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Abstract

Markov switching processes, such as the hidden Markov m@deIM) and switching linear dy-
namical system (SLDS), are often used to describe rich dicemphenomena. They describe complex
behavior via repeated returns to a set of simpler modelgyiimeaa person alternating betweenalking,
running, andjumpingbehaviors, or a stock index switching between regimes df higd low volatility.
Classical approaches to identification and estimationege¢imodels assume a fixed, pre-specified number
of dynamical models. We instead examine Bayesian nonparanapproaches that define a prior on
Markov switching processes with an unbounded number ofrpialemodel parameters (i.e., Markov
modes). By leveraging stochastic processes such as thaftBirichlet process, these methods allow
the data to drive the complexity of the learned model, whileermitting efficient inference algorithms.
They also lead to generalizations which discover and mogiehihical behaviors shared among multiple

related time series.

Index Terms
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. INTRODUCTION

A core problem in statistical signal processing is the parting of temporal data into segments,

each of which permits a relatively simple statistical dggimn. This segmentation problem arises in a
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variety of applications, in areas as diverse as speechméiny computational biology, natural language
processing, finance, and cryptanalysis. While in some cdsegroblem is merely that of detecting
temporal changes—in which case the problem can be viewedasfochangepoint detection—in many
other cases the temporal segments have a natural meanimg domain and the problem is to recognize
recurrence of a meaningful entity (e.g., a particular speall gene, a part of speech, or a market
condition). This leads naturally to state-space modelsgraithe entities that are to be detected are
encoded in the state.

The classical example of a state-space model for segmamtatihe hidden Markov model (HMM) [1].
The HMM is based on a discrete state variable and on the pilb@bassertions that the state tran-
sitions are Markovian and that the observations are camditiy independent given the state. In this
model, temporal segments are equated with states, a nagsamption in some problems but a limiting
assumption in many others. Consider, for example, the dahadhoney bee as it switches between a set
of turn right, turn left, andwaggledances. It is natural to view these dances as the temporalesgg,
as they “permit a relatively simple statistical descriptioBut each dance is not a set of conditionally
independent draws from a fixed distribution as required eyHiMM—there are additional dynamics to
account for. Moreover, it is natural to model these dynamgiag continuous variables. These desiderata
can be accommodated within the richer frameworkMarkov switching processespecific examples
of which include theswitching vector autoregressiy®AR) process and thewitching linear dynamical
system(SLDS). These models distinguish between the discrete oopmi of the state, which is referred
to as a “mode,” and the continuous component of the stateshmtéptures the continuous dynamics
associated with each mode. These models have become inglgggominent in applications in recent
years [2]-[8].

While Markov switching processes address one key limmagbthe HMM, they inherit various other
limitations of the HMM. In particular, the discrete compaomef the state in the Markov switching process
has no topological structure (beyond the trivial discretgotogy). Thus it is not easy to compare state
spaces of different cardinality and it is not possible to tiigestate space to encode a notion of similarity
between modes. More broadly, many problems involve a didle®f state-space models (either HMMs
or Markov switching processes), and within the classicaniework there is no natural way to talk about
overlap between models. A particular instance of this mobarises when there are multiple time series,
and where we wish to use overlapping subsets of the modessirilde the different time series. In
Sec. IV we discuss a concrete example of this problem wherdirtie series are motion-capture videos

of humans engaging in exercise routines, and where the naréespecific exercises, such as “jumping
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jacks,” or “squats.” We aim to capture the notion that twdetént people can engage in the same exercise
(e.g., jumping jacks) during their routine.

To address these problems we need to move beyond the sinspletgi Markov chain as a description
of temporal segmentation. In this article, we describe heticclass of stochastic processes known as
combinatorial stochastic process#sat provide a useful foundation for the design of flexibledeis
for temporal segmentation. Combinatorial stochastic @sses have been studied for several decades in
probability theory (see, e.g., [9]), and they have begunlay p role in statistics as well, most notably
in the area of Bayesian nonparametric statistics where yledgt Bayesian approaches to clustering and
survival analysis (see, e.g., [10]). The work that we prekene extends these efforts into the time series
domain. As we aim to show, there is a natural interplay betwasnbinatorial stochastic processes and
state-space descriptions of dynamical systems.

Our primary focus is on two specific stochastic processes-Bitichlet processand thebeta process-
and their role in describing modes in dynamical systems. Divichlet process provides a simple
description of a clustering process where the number oteasiss not fixed a priori. Suitably extended
to a hierarchical Dirichlet proces{HDP), this stochastic process provides a foundation ferdhsign
of state-space models in which the number of modes is randahirderred from the data. In Sec. I,
we discuss the HDP and its connection to the HMM. Building lois tonnection, Sec. Ill shows how
the HDP can be used in the context of Markov switching praeesggth conditionally linear dynamical
modes. Finally, in Sec. IV we discuss the beta process and bbuw it can be used to capture notions

of similarity among sets of modes in modeling multiple tineziss.

