~ Reference Priors
for Discrete Parameter Spaces

José M. Bernardo
Universidad de Valencia, Spain

joint work with
James O. Berger and Dongchu Sun

O-Bayes 09
Philadelphia, USA. June 6th, 2009



Discrete reference priors

Summary

(i) The Problem

Conventional priors are often not appropriate.
Embedding into continuous parameter models.

(ii) Assuming that the parameter is continuous

Estimating population sizes in biology or reliability

(ili) Assuming a hierarchical structure

The hypergeometric model.

(iv) Reference priors from consistent estimators

The Binomial-Beta model.
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1. The Problem

Conventional priors are often not appropriate

e If the parameter space is finite all proposed solutions (Laplace, Ref-
erence, Maximum Entropy...) lead to a uniform prior. This may not
be appropriate when there is some structure in the model.
e Example. Hypergeometric distribution for a population of known
size N. Unknown parameter is R, the number of items in the popula-
tion with a property, R € {0,1,..., N}. The data is r, the number of
items with the property out of a random sample of size n.

The parameter space finite, but structured: for large N this becomes
a binomial with parameter p = R/N. The objective prior for R should
be compatible with the reference prior for p, the (non-uniform) Jeffreys
prior 7(p) oc p~/3(1 — p) 7%
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Embedding into continuous parameter models

Propose embedding into continuous parameter models and apply
standard reference theory. We consider three possible strategies:

(i) Treat the parameter as continuous in the original model.
Fine when it works, but this often introduces a normalizing con-
stant which can cause problems.

(ii) Introduce a continuous hierarchical hyperparameter describing
the problem structure.
This is the best option when such hierarchical modeling is possible
and natural. Unfortunately, this is not a common situation.

(iii) Apply reference theory with a consistent estimator.
A very general approach, but the result may weakly depend on the
particular estimator used.
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2. Assuming the parameter is continuous

e Replace the original model M = {p(x |§),x € X,0 € ©}, where ©
is countable, by M* = {k(0)p(x|0),x € X,0 € ©*}, where O is
some continuous extension of ©, and k(6) the required normalizing fac-
tor to ensure that [, k(0) p(x|0)dx = 1, V0 € ©F (obviously k(6) = 1
when 6 € ©). Use standard reference theory to obtain the continuous
reference prior 7(6) for M*, and use its restriction to the countable ©
as the reference prior for M.

We have found that the procedure only works well when k() = 1
for all 6 € ©* (for a non-constant normalization factor k(#) modifies
the structure of the original problem). There are, however important
problems in the category, e.g., those of estimating population sizes in
biology an number of bugs in reliability.
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Estimating a population size

Experiment with Type II censoring; a sample of N with exponential
Ex(t| A) lifetimes and experiment is stopped when R units have failed;
{t1 < ... < tp} denote the failure times, N > R and X are both
unknown, and R is pre-specified. The problem of estimating N has
many applications: estimate the number of fish in a lake, where the time
to catch a fish is exponential; software reliability, where the number N
of bugs is unknown, and the lengths of time to discover the first R bugs
are exponential.

From the joint sampling density p(t1, ...,z | N, A), the pair (v, w) =
(t1+...+tg, tg) is found to be sufficient, and the marginal density of v
is p(v| N) = p(v]| N, ) which only depends of N. This also results by
integrating out A in p(v, w | N, A) with the conditional reference prior
m(A| N) = A"1 Thus p(v | N) is all what matters.
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Embedding the discrete space for N, which is { R, R+1, ...}, into the
continuous space (R—0.5,00), p(v | N) is still a probability density for
the continuous N (with the same normalization). The corresponding
reference prior for N is simply Jeffreys prior m(N | R) x /ir(N),
with N > R — 0.5 , where ig(N) is Fisher information function.

