Volume 14, No. 3 (2005), pp. Allerton Press, Inc.

MATHEMATICAL METHODS OF STATISTICS

LOCAL FUNCTIONAL HYPOTHESIS TESTING

F. Abramo vich and R. Heller

Dept. Statistics and Operations Research, Tel Aviv Univ ersity
Tel Aviv 69978, Israel
E-mail: felix@post.tau.ac.il, rheller@post.tau.ac.il

We consider a standard \signal+white noise" model on the unit interval and want to test
whether the signal is presernt on a subinterval - ¢ W [0; 1] of length ¢ . The composite alternativ e
is that the unknown signal f is separated away from zero in terms of its average power ° (f) =
kf k% =¢ on - ¢ and also possessessome regularity properties. We evaluate the asymptotically
optimal (minimax) rates for testing the presence of a signal on - ¢ , where both the noise level
and the interval length tend to zero. We derive corresponding rate-optimal tests for local signal
detection.
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1. Intro duction
Consider a standard \signal + white noise" model, where the data is a sample
path of a stochastic process

(1) dY(t) = f(t)dt+ "dW(t);  t2[0;1]:

f is an unknown signal and W is a standard Wiener process. We wish to verify
whether the data contains a signal in addition to the noise.

>Hom a statistical perspective, detection of signal's presenceis a functional
hypothesis testing problem. The standard nonparametric functional hypothesis
testing setting considersthe glotal testing of the null hypothesisHg: f(t) © 0 on
the whole unit interval against the composite nonparametric alternative that f is
separatedaway from zeroin L[0; 1] norm, kf kjo.1; , %£"), and also possessesome
smoothnessproperties. For the prescribed error probabilities of Type | (erroneous
rejection of Hg) and Type Il (erroneous acceptanceof Hy), the rate of decay of
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2 F. Abramovich and R. Heller

") as" | 0 is traditionally viewed as a natural measureof goodnessof a test
(seelngster [9], [10]). The goalthenisto "nd the minimal (optimal) “£") for which
such testing is still possibleand to construct the rate-optimal test.

The corresponding global optimal (in the minimax sense)functional hypothe-
sis testing procedureswere rst studied by Ingster [9] and further developed in
Ermakov [6], Ingster [10], Spokoiny [16, 17], Lepski & Spokoiny [14], Ingster &
Suslina[11] and Horowitz & Spokoiny [8] for various separation distancesbetween
the two hypothesesand di®erent smoothnessassumptionsunder the alternative. See
Ingster & Suslina[12] for a comprehensie review. The equivalent non-asymptotic
problem is addressedin Baraud [4].

In particular, for the Besos classesBy., with sp > 1, Lepski & Spokoiny [14]
shaved that the optimal testing rate for this setting is

@ () = st

where s°°= min(s;sj 1=(2p) + 1=4), and derived the corresponding rate-optimal
test. Howewer, the proposedtest required the knowledge of the parameters of the
Beswr class,which are typically unknown in practice. Spokoiny in [16] considered
the problem of adaptive minimax testing, wherethe above parametersare unknown
a priori but are assumedto lie within a given range. He shaved that there is an
unavoidable price to pay for adaptivity although the price is remarkably low. The
adaptive testing rate is

3) 1/%(") — n8s%=(45%+1) ¢(log log"i 2)250:(4500+1) ;

where s° = min(s;sj 1=p+ 1=2), which is only within a log-log factor of (2).
Spokoiny constructed also the adaptive test that achievesthe optimal rate (3).

Abramovich et al. [2] and Abramovich & Angelini [1] adapted the results for
testing in the \signal+white noise"model (1) for detecting di®erenceamongsignals
or groups of signalswithin functional analysis of variance (FANOVA) framework.

Howewer, in a variety of applications, the true signalf in (1) hasa local nature
and oneis interestedin its localized detection, for example,within alocal neighbor-
hood of somespeci ¢ point of interest. Similar problems often arise in FANOVA
settings in detecting local di®erenceshetweensignals. For example, in seismicsig-
nal processingreseartierstry to determine the source of the signal (explosion or
earthquake) by analysing its local behavior right after the onsettime. In this pa-
per we extend the results of Spokoiny [16] and Lepski & Spokoiny [14] mentioned
above for the local testing when both the noiselevel " and the interval length ¢
monotonically tend to zero.