[I. HIDDEN MARKOV MODELS

The hidden Markov model, oHMM, generates a sequence of latent modes via a discrete-valued
Markov chain [1]. Conditioned on this mode sequence, theghadsumes that the observations, which
may be discrete or continuous valued, are independent. ™ i$ the most basic example of a Markov

switching process, and forms the building block for more pboated processes examined later.

A. Finite HMM

Let z; denote thenodeof the Markov chain at time, and~; the mode-specifitransition distribution

for modej. Given the modey, the observationy, is conditionally independent of the observations and
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Fig. 1. Graphical representations of three Markov switglprocesses: (a) hidden Markov Model (HMM), (b) order 2 shiitg

vector autoregressive (VAR) process, and (c) switchingdindynamical system (SLDS). For all models, a discretaedhl
Markov process:; evolves asz:i1|{mx}i,, 2 ~ 7.,. For the HMM, observations are generatedyag0x }5<_,, z: ~ F(6.,),
whereas the switching VAR(2) process assumes- N'(Ay, 1 + AY"y,_», ©(¥)). The SLDS instead relies on a latent,

continuous-valued Markov state to capture the history of the dynamical process as spectfiéel]i (15).

modes at other time steps. The generative process can bebeesasd

Zt | Zt—1 "~ Tz

1)
Ut | 2t~ F(ezt)

for an indexed family of distributiong’(-) (e.g., multinomial for discrete data or multivariate Gaass
for real, vector-valued data), whefe are theemission parameteror modei. The directed graphical
model associated with the HMM is shown in Fig. 1(a).

One can equivalently represent the HMM via a sdtanfisition probability measureS; = Ele 106, »
where dy is a unit mass concentrated @t Instead of employingransition distributionson the set of
integers (i.e., modes) which index into the collection ofiggion parameters, we operate directly in the
parameter spac®, and transition between emission parameters with prakiabi{G;}. Specifically, let

Jji—1 be the unique emission parameter ingeguch thatd;_, = ¢,. Then,

92 | 92—1 ~ Gjt—l (2)
Yt | 92 ~ F(eé)

Here,0, € {0:,...,0k} takes the place df,, in Eq. (1). A visualization of this process is shown by the
trellis diagram of Fig. 2.
One can consider Bayesian HMMby treating the transition probability measur@s as randont,

and endowing them with a prior. Since the probability measare solely distinguished by their weights

The notationz ~ F indicates that the random variabteis drawn from a distribution. We use bar notation | F ~ F
to specify conditioned upon random variables, such as aorardistribution.
2Formally, a random measure on a measurable sfaseith sigma algebrad, is defined as a stochastic process whose index

set is.A. That is,G(A) is a hon-negative random variable for eadhe A.
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Fig. 2. Left: Trellis representation of an HMM. Each circle represents ofithe K possible HMM emission parameters at
various time steps. The highlighted circles indicate tHected emission parametéf at timet, and the arrows represent the
set of possible transitions from that HMM mode to each of Higossible next modes. The weights of these arrows indicate
the relative probability of the transitions encoded by thedsspecific transition probability measur@s. Middle: Transition
probability measureg7,, G2, and G corresponding to the example trellis diagraRight: A representation of the HMM

observationgy;, which are drawn from emission distributions parameterizg the highlighted nodes.

on the shared set of emission parametgks ..., 0k}, we consider a prior that independently handles
these components. Specifically, take the weights= [, ...7;x] (i.e., transition distributions) to be

independent draws from A -dimensional Dirichlet distribution,
ﬂjNDir(al,...,aK) j=1...,K, (3)

implying that)", m;, = 1, as desired. Then, assume that the atoms are dravwh as H for some
base measur#l on the parameter spaée Depending on the form of the emission distribution, vasiou

choices ofH lead to computational efficiencies via conjugate analysis.

B. Sticky HDP-HMM

In the Bayesian HMM of the previous section, we assumed tmathumber of HMM modes< is
known. But what if this is not the case? For example, in theakpediarization task described in Sec. |,
determining the number of speakers involved in the meetingrie of the primary inferencgoals
Moreover, even when a model adequately describes previosereations, it can be desirable to allow
new modes to be added as more data are observed. For exarhatef more speakers enter the meeting?
To avoid restrictions on the size of the mode space, suclasosmaturally lead to priors on probability

measure<s; that have an unbounded collection of support poéits
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The Dirichlet process(DP), denoted byDP(v, H), provides a distribution over countably infinite
probability measures

Go=> Bils, Opr~H 4)

k=1
on a parameter spa¢®. The weights are sampled viastick-breaking constructiofiL1]:

k—1
ﬂk =V H(l — Vg) Vi ~ Bet'é(l,’y). (5)
/=1

In effect, we have divided a unit-length stick into lengthisen by the weights3,: the k** weight
is a random proportiony, of the remaining stick after the firdtt — 1) weights have been chosen.

We denote this distribution by ~ GEM(~). See Fig. 3 for a pictorial representation of this process.

