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Intro
Local Alternative Priors

@ In testing a null hypothesis that a normal mean a = 0,
Jeffreys (1939) stated
... that the mere fact that it has been suggested
that o is zero corresponds to some presumption
that it is fairly small.

@ Jeffreys subsequently used Cauchy priors centered at 0 to
test this hypothesis.

@ The use of local alternative priors in "default" or "objective"
is now common within the Bayesian community
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Intro
Local Alternative Priors

@ Let © C R be the parameter space
@ Let ©y C © denote parameter values consistent with null

@ Let ©1 = © — ©g denote parameter values consistent
alternative

@ 7(0) is a local (alternative) prior density if there exists
€,¢ > 0 such that

(@) >e forall {#e€©:|0—6) <}
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Intro

Local Alternative vs Point Null
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Intro

Local Alternative vs Composite Null
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local alternative density
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Intro

Local Alternative vs Composite Null

density
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Asymptotics

Asymptotic properties of Bayes factors with local priors

Let BF,(1]0) denote the Bayes factor in favor of the alternative
model versus the null model based on a sample size n.

@ For a true point null hypothesis, BF,(1]0) = Op(n~"/?)
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Asymptotics

Asymptotic properties of Bayes factors with local priors

Let BF,(1]0) denote the Bayes factor in favor of the alternative
model versus the null model based on a sample size n.

@ For a true point null hypothesis, BF,(1]0) = Op(n~"/?)

@ For a true composite null hypothesis, BF,(1|0) = Op(1)
— posterior probabilities are not consistent
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Asymptotics

Asymptotic properties of Bayes factors with local priors

Let BF,(1]0) denote the Bayes factor in favor of the alternative
model versus the null model based on a sample size n.

@ For a true point null hypothesis, BF,(1]0) = Op(n~"/?)

@ For a true composite null hypothesis, BF,(1|0) = Op(1)
— posterior probabilities are not consistent

@ For a true alternative hypothesis,
nlim PllogBFs(1|0) > nk ]| =1

for some k > 0. — convergence in favor of true alternative
hypothesis is exponential
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Asymptotics

Properties of Bayes factors obtained using local

alternatives

@ Treatment of hypotheses is highly asymmetric.
@ Itis generally impossible to obtain strong evidence in favor
of true null hypothesis, even with relatively large sample

sizes.
@ Itis easy to get strong evidence in favor of true alternative
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Asymptotics

Properties of Bayes factors obtained using local

alternatives

@ Treatment of hypotheses is highly asymmetric.

@ Itis generally impossible to obtain strong evidence in favor
of true null hypothesis, even with relatively large sample
sizes.

@ Itis easy to get strong evidence in favor of true alternative
@ Local BF =~ p-value ?
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Asymptotics

Properties of Bayes factors obtained using local

alternatives

@ Treatment of hypotheses is highly asymmetric.

@ Itis generally impossible to obtain strong evidence in favor
of true null hypothesis, even with relatively large sample
sizes.

@ Itis easy to get strong evidence in favor of true alternative
@ Local BF =~ p-value ?

@ In “regular” statistical models, IBF’s and FBF’s share the
properties of BF’s based on local priors.
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Non-Local Priors
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New Priors

Non-local priors: Moment priors (MOM prior)

@ Suppose Hp : 6 = 6y in a parametric hypothesis test
@ Let 7(#) be a density with 2k moments

@ The k" moment prior density, k =1,2,...,is
0—0 2k
() = %W(g)’
02k
where

ook = /e (0 — 60)% 7 (6)d6.

@ k =1 is a good default; choose oo, by connecting problem
to science
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New Priors

Inverse moment priors (iMom)

@ By transforming an inverse gamma density, define an
inverse moment prior centered on 6, to be

v —k
m(0) = r(lu(jzk) (0~ 00P] " expq - [(0 ;Hoﬂ

@ k=1, v =1 are good defaults
@ Choose ¢ to reflect alternative

Valen E. Johnson David Rossell On the Use of Non-Local Prior Densities for Bayesian Hypotl



New Priors

Comparison of non-local priors
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Convergence of MOM and iMOM under null

Using regularity conditions in Walker (1969) and Laplace’s
approximation, it can be shown that

@ Under Hy, using a MOM prior to define the alternative,
BF,(1/0) = Op(n™*=1/2)
@ Under Hp, using an iMOM prior to define the alternative,

n K/ log BF,(110) 25 ¢, ¢ <O.
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Applications
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Applications
Test of normal mean

@ Consider test of Hy : 6 = 0 based on Xj,..., X, ~ N(0,1)
@ Four alternative hypotheses considered:

H . =(0) = N(6;0,2) (intrinsic prior)
HY o+ w(9)
HS . w(6) || "2 exp(—0.318/62),
H¢ - =(0) = 62N(6;0,0.159)
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Applications

Test of normal mean (cont.)

@ Analytic expressions for Bayes factor available for HZ
(normal-intrinsic) and HY (normal-moment).

@ Calculation of Bayes for H? (Cauchy) and H¢ (inverse
moment) require 1-D numerical integration.
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Applications

Expected weight of evidence for alternative, true null
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Applications

Expected weight of evidence for alternative, n=50
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Applications
Test of normal variance

@ Consider test of Hy : ( =1 based on Xi,..., X, ~ N(0,()
@ Three alternative hypotheses considered:

a . R
i = g
H1b : w(¢)=c(¢— Co)ZC_a_1 exp(—A/(),

®:1a:5A:4

HY = w(0) =

(intrinsic prior)

0807 ™ | oa 7
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Applications

Alternative densities
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Applications

Expected weight of evidence for alternative, true null
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Applications

Expected weight of evidence for alternative, n=50
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Applications

Stylized Phase Il trial with continuous monitoring

@ Suppose standard therapy has known response rate
fs=0.2
@ Consider three specifications of the alternative hypothesis
on 6 :
Hat :m(0g) o 0z°(1—0g)~2
Ha : 7(0g) o 0F(1 —0g)"®
Hay:m(0) o« (0 —.2)3exp |—0.015/(0g — .2)?

