Q2/(n − p2)

1

n − p2
>
(
ǫn(p2−p1)/2−1/3

)2/n

− 1

}
.

For simplicity, let α = (p2 − p1)/2− 1/3. Since Q2/(n− p2)
a.s.→ 1 and Q1 −Q2 = Y T (H2 −

H1)Y /δ ∼ χ2
p2−p1

(0), it suffices to prove
∑

n

P
{
χ2

p2−p1
> an

}
< ∞, (42)

where

an = n(ǫ2/nn2α/n − 1) = n
(
exp

{
2n−1 log ǫ + 2αn−1 log n

}
− 1
)

= (2 log ǫ + 2α log n)[1 + o(1)].

There is an M < ∞ such that x(p2−p1)/2−1e−x/2 < e−x/(2+1/4) for x > M . If an > M ,

P (χ2
p2−p1

> an) <

∫
∞

an

e−x/(2+1/4)dx ≈ n−2α/(2+1/4).

Thus, if p2 − p1 ≥ 3, 2α/(2 + 1/4) > 1, and (42) holds.
2

A.5. Proof of Theorem 3
As in the proof of Theorem 2, it’s sufficient to show

BF21 =
I2

I1
.

u2(n)

l1(n)
→ 0, n → ∞, (43)

for suitable lower and upper bounds l1(n) and u2(n). Consider I1 first; bounds for I2 can
be derived similarly.

Suppose first that case (i), M1 ⊂ M2, holds. Let π(g) be any proper prior satisfying

condition (a1), and let ĝ1 be the maximizer of (1 + g)(n−p1)/2[1 + g(1− R̃2
1)]

−n/2. It is easy
to show that

ĝ1 = max

{
(n − p1)R̃

2
1

p1(1 − R̃2
1)

− 1, 0

}
. (44)
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Since R2 converges to a constant strictly between 0 and 1, ĝ1 ≈ n.
Then

I1 =

∫
∞

0

(1 + g)n/2−p1/2[1 + g(1 − R̃2
1)]

−n/2π(g) dg

≥
∫

∞

ĝ1

[
1 + g

1 + g(1 − R̃2
1)

]n/2

(1 + g)−p1/2π(g) dg

≥
[

1 + ĝ1

1 + ĝ1(1 − R̃2
1)

]n/2 ∫
∞

ĝ1

(1 + g)−p1/2π(g) dg

=

(
n − p1

n

)n/2

(1 − R̃2
1)

−n/2

∫
∞

ĝ1

(1 + g)−p1/2π(g) dg

≥
(

n − p1

n

)n/2

(1 − R̃2
1)

−n/2

∫ c0ĝ1

ĝ1

(1 + g)−p1/2π(g) dg

≥
(

n − p1

n

)n/2

(1 − R̃2
1)

−n/2[1 + c0ĝ1]
−p1/2

∫ c0ĝ1

ĝ1

π(g) dg

≈ n−p1/2−k(1 − R̃2
1)

−n/2 , l1(n). (45)

The last “≈” holds since ĝ1 ≈ n and condition (a1).
To obtain an upper bound of I1 under condition (a2), let g̃1 be the maximizer of (1 +

g)(n−p1)/2−ku [1 + g(1 − R̃2
1)]

−n/2. Then

g̃1 = max

{
(n − p1 − 2ku)R̃2

1

(p1 + 2ku)(1 − R̃2
1)

− 1, 0

}
, (46)

and

I1 =

∫
∞

0

(1 + g)n/2−p1/2[1 + g(1 − R̃2
1)]

−n/2π(g) dg

=

∫
∞

0

(1 + g)n/2−p1/2−ku [1 + g(1 − R̃2
1)]

−n/2(1 + g)kuπ(g) dg

≤ (1 + g̃1)
n/2−p1/2−ku [1 + g̃1(1 − R̃2

1)]
−n/2

∫
∞

0

(1 + g)kuπ(g) dg

=

(
p1 + 2ku

n − p1 − 2ku

)p1/2+ku

(
1 − R̃2

1

R̃2
1

)p1/2+ku (
n

n − p1 − 2ku

)
−n/2

(1 − R̃2
1)

−n/2

∫
∞

0

(1 + g)kuπ(g) dg

≈ n−p1/2−ku(1 − R̃2
1)

−n/2 , u1(n). (47)

Similarly, with l2(n) = n−p2/2−k(1 − R̃2
2)

−n/2 and u2(n) = n−p2/2−ku(1 − R̃2
2)

−n/2, we
can get lower and upper bounds for the integral I2,

l2(n) . I2 . u2(n). (48)
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Hence

BF21 .
u2(n)

l1(n)
= n−(p2−p1)/2+k−ku

(
1 − R̃2

1

1 − R̃2
2

)n/2

. (49)

The proof of case (i) in Theorem 2 can now be used to show consistency. Note that in
case (i), when ku ≥ k − (p2 − p1)/2, n−(p2−p1)/2+k−ku → 0. Then consistency holds, since
the last term in (49) is bounded in probability in this case. Similarly, we can obtain almost
sure convergence for the non-nested case and for the nested case if p2 − p1 > 2 + 2(k − ku).
If there exists ku such that k− ku < 1/2, then almost sure convergence holds for the nested
case if p2 − p1 ≥ 3. The proof is similar to the proof of Theorem 2.

Finally, consider case (ii), M1 * M2. The proof is similar to case (i) but simpler. Since
the last term in (49) goes to 0 exponentially fast, then consistency holds for any power of
n in (49). For the upper bound, just take ku = 0 and use the fact that the prior is proper.
For the lower bound, k only needs to be fixed and nonnegative. Thus, condition (a1) is all
that is needed.

2

A.6. Proof of Corollaries
Consider Corollary 3 first. If we abuse notation slightly and write

πS(an, c0an) =

∫ c0an

an

πS(g) dg,

we have πS(an, c0an) = π(an/n, c0an/n) ≈ 1. Thus (a1) holds with k = 0. But (a2) is
automatic with ku = 0, and Corollary 3 holds. This also demonstrates Corollary 1 for the
Zellner-Siow and hyper-g/n priors.

For the hyper-g prior in Corollary 1,
∫ c0an

an

πg(g) dg ≈ n1−a/2, so let k = a/2 − 1 and

take ku < a/2 − 1.
Finally, for the beta-prime priors in Corollary 2, if a and b do not depend on n and

−1 < a < −1/2, we have
∫ c0an

an

πB(g) dg ≈ n−(a+1), i.e., k = a + 1 ∈ (0, 1/2). It suffices to

let ku = 0. If −1 < a < −1/2 and b ≈ n, then
∫ c0an

an

πB(g) dg ≈ 1, i.e., k = 0, and one can

take ku = 0. Therefore, the beta-prime priors πB(g) satisfy the conditions of Corollary 2,
and the corresponding Bayes factors are consistent as n → ∞.

2
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