The Dirichlet process has proven useful in many applica=

tions due to its clustering properties, which are clearlgnse .____i ﬁ-- I
.. . . . . . / '-I 3 2
by examining thepredictive distributionof drawsé; ~ Gy. :‘?54
: 5
Because probability measures drawn from a Dirichlet preces -

are discrete, there is a strictly positive probability ofltiple 15 3 pictorial representation of the stick-

observations); taking identical values within the sg¢t;}, breaking construction of the Dirichlet process.
with 6, defined as in Eq. (4). For each valég let z; be
an indicator random variable that picks out the unique valpesuch thatd, = 6.,. Blackwell and

MacQueen [12] derived a Polya urn representation oféthe

i—1
1
91,|9£>> z,'—lN i H+Z _59’.

y+i—1 j:1’y+z'—1 I
Y S
k
~———H — 0, - 6
v+i—1 +;’y+i—19’“ ©
This implies the following predictive distribution on thedicator assignment variables:
gl 1«
z =2z|z21,---,2N,7Y) = 0z, K+1)+ — nid(z, k). 7
p(an+1 | 21 Ns7) N+7( ) N+7;k( ) (7)

Here,n;, = Zf\il d(z, k) is the number of indicator random variables taking the valyand K + 1

is a previously unseen value. The discrete Kronecker déhtak) = 1 if = = k, and0 otherwise. The
distribution on partitions induced by the sequence of cimul distributions in Eq. (7) is commonly
referred to as th€hinese restaurant proceskakei to be a customer entering a restaurant with infinitely

many tables, each serving a unique dish Each arriving customer chooses a table, indicatec;by
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in proportion to how many customers are currently sittinghat table. With some positive probability
proportional to~y, the customer starts a new, previously unoccupied tdble 1. From the Chinese
restaurant process, we see that the Dirichlet process leasfarcement property that leads to a clustering
at the valued),. This representation also provides a means of samplingradtgans from a Dirichlet
process without explicitly constructing the infinite prbily measureGy ~ DP(v, H).

One could imagine using the Dirichlet process to define a piche set of HMM transition probability
measures;. Taking each transition measu€g as an independent draw froP (v, H) implies that

these probability measures are of the fofm;° | 7100, , with weights7; ~ GEM(y) and atoms

0 ~ H. AssumingH is absolutely continuous (e.g., a Gaussian distributitng, construction leads to

transition measures with non-overlapping support (£.g..7# 6. with probability one.) Based on such a
construction, we would move from one infinite collection oMMl modes to an entirely new collection
at each transition step, implying that previously visitedd®s wouldneverbe revisited. This is clearly

not what we intended. Instead, consider therarchical Dirichlet procesgHDP) [13], which defines a

collection of probability measure~;} on the same support poin{#,, 6, ... } by assuming that each
discrete measur@ is a variation on a global discrete measaGig Specifically, the Bayesian hierarchical
specification takes:; ~ DP(«, Gp), with G| itself a draw from a Dirichlet procedsP (v, H). Through

this construction, one can show that the probability mezsare described as
Go = >_p21 Brde, B~ ~GEM(v)
Gj = zzozl ﬂjkéek Ty ‘ a,f ~ DP(O[,B)
Applying the HDP prior to the HMM, we obtain thdDP-HMM of Teh et. al. [13].

O, | H ~ H. (8)

Extending the Chinese restaurant process analogy of thehl2ir process, one can examine a Chinese
restauranfranchisethat describes the partitions induced by the HDP. In theeodrdf the HDP-HMM,
the infinite collection of emission paramet@isdetermine a global menu of shared dishes. Each of these
emission parameters is also associated with a single, e@m@gtaurant in the franchise. The HDP-HMM
assigns a customéf to a restaurant based on the previous custather, since it is this parameter that
determines the distribution @f (see Eq. (2)). Upon entering the restaurant determinefj by customer
6; chooses a table with probability proportional to the cur@tupancy, just as in the Dirichlet process.
The dishes for the tables are then chosen from the global lgrivased on their popularity throughout
the entirefranchise, and it is through this pooling of dish selectitret the HDP induces sharedsparse
subset of model parameters.

By defining7; ~ DP(a, 3), the HDP prior encourages modes to have similar transitistriloLitions.
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Fig. 4. (a)-(b) Mode sequences drawn from the HDP-HMM andkgtHDP-HMM priors, respectively. (c)-(e) Observation
sequences corresponding to draws from a sticky HDP-HMM, ralero2 HDP-AR-HMM, and an order 1 BP-AR-HMM with

five time series offset for clarity. The observation seqesnare colored by the underlying mode sequences.

