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A ‘Great Theorems’ Session!
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A ‘Great Theorems’ Session!

Bernstein-von Mises: (conditions under which) credible and

confidence intervals agree to first order.

Pinsker: Beautifully packages ways for a linear estimate (in

Gaussian data) to be optimal among non-linear estimators:

N θ very small

N θ very large

N θ such that a Gaussian prior is good
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Today’s results

Rousseau: A semi-parametric Bernstein-von Mises theorem

N impressive formulation, proof

N intriguing suggestion of counterexample

Xu: A predictive Pinsker theorem

N impressive formulation, proof

N explicit description of optimal estimators
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Predictive density estimation
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Parallels

Quadratic: X ∼ Nn(θ, vxIn)

RQ(µ, µ̂) = Eµ‖µ̂− µ‖2

µ̂MLE(x) = x • formal Bayes for πU

• minimax

• admissible for p = 1, 2

Predictive: Y ∼ Nn(θ, vyIn)

RKL(µ, µ̂) =
∫
p(x|µ)p(y|µ) log p(y|µ)

p(x|µ)
dxdy

p̂U(y|x) • formal Bayes for πU

• minimax

• admissible for p = 1
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Parallels, II

Quadratic: Marginal density

µ̂π = x+ ∇ logmπ(x)

[Brown, 1971) ]

Predictive:

p̂π(y|x) = p̂U(y|x)exp
(
logmπ(w, vw) − logmπ(x, vx)

)
,

[George, Liang, Xu, 2006) ]

[
w = vyx+vxy

vx+vy
, vw = vxvy

vx+vy
.
]

OBayes 09 – p.7



Parallels, III

Quadratic: Stein’s unbiased estimate of risk:

RQ(µ, µ̂MLE) −RQ(µ, µ̂π) = −2
∂

∂v
Eµ,v logmπ(Z; v)

∣∣∣
v=1

[Brown, 1971) ]

Predictive:

RKL(µ, µ̂U) − RKL(µ, p̂π) =

∫ vw

vx

∂

∂v
Eµ,v logmπ(Z; v)

︸ ︷︷ ︸
dv

2Eµ,v

[
∇2

√
mp(Z, v)√
mp(Z, v)

]

[George, Liang, Xu, 2006) ]
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Pinsker’s ‘Little’ Theorem

Quadratic: θ̂S = Sx/(S + 1) is Bayes for πS = N(0, S)

RL(Θ) = inf
S

sup
θ∈Θ(C)

RQ(θ, θ̂S) = sup
θ∈Θ(C)

inf
S
RQ(θ, θ̂S)

Pinsker, 1980

Predictive: p̂S linear predictive density for πS = N(0, S):

RL(Θ) = inf
S

sup
θ∈Θ(C)

RKL(θ, p̂S) = sup
θ∈Θ(C)

inf
S
RKL(θ, p̂S)

Xu-Liang, 2008
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A Comment

Kneser-Kuhn minimax theorem: If C,D convex, D compact, and

(c, d) → f(c, d) is convex-concave, and u.s.c. in d, then

inf
c

sup
d
f(c, d) = sup

d
inf
c
f(c, d).

Quadratic:

f(c, d) =
∑

ǫ2(1−ci)2+c2i di is convex in ci =
1

1 + s
, linear in di.

Predictive:

R(θ, p̂S) is convex in ci =
1

vn+m + si

, linear in di = θ2
i .
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Pinsker’s “Big” theorem

Quadratic:

Linear minimax prior N(0, S∗) “nearly” concentrates concentrates

on Θ(C), so linear estimator “nearly” optimal.

Belister-Levit 1995,1996

Predictive:

Linear minimax prior N(0, S∗) “nearly” concentrates concentrates

on Θ(C), so linear predictive estimator p̂S∗ is “nearly” optimal.

PLUS: predictive density complete class theorem, etc.
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Bernstein-von Mises
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Growing Gaussian Location (GGL) Model

Data: Ȳ |θ ∼ Np(θ, σ
2
nI) Prior: θ ∼ Np(0, τ

2
nI)

[p = p(n) ր, but Gaussian ⇒ centering and scaling is key.]