@ Trial stops when probability of null or alternative exceeds
0.95, or n = 50.

@ Posteriors updated after each patient
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Applications

Alternative hypotheses

density

Valen E. son David Rossell cal Prior Densities for Bayesian Hypot!



Applications
Trial outcomes

Table: Operating characteristics of hypothetical clinical trial under null
hypothesis (6 = 0.2).

Hypothesis Proportion of Proportion of
Trials Stopped for Hy | Trials Stopped for H,
Ha1 0.03 0.02
Hgo 0.004 0.02
Has 0.30 0.02
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Applications
Trial outcomes

Table: Operating characteristics of hypothetical clinical trial under null
hypothesis (6 = 0.2).

Hypothesis Proportion of Proportion of
Trials Stopped for Hy | Trials Stopped for H,
Ha1 0.03 0.02
Hgo 0.004 0.02
Has 0.30 0.02

"Power" of three hypotheses against targeted success rate of
0e = 0.3 were 0.23, 0.25, and 0.31, respectively.
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Applications

A Comparison to Real Time-to-event (TTE) trial

@ Consider a trial in which PFS is outcome, and suppose
standard therapy has 85 = 6 month median survival time.

@ Thall-Simon design:

0s ~ 1G(200, 1200),

0g ~ IG(3,12) (both priors have mean 6)

Superiority stop if Pr(6s < 0g | x,) > 0.98

Inferiority stop if Pr(0s +2 < 0g | x,) < 0.07

Maximum enrolliment of n = 50
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TTE trial with iIMOM prior

@ iMOM prior with mode at 8 chosen
@ Superiority stop if Pr(H; | x,) > .93
@ Inferiority stop if Pr(Hp | xn) > .87

@ Both trials stop 20% of time for inferiority when 8 = 8 and
5% of time for superiority when 6z = 6.

Valen E. Johnson David Rossell On the Use of Non-Local Prior Densities for Bayesian Hypotl



Applications

Operating characteristics of TTE trial
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Applications

Operating characteristics of TTE trial
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Extensions
Multivariate extensions

@ Define
Q(0) = (0 — 60) "= '(0 — 6,)/(n70?)
where
@ O is a d x 1 dimensional real vector,
@ Y is a positive definite matrix, and
@ 7 > 0is a scalar.
@ nis the observation number
@ o2 is observational variance (or 1)
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MOM and iMOM priors

@ MOM prior:

where
k r(d/2)
Mv/2k) wd/2 ~
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Extensions
Multivariate setting

@ Taking X equal to asymptotic covariance matrix produces
simple analytic approximations to MOM and iMOM BF in
regular models

@ Use of "g-prior" base measure provides analytic
expression for MOM BF in linear models

@ MOM prior leads to Op(n—*~9/2) convergence of BF in
favor of true point null

@ iIMOM prior leads to BF in favor of true null that satisfies

n K/ log BF,(110) 2 ¢, ¢ <O.
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Extensions

A conservative property of Bayesian hypothesis tests

@ On logarithmic scale, the log odds in favor of Model 1 can

be written
Pr(M; U’n)] [m1 (}’n)] [W(Mﬂ]
log | =—+—=| = lo +lo
d [PV(MO | ¥n) 9 mo(yn) 9 (M)
log posterior odds = weight of evidence + log prior odds

@ Suppose that the “true" prior model for 6, say 7:(6g),
results in a true marginal distribution of the data equal to

mtm) = [ (7)1 = 00" u(0e) e
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Extensions

A conservative property of Bayesian hypothesis tests

Note that
my(Xn) / m (Xn)
[ a — | ax
.. m;(xn) log mo(xr) Xn .. m;(xn) log mo(Xn) Xn
my(Xn)
= my(Xp) lo d
/Xn (0109 3, (e
> 0
That is,
mi(Xn) (Xn)
[ o) | d
y, T)1eg o Gy 0 = [, M08 ey
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Extensions

A conservative property of Bayesian hypothesis tests

@ Expected weight of evidence under true alternative prior is
always greater than under mis-specified prior

@ |t is important to specify the prior under the alternative
hypothesis under the assumption that the alternative
hypothesis is true.

@ From a frequentist perspective, posterior probability of the
alternative model usually provides a conservative estimate
of the true posterior probability.
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Extensions

Summary and further extensions

@ Use of local alternative priors generally makes it
impossible to confirm null hypothesis
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Extensions

Summary and further extensions

@ Use of local alternative priors generally makes it
impossible to confirm null hypothesis

@ Default non-local priors have convenient analytic
expressions, but (and) require tie to science
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Extensions

Summary and further extensions

@ Use of local alternative priors generally makes it
impossible to confirm null hypothesis

@ Default non-local priors have convenient analytic
expressions, but (and) require tie to science

@ iIMOM/MOM priors may improve performance of model
selection algorithms (i.e., exponential rather than 1/1/n
elimination of spurious predictors
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Extensions

Summary and further extensions

@ Use of local alternative priors generally makes it
impossible to confirm null hypothesis

@ Default non-local priors have convenient analytic
expressions, but (and) require tie to science

@ iIMOM/MOM priors may improve performance of model
selection algorithms (i.e., exponential rather than 1/1/n
elimination of spurious predictors

@ iIMOM/MOM priors may improve operating characteristics
of Bayesian FDR-type procedures
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The End
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