In particular, the mode-specific transition distributicare identical in expectation:

Elmjx | 8] = B (9)

Although it is through this construction that a shared sparsode space is induced, we see from
Eq. (9) that the HDP-HMM does not differentiate self-tréinsis from moves between different modes.
When modeling data with mode persistence, the flexible patdirthe HDP-HMM prior allows for
mode sequences with unrealistically fast dynamics to havgel posterior probability, thus impeding
identification of a compact dynamical model which best eixglahe observations. See an example mode
sequence in Fig. 4(a). The HDP-HMM places only a small prienglty on creating an extra mode,
but no penalty on that mode having a similar emission paramtet another mode, nor on the time
series rapidly switching between two modes. The increadikeéfihood by fine-tuning the parameters
to the data can counteract the prior penalty on creatingetkiisa mode, leading to significant posterior
uncertainty. These rapid dynamics are unrealistic for miaa} datasets. For example, in the speaker
diarization task, it is very unlikely in that two speaker® aapidly switching who is speaking. Such
fast-switching dynamics can harm the predictive perforoeaof the learned model since parameters are
informed by fewer data points. Additionally, in some apations one cares about the accuracy of the
inferred label sequence instead of just doing model avegadim such applications, one would like to be
able to incorporate prior knowledge that slow, smoothlyyireg dynamics are more likely.

To address these issues, Fox et. al. [14] proposed to insaagle transition distributions; as:

B~y ~GEM(v)
Otﬂ + R(Sj) (10)

i|a,k,8~DPla+ k,
ﬂ]’ g < a+ K

Here, (o + kd;) indicates that an amourt> 0 is added to thg®* component ofx3. This construction

increases the expected probability of self-transition hyaanount proportional to:. Specifically, the
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Fig. 5. Graphical representations of three Bayesian nampetric variants of the Markov switching processes showign 1.

Y3

The plate notation is used to compactly represent replication of sadehe graph [13], with the number of replicates indicated
by the number in the corner of the plate. (a) The sticky HDPNHNThe mode evolves as;i1|{mx}7z1, 2t ~ 7,, Where
k|, K, B ~ DP(a+ &, (S + kdk)/(a+k)) and By ~ GEM(v), and observations are generated;d$0x }v=1, zc ~ F(6:,).
The HDP-HMM of [13] hask = 0. (b) A switching VAR(2) process and (¢) SLDS, each with algtieiDP-HMM prior on

the Markov switching process. The dynamical equations are &q. (17).

expected set of weights for transition distributionis a convex combination of those defined Bynd
mode-specific weight defined by

« K

B +

E[ij|ﬁvli]:a+ﬁ a+ kK

5(4, k). (11)

Whenk = 0 the original HDP-HMM of Teh et. al. [13] is recovered. Becaymsitivex values increase
the prior probabilityE[r;; | 3] of self-transitions, this model is referred to as sieky HDP-HMM. See
the graphical model of Fig. 5(a), and the mode sequence sapaph of Fig. 4(b). The: parameter is
reminiscent of the self-transition bias parameter of thimite HMM [15], a precursor of the HDP-HMM.
However, that paper relied on heuristic, approximate @riee methods. The full connection between the
infinite HMM and the HDP, as well as the development of a glybabnsistent inference algorithm,
was made in [13], but without a treatment of a self-transitarameter. Note that in the formulation
of Fox et. al. [14], the HDP concentration parameterand~, and the sticky parameter, are given
priors and are thus learned from the data as well. The fléyilgarnered by incorporating learning of
the sticky parameter within a cohesive Bayesian framewtiokva the model to additionally capture fast
mode-switching if such dynamics are present in the data.

In [14], the sticky HDP-HMM was applied to the speaker diatian task, which we recall involves
segmenting an audio recording into speaker-homogenegiens; while simultaneously identifying the
number of speakers. The data for the experiments consis@dtandard benchmark data set distributed

by NIST as part of the Rich Transcription 2004-2007 meetiagognition evaluations [16], with the
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observations taken to be the first 19 Mel Frequency Cepstrafficients (MFCCs) computed over short,
overlapping windows. Because the speaker-specific emissime not well-approximated by a single
Gaussian, a Dirichlet process mixture of Gaussian extartdithe sticky HDP-HMM was considered. The
sticky parameter proved pivotal in learning such multimastaission distributions. Combining both the
mode-persistence captured by the sticky HDP-HMM, alonpwitmodel allowing multimodal emissions,

state-of-the-art speaker diarization performance wagaet.

[1l. M ARKOV JUMP LINEAR SYSTEMS

The HMM's assumption of conditionally independent obs&ores is often insufficient in capturing the
temporal dependencies present in many real datasets.| Recakample of the dancing honey bees from
Sec. I. In such cases, one can consider more complex Markiwehéwg processes, namely the class of
Markov jump-linear system@JLS), in which each dynamical mode is modeled via a lingaraghnical
process. Just as with the HMM, the switching mechanism igdam an underlying discrete-valued
Markov mode sequence. Switched affine and piecewise affirdelmowhich we do not consider in this

paper, instead allow mode transitions to depend on theroomis state of the dynamical system [17].