Consider local functional hypothesistesting Hg: f = 0 on a subinterval - ¢ p
[0; 1] of length ¢, whereboth ¢ and" tend to zero. As the interval getsshorter, more
localized signals can be detected. Howewer, when it becomesito o short", accurate
detection is impossible. The detection ability depends obviously also on the local
smoothnessproperties of f on- ¢ . We assumethat under the alternativef belongs
to aBeso ball of radiusM on- ¢, Bp. (- ¢ ;M), wheres> 0,1 p;q<1,sp>1
ands> 1=2forp, 2.

For local testing it is more appropriate to de ne the separationof the alternative
set from the null hypothesisin terms of the average power of a signal on - ¢,
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°(f) = kf k_2m =¢, which is also invariant under rescaling of t in (1), rather than
in terms of its Lo(- ¢ ) norm. A function f from the alternativ e set satis es then
°(f) > °("; ¢) and for prescribed error probabilities of both types, the optimal
rates of local testing proceduresare measuredin terms of °("; ¢). The goal is to
“nd the minimal ° ("; ¢) for which testing is still possibleand construct the optimal
test.

Testing the null hypothesisagainst a constart alternativeH,: f(t)= ¢, t2 - ¢,
implies an obvious lower bound for °("; ¢), which is the classicalrate "?=¢. If
"¢ i 172 does not tend to zero, the two hypothesesare asymptotically undistin-
guishablein the sensethat for any test the sum of probabilities of its Type | and
Type |l errors tends to 1. The interval is \to o short" to detect signals under the
given noise level or, equivalertly, the noiseis \to o strong" to detect signalson an
interval of a given length.

For "¢ i 21 0 we show that the asymptotic minimax rate of local testing the
null hypothesisagainst a generalnonparametric alternativ e described above is

V2, 8s°%=(4s®+1) ¢ i (2s+1) =(4s™+1)  jf nvg i1 Q

(4) °(h¢) =

"2¢ il otherwise

where s > 1=2 was de ned before. We consider also the adaptive local testing,
where the parameters of the Besor ball under the alternative are not known a
priori . As in global testing, the resulting adaptive test yields an additional log-log
factor in the rate.

At Trst sight, it might seemsomewhat paradaxical that when "¢ i 1=2 tends to
zeroslowly, sothat "¢ i s° 6! 0, one obtains the classicalrate but the rate surpris-
ingly slows down as "¢ i 1 0. We comeback to this phenomenonwith more
rigorous argumerts in Section 2.3 and provide here a somewhatintuitiv e explana-
tion. Note that the geometry of the alternativ e set varies with both " and ¢. For
a xed ¢, when" > ¢ 172 the whole alternative set is strongly compressedand
covered by heavy noise, so that nothing can be extracted from the chaos. As the
chaosdisperses(" decreases)the alternativ e set spreadsout and “rst distinguish-
able signalsstart to appear. When " is still fairly large, thesesignalsare so simple
that they canbe detectedat the classicalrate. As dispersioncortinues,lessand less
primitiv e signalscomeout of the noise. At a certain critical point dependingon the
\complexity" of the alternative set (via s% they already have such a complicated
structure that cannot be detected at the classical rate with given accuracy any
more. This explains slower rates in this case. These half-heuristic considerations
certainly su®erfrom seweral drawbacks. For example, they treat ¢ as xed, while
the results in (4) are asymptotic with respect to both " and ¢. Still we nd them
usefulto give one someinsight into the above phenomenon.

The paper is organizedas follows. Section 2 cortains the main results including
the de nition of the local testing problem, its optimal testing rate ° ("; ¢), and the
non-adaptive and adaptive rate-optimal test procedures. The resulting tests are
basedon the empirical wavelet coetcients of the data and, in a way, can be viewed
asthe