Posterior: Let wn = τ 2
n/(σ

2
n + τ 2

n). Then

θ|Ȳ = ȳ ∼ Np(θ̂B = wnȳ, wnσ
2
nI)

3 PERSPECTIVES:

1. Global convergence of entire posterior

2. A non-linear functional: ‖θ − θ̂‖2

3. Linear functionals Lf (in dY = f + σndW )

– progressively less ‘demanding’ for BvM
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1. Global Convergence

When does

‖Pθ|Y n −N(θ̂MLE,
1

nIθ
)‖

P n
θ0→ 0?

Here

Pθ|Y n ↔ Np(wnȳ, wnσ
2
nI)

N(θ̂MLE,
1

nIθ
) ↔ Np( ȳ, σ2

nI)

PROPOSITION (BvM) holds if and only if

√
p
σ2

n

τ 2
n

=

√
p

n

σ2
0

τ 2
n

→ 0

i.e. wn = 1 − o
( 1√

p
n

)

– a rate constraint on wn → 1.
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2. A non-linear functional: ‖θ̂B − θ‖2

θ|Y n ∼ Np(θ̂B = wnȳ, wnσ
2
nI) wn = τ 2

n/(σ
2
n + τ 2

n)

For Tn = ‖θ − θ̂B‖2, after Freedman(1999) , set Cn = pσ2wn,

N for Bayesian: Tn = Cn +
√
DnZ1n

N for Frequentist: Tn = Cn +
√
FnZ2n(θ) +

√
Gn(θ)Z3n(θ, ǫ)

√
Dn = Bayesian SD =

√
2pσ2 · wn

√
Gn(θ) = Frequentist SD =

√
2pσ2 · wn[2wn − w2

n]1/2

√
Fn = ‘wobble’ in Freq. mean =

√
2pσ2 · wn(1 − wn)
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2. BvM fails for ‖θ − θ̂‖2 if limwn < 1

 !  "! "#

 "! $

 %

" &#$" "%&'Frequentist:

"
%'"Bayesian:

 ( ) "  "%'"  

is biased

is a noise vector

" "  "'"%   (

If limwn = 1,
√
F n = o(

√
Dn), Bayes SD ∼ Freq. SD.
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3. Linear Functionals Lf

For any o.n. basis {ψλ(t)}, Yt =
∫ t

0
f(s)ds+ σnWt t ∈ [0, 1]

↔ yλ = θλ + σnzλ zλ ∼ N(0, 1).

f(t) =
∑
θλψλ(t) ⇒ Lf =

∑
θλLψλ =

∑
θλaλ, say

Prior: θλ
ind∼ N(0, τ 2

λ)

Posterior: θλ|yλ
ind∼ N(wλyλ, wλσ

2
n), wλ = τ 2

λ/(σ
2
n + τ 2

λ)

Bayesian: Lf |y ∼ N(Lf̂ =
∑
aλwλyλ, Vy = σ2

n

∑
a2

λwλ)

Frequentist: L̂f |f ∼ N(EL̂f, VF = σ2
n

∑
a2

λw
2
λ)
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3. Bounded Functionals

Variance Ratio:
VF

Vy

=

∑
a2

λw
2
λ∑

a2
λwλ

< 1, wλ → 1 (fixed λ!)

a) Bounded linear functionals:
∑

λ a
2
λ <∞ ⇔

∫
a2 <∞.

e.g. a(t) =
∑K

0 ckt
k, polynomials

= IB(t) region of interest, c.d.f.

VF/Vy → 1 , & Bayesians & frequentists use same intervals.

b) (Badly) unbounded functionals: have limVF/Vy < 1.

e.g. values at a point: Lf = f (r)(t0) : if τ 2
λ ∼ 2−2jm, then

VF

Vy
→ 1 − 2r + 1

2m
⇒ BvM fails .
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