A. State Space Models, VAR Processes, and Finite Markov limepr Systems

A state space model provides a general framework for amajymany dynamical phenomena. The
model consists of an underlying state, € R”, with linear dynamics observed vig, € R%. A linear

time-invariant state space model, in which the dynamics atodepend on time, is given by
T = ATy 1+ e Yy, = Cxy + wy, (12)

where e; and w; are independent, zero-mean Gaussian noise processes aviniances>: and R,
respectively. The graphical model for this process is eaaivt to that of the hidden Markov model
depicted in Fig. 1(a), replacing with x;.

An orderr VAR process, denoted by VAR), with observationgy, € R%, can be defined as
Y=Y Ay ite e ~N(0,D). (13)
i=1

Here, the observations depend linearly on the previoabservation vectors. Every VARY process can
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be described in state space form by, for example, the fatigwiansformation:

_Al A2 Ar_ _I_
I 0 ... 0 0

wo=|. || e w=[10 . oa (14)
0 ... I 0] 0]

On the other hand, not every state space model may be exgrasseVAR() process for finite- [18].

Building on the HMM of Sec. II-A, we define awitching linear dynamical syste($LDS) by

2L~ T,
' (15)
x, = A, | + e(z) y, =Cxy + wy,

Here, we assume the process nois¢z) ~ N(0,%(*)) is mode-specific, while the measurement
mechanism is not. This assumption could be modified to allewbbth a mode-specific measurement
matrix C*) and noisew;(z) ~ N(0, R*)). However, such a choice is not always necessary nor
appropriate for certain applications, and can have imgitina on the identifiability of the model. We
similarly define aswitchingVVAR(r) process by

2~ Tz y
(16)

Y = Z AEZt)yt—i + e(z).
i=1

Both the SLDS and the switching VAR process are containelimvihe class of MJLS, with graphical
model representations shown in Fig. 1(b)-(c). Compare &b ofi the HMM in Fig. 1(a).

B. HDP-AR-HMM and HDP-SLDS

In the formulations of the MJLS of Sec. lll, it was assumedt ttie number of dynamical modes
was known. However, it is often desirable to relax this agstion in order to provide more modeling
flexibility. It has been shown that in such cases, the sticBPFHMM can be extended as a Bayesian
nonparametric approach to learning both SLDS and switcMAB processes [19], [20]. Specifically,
the transition distributions are defined just as in the gtidbP-HMM. However, instead of independent
observations, each mode now has conditionally linear dycerffihe generative processes for the resulting
HDP-AR-HMMandHDP-SLDSare summarized as follows, with an example HDP-AR-HMM obston
sequence depicted in Fig. 4(d):
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HDP-AR-HMM HDP-SLDS

Mode dynamics Zp ~T 2y ~T
y t Zt—1 t Zt—1 (17)

Observation dynamicsy, = S, Ay, . +ei(z) | @ = Az, _1 + e,(z)

y, = Cxy + wy

Here,r; is as defined in Eq. (10). The issue, then, is in determiningppropriate prior on the dynamic
parameters. In [19], a conjugate matrix-normal inversshAfit (MNIW) prior [21] was proposed for the
dynamic parameter§A®), ©(®)1 in the case of the HDP-SLDS, arfdl\", ..., A% x(®)} for the HDP-
AR-HMM. The HDP-SLDS additionally assumes an inverse-\&isiprior on the measurement noige
however, the measurement matr¥, is fixed for reasons of identifiability. The MNIW prior assam
knowledge of either the autoregressive orcdeor the underlying state dimensian of the switching VAR
process or SLDS, respectively. Alternatively, Fox et. 20][explore an automatic relevance determination
(ARD) sparsity-inducing prior [22]-[24] as a means of leaghMJLS with variable order structure. The
ARD prior penalizes non-zero components of the model thmaugero-mean Gaussian prior with gamma-
distributed precision. In the context of the HDP-AR-HMM ahdP-SLDS, a maximal autoregressive
order or SLDS state dimension is assumed. Then, a structemrsibn of the ARD prior is employed so
as to drive entire VAR lag bIockslgk) or columns of the SLDS matrixl*) to zero, allowing one to
infer non-dynamical components of a given dynamical mode.

The previous work of Fox et al. [8] considered a related, yeipter formulation for modeling a
maneuvering target as a fixed LDS driven by a switching exogemput. Since the number of maneuver
modes was assumed unknown, the exogenous input was takerthe kmissions of a HDP-HMM. This
work can be viewed as an extension of the work by Caron et.28]. ih which the exogenous input
was an independent noise process generated from a DP mixiodel. The HDP-SLDS of [19] is a
departure from these works since the dynamic parametensstiiees change with the mode, providing
a much more expressive model.