With the convenient reparametrization § = N — R+ 1, 0 € N we
find the explicit formulae for (6 | R) which are all proper priors. For
R = 2 this is exactly 7(0 | R = 2) = 6~1(1 + )L For other R values
they do differ somewhat at # = 1 but are otherwise remarkably similar.
Hence one could just use (6 | R = 2) ~ 0~1(1+ 0)~! as the reference
prior for any R. although the exact reference prior is not difficult to
program and work with.
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3. Assuming a hierarchical structure

e In some special models, M = {p(x|60),x € X',0 € O}, where O is
countable, it is natural to add a hierarchical level of modeling p(6 | w),
w € 2 C R, to create a continuous hyperparameter w that can be
analyzed with usual reference prior methods.

The problem is then reduced to finding the reference prior m(w) for
the continuous hyperparameter w in the integrated model p(x |w) =
Y veoD(®|0)p(0|w), and this can be used to determine the implied
reference prior for 6, 7(6) = [, p(0 |w) T(w) dw.

For instance in the hypergeometric model, one can postulate that the
unknown number R of successes in the population of size N arises as
a Binomial random variable from a binomial Bi(R | N, p) distribution,
with p € (0,1) unknown.
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The hypergeometric model

e Consider sampling without replacement from a finite population of
know size IV, with R positive elements, such that
() G=r)
p(r|n,R,N)=Hy(r|n,R,N) = %, re{0,..., R}
p(R|N,p)=Bi(r|n,p) = (")p" A —p)"", pe(0,1).
e The corresponding integrated model is
p(r|n,N,p) =3 p_oHy(r|n, R, N)Bi(r|n,p) = Bi(r |n,p)
whose corresponding reference prior is 7(p) oc p~1/2(1 — p)~1/2

e The implied reference prior for R is the (obviously proper) prior

1 T(R+5H T(N—R+1)
m(RIN) = 2t rm rov=rr)

For large N this is, in terms of § = R/N, basically proportional to

Be(f | 5, 3), the reference prior for the binomial limiting model.
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Hypergeometric Hy(r |n, R, N) model. Reference priors (6| N )
for several N wvalues, in terms of 6 = R/N.
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Reference priors from consistent estimators

e Consider model M = {p(x|0),x € X,0 € O}, where O is count-
able. Let ) = {x,...,x;} denote k conditionally independent
observations from M, and consider a consistent estimator 6 (x*))
of O (which effectively becomes continuous as k — 00).

e Let p(6; | 6) be the asymptotic sampling distribution of 8, as k — oc.
Treat 6 as a continuous parameter in model p(fy | 6), and derive the
corresponding reference prior 7(#).

e If as k — oo and for appropriate functions ¢ (typically ¢ = \/%),
¢x(0, — 6) has a limiting normal distribution with mean zero and vari-
ance 02(6), the reference prior is simply m(6) = o(0)~.

e The resulting reference prior depends of the estimator chosen, but
the differences are typically negligible in practice.
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The Binomial-Beta model

e Consider data r € {0,...,n} from a binomial-beta distribution
p(r|n.a,b) = [ Bi(r|n,p)Be(p| a,b) dp = (1) 5t~ Fameg
so that E[r[n, a,b] = n-t5, and Var[r [n, a,b] = (afl(;;l;(réigll) :

o Let {ry,...,r:} beasample of size k from p(r | n, a, b). and consider

. . . . ‘o~ _atb k .
the simple (linear) consistent estimator of nis n =<2 % r;

e From the central limit theorem, p(n | n,a,b) is approximately nor-
mal, with mean n and variance Var[n|n, a,b] = %

e Hence, the proposed reference prior is
~1/2 1 _
n(n+a+b)

e [t has been shown by simulation that the posterior induced by this

m(n) o< Var[n | n, a, ]

prior has appropriate coverage properties.
Other examples in the supporting paper.
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Valencia Mailing List

e The Valencia Mailing List contains about 2,000 entries of people in-
terested in Bayesian Statistics. It sends information about the Valencia
Meetings and other material of interest to the Bayesian community.
e If you do not belong to the list and want to be included,

please send your data to valenciameeting@uv.es

9th Valencia International Meeting

on Bayesian Statistics
Benidorm (Alicante, Spain), June [3-8], 2010

e Bernardo, J.M., Bayarri, M.J., Berger, J.O. Dawid, A.P. Hecker-
man, D., Smith, A.F.M. and West, M. (2007). Bayesian Statistics 8.
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