In [19], the utility of the HDP-SLDS and HDP-AR-HMM was densirated on two different problems:
detecting changes in the volatility of the IBOVESPA stockédr, and segmenting sequences of honey
bee dances. The dynamics underlying both of these data gp&amlto be quite complex, yet can be
described by repeated returns to simpler dynamical modetsas such have been modeled with Markov
switching processes [26], [27]. Without pre-specifyingrdon-specific knowledge, and instead simply
relying on a set of observations along with weakly informathyperprior settings, the HDP-SLDS and
HDP-AR-HMM were able to discover the underlying structuféhe data with performance competitive

with these alternative methods, and consistent with doregpert analysis.
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IV. MULTIPLE RELATED TIME SERIES

In many applications, one would like to discover and modetadyical behaviors which are shared
among several related time series. By jointly modeling sticte series, one can improve parameter
estimates, especially in the case of limited data, and fitetesting structure in the relationships between
the time series. Assuming that each of these time series deled via a Markov switching process, our
Bayesian nonparametric approach envisions a libgary of behaviors, with each time series albject
exhibiting a subset of these behaviors. We aim to allow fiéfikin the number of total and sequence-
specific behaviors, while encouraging objects to shardaimsiibsets of the behavior library. Additionally,
a key aspect of a flexible model for relating time series idltmathe objects to switch between behaviors
in different manners (e.g., even if two people both exhibitning and walking behaviors, they might
alternate between these dynamical modes at different drezjes).

One could imagine a Bayesian nonparametric approach baséging together multiple time series
under the HDP prior outlined in Sec. II-B. However, such arfolation assumes that all time series
share the same set of behaviors, and switch among them itlyetze same manner. Alternatively, Fox
et. al. [28] consider a featural representation, and shevuthity of an alternative family of priors based

on thebeta proces$29], [30].

A. Finite Feature Models of Markov Switching Processes

Assume we have a finite collection b&haviors{f,...,0x} that are shared in an unknown manner
among N objects. One can represent the set of behaviors each objfkittite via an associated list
of features A standard featural representation for describing Ah@bjects employs aiV x K binary
matrix F' = {f;.}. Setting f;x = 1 implies that objecti exhibits featurek for somet € {1,...,T;},
where T; is the length of thei*” time series. To discover the structure of behavior sharirg, (the
feature matrix), one takes the feature vecfpr= [fi1, ..., fix] to berandom Assuming each feature
is treated independently, this necessitates defining arkeatclusion probabilityv;, for each feature.
Within a Bayesian framework, these probabilities are giagprior that is then informed by the data to
provide a posterior distribution on feature inclusion @bitities. For example, one could consider the
finite Bayesian feature model of [31] that assumes

W~ Beta(%, 1)

(18)
fir. | wi ~ Bernoulli(wy,).
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Beta random variables; € (0,1), and can thus be thought of as defining coin-tossing prokiabil The
resulting biased coin is then tossed to define whefheis 0 or 1 (i.e., the outcome of a Bernoulli trial).
Because each feature is generated independently, and @ Bgteandom variable has mear (a + b),
the expected number of active features inMdrnx K matrix is Na/(a/K + 1) < Na.

A hierarchical Bayesian featural model also requires prior behavior parameteég, and the process
by which each object switches among its selected behaviothe case of Markov switching processes,
this switching mechanism is governed by the transitionrithistions of object, w§i). As an example of
such a model, imagine that each of tNeobjects is described by a switching VAR process (see Séc. llI
that moves among some subset/fpossible dynamical modes. Each of the VAR process parameter
0, = {Ax, X} describes a unique behavior. The feature vegtoronstrains the transitions of object
to solely be between the selected subset of Ah@ossible VAR processes by forciné? = 0 for all
k such thatf;, = 0. One natural construction places Dirichlet priors on tlaasition distributions, and

some priorH (e.g., a MNIW) on the behavior parameters. Then,

7T§Z)|fZ?’y?I{/NDlr([/}/?"‘?’y?’y—l_"{?/y?"‘77]®fl) 0kNH7 (19)

where® denotes the element-wise, or Hadamard, vector producyili_)eltepresent the observation vector
of thes*" object at timet, andzti) the latent behavior mode. Assuming an ordewitching VAR process,

the dynamics of thé'" object are described by the following generative process:

2020, ~ 74()) (20)
vi? =3 A ovt?); +el’(47) 2 407" + e (2), (21)
j=1
(i) 0 )T )] "
wheree;” (k) ~ N(0,5), Ay = |:A1Jf Ar,k]’ andy,” = [yt(’_)l ..y . The standard

HMM with Gaussian emissions arises as a special case of thikkhwhenA, = 0 for all k.

B. A Bayesian Nonparametric Featural Model Utilizing BetadaBernoulli Processes

Following the theme of Sec. II-B and Sec. IlI-B, it is oftenst@able to consider a Bayesian non-
parametric featural model that relaxes the assumptiontiteabumber of features is known or bounded.
Such a featural model seeks to allow for infinitely many feadyu while encouraging a sparse, finite
representation. Just as the Dirichlet process providegfluBayesian nonparametric prior in clustering
applications (i.e., when each observation is associatéldl avisingle parametet;), it has been shown
that a stochastic process known as ltie¢a processs useful in Bayesian nonparametric featural models

(i.e., when each observation is associated with a subsedraineters) [30].
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The beta process is a special case of a general class of stiocheocesses known aompletely
random measurel82]. A completely random measucg is defined such that for any disjoint sets and
A,, the corresponding random measu€ésd;) and G(Az) are independent. This idea generalizes the
family of independent increments processasthe real line. All completely random measures (up to a
deterministic component) can be constructed from re@iaatof a nonhomogenous Poisson process [32].
Specifically, a Poisson rate measuyris defined on a product spaéer R, and a draw from the specified
Poisson process yields a collection of poifits,w;} that can be used to define a completely random

measure:
G=> wby,. (22)
j=1

This construction assumeshas infinite mass, yielding the countably infinite collentiof points from
the Poisson process. From Eg. (22), we see that completetiona measures are discrete. Letting the

rate measure be defined as a product of a base me@surad an improper gamma distribution:
(df, dw) = cp~' e~ PdpGo(db), (23)

with ¢ > 0, gives rise to completely random measutgés~ GP(c, Gy), where GP denotes gamma
process Normalizing G yields draws from a Dirichlet proced3P (o, Go/a), with a = Go(0)3.
Now consider a rate measure defined as the product of a baseira8g, with total massB(0) = «,

and an improper beta distribution on the product space [0, 1]:
v(dw,df) = cw™ (1 — w) tdwBy(db). (24)

where, once again; > 0. The resulting completely random measure is known as#ta processvith

draws denoted byB ~ BP(c, By). Note that using this construction, the weighis of the atoms in

B lie in the interval (0, 1). Sincen is o-finite, Campbell’s theorem [33] guarantees that foffinite,

B has finite expected measure. The characteristics of thisepsodefine desirable traits for a Bayesian

nonparametric featural model: we have a countably infinitéection of coin-tossing probabilities (one

for each of our infinite number of features), but only a spdifisite subset are active in any realization.
The beta process is conjugate to a classBefnoulli processe$30], denoted by Bef3), which

provide our sought-for featural representation. A redilimaX; ~ BeRB), with B an atomic measure,

*Randomprobability measuress are necessarily not completely random since the randonablesG(A;) and G(As) for

disjoint setsA; and A are dependent due to the normalization constraint.
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is a collection of unit mass atoms @ located at some subset of the atomsHnin particular,
fir ~ Bernoulli(wy,) (25)

is sampled independently for each atémin B, and thenX; = ), firdg,. In many applications, we
interpret the atom locatior, as a shared set of global features. A Bernoulli processzaddn X; then

determines the subset of features allocated to object
B | Bo,C ~ BP(C, Bo)
X, | B~BeRB), i=1,...,N. (26)

Computationally, Bernoulli process realizatiois are often summarized by an infinite vector of binary
indicator variablesf; = [fi1, fi2,...], where f; = 1 if and only if objecti exhibits featurek. Using
the beta process measubeto tie together the feature vectors encourages them to siraiar features
while allowing object-specific variability.

As shown by Thibaux and Jordan [30], marginalizing over thent beta process measuBe and
taking ¢ = 1, induces a predictive distribution on feature indicaton®wn as the Indian buffet process
(IBP) [31]. The IBP is a culinary metaphor inspired by the i@&#se restaurant process of Eq. (7), which is
itself the predictive distribution on partitions induceg the Dirichlet process. The Indian buffet consists
of an infinitely long buffet line of dishes, or features. Thesffiarriving customer, or object, chooses
Poissofi«) dishes. Each subsequent custoreelects a previously tasted dighwith probability my /i
proportional to the number of previous customerg to sample it, and also samples Poisgofi) new

dishes. The feature matrix associated with a realizatiom fan Indian buffet process is shown in Fig. 6(b).

C. BP-AR-HMM

Recall the model of Sec. IV-A, in which the binary featureigador variablesf;, denote whether
objecti exhibits dynamical behavidr for somet € {1,...,T;}. Now, however, takef; to be an infinite
dimensional vector of feature indicators realized from Heta process featural model of Sec. IV-B.
Continuing our focus on switching VAR processes, we defilet process autoregressive HMBP-
AR-HMM) [28], in which the features indicate which behadare utilized by each object or sequence.
Considering thdeature spacédi.e., set of autoregressive parameters) andehgoral dynamicéi.e., set
of transition distributions) as separate dimensions, ametkink of the BP-AR-HMM as a spatio-temporal
process comprised of a (continuous) beta process in spdadisarete-time Markovian dynamics in time.

Given f;, the i object's Markov transitions among its set of dynamic bebeviare governed by

a set offeature-constrained transition distributions(”) = {wlii)}. In particular, motivated by the fact
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Fig. 6. (a) Graphical model of the BP-AR-HMM. The beta pracdistributed measurB | By ~ BP(1, Bo) is represented by its
massesv;, and locationdy, as in Eq. (22). The features are then conditionally inddpathdrawsf;y, | w, ~ Bernoulli{ws), and
are used to define feature-constrained transition distdbﬂr](.i) | fi,7v, 6~ Dir([y,...,v,v+&,7,...]® f;). The switching
VAR dynamics are as in Eq. (21). (b) An example feature maktiwith elementsf;, for 100 objects drawn from the Indian
buffet predictive distribution usindg3,(©) = a = 10.

that Dirichlet-distributed probability mass functionsnche generated via normalized gamma random

variables, for each objeétwe define a doubly infinite collection of random variables:
') | v,k ~ Gammdy + kd(j, k), 1), (27)

Using this collection oftransition variables denoted byn(Y, one can define object-specific, feature-

constrained transition distributions:

)

J

77J('i1) n(i) ] ® f;

o) . (28)

Zklfmzlnjk

This construction defines](.i) over the full set of positive integers, but assigns positivess only at
indicesk where f;;, = 1.

The preceding generative process can be equivalently sepied via a sampléj(.i) from a finite

Dirichlet distribution of dimensiork; = >, fix, containing the non-zero entries @ji):

ﬁ'y('i) | fisvsk ~Dir([y,....7 7+ 5,7,...9]). (29)

The k hyperparameter places extra expected mass on the commﬁnéﬁf corresponding to a self-

oo ()
transition;

analogously to the sticky hyperparameter of Sec. II-B. dmplete the Bayesian model
specification, a conjugate matrix-normal inverse-WislislitlI\W) prior is placed on the shared collection
of dynamic parameter8, = {Ay,Xx}. Since the dynamic parameters are shared by all time series,

posterior inference of each parameter gtrelies on pooling data amongst the time series that have
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fir = 1. It is through this pooling of data that one may achieve motaust parameter estimates than
from considering each time series individually. The résgltmodel is depicted in Fig. 6(a), and a
collection of observation sequences is shown in Fig. 4(e).

The ability of the BP-AR-HMM to find common behaviors amongstollection of time series was
demonstrated on data from the CMU motion capture databd$eAS8 an illustrative example, a set of six
exercise routines were examined, where each of these esutised some combination of the following
motion categories: running in place, jumping jacks, arroles, side twists, knee raises, squats, punching,
up and down, two variants of toe touches, arch over, and areatstretch. The overall performance
of the BP-AR-HMM showed a clear ability to find common motipaad provided more accurate movie
frame labels than previously considered approaches [36t Bignificantly, the BP-AR-HMM provided a

superior ability to discover the shared feature structwigle allowing objects to exhibit unique features.

V. CONCLUSION

In this paper, we explored a Bayesian nonparametric apbrmalearning Markov switching processes.
This framework requires one to make fewer assumptions ateutinderlying dynamics, and thereby
allows the data to drive the complexity of the inferred mod&k began by examining a Bayesian
nonparametric HMM, the sticky HDP-HMM, that uses a hierazahDirichlet process prior to regularize
an unbounded mode space. We then considered extensionsrikovMawitching processes with richer,
conditionally linear dynamics, including the HDP-AR-HMM@ HDP-SLDS. We concluded by consid-
ering methods for transferring knowledge among multiplatesl time series. We argued that a featural
representation is more appropriate than a rigid globaltetusgy, as it encourages sharing of behaviors
among objects while still allowing sequence-specific \@lig. In this context, the beta process provides
an appealing alternative to the Dirichlet process.

The models presented herein, while representing a flexlt#enative to their parametric counterparts
in terms of defining the set of dynamical modes, still mam&@inumber of limitations. First, the models
assume Markovian dynamics with observations on a discegly-spaced temporal grid. Extensions to
semi-Markov formulations and non-uniform grids are ingtireg directions for future research. Second,
there is still the question of which dynamical model is appiate for a given dataset: HMM, AR-HMM,
SLDS? The fact that the models are nested (i.e., HMMAR-HMM C SLDS) aids in this decision
process—choose the simplest formulation that does nogegyrgly break the model assumptions. For
example, the honey bee observations are clearly not indep¢rgiven the dance mode so choosing

an HMM is likely not going to provide desirable performandgpically, it is useful to have domain-
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specific knowledge of at least one example of a time-serigsnent that can be used to design the
structure of individual modes in a model. Overall, howeteis issue of model selection in the Bayesian
nonparametric setting is an open area of research. Fiigalign the Bayesian framework, the models that
we have presented necessitate a choice of prior. We have faypractice that the models are relatively
robust to the hyperprior settings for the concentratiorapeaters. On the other hand, the choice of base
measure tends to affect results significantly, which isagpbf simpler Bayesian nonparametric models
such as Dirichlet process mixtures. We have found that egragirical Bayes approaches for setting the
base measure tend to help push the mass of the distributomaasonable ranges (see [36] for details).
Our focus in this paper has been the advantages of variotattécal, nonparametric Bayesian models;
detailed algorithms for learning and inference were omitt®ne major advantage of the particular
Bayesian nonparametric approaches explored in this papat they lead t@omputationally efficient
methods for learning Markov switching models of unknownesrdVe point the interested reader to [13],
[14], [19], [28] for detailed presentations of Markov chaitonte Carlo (MCMC) algorithms for inference

and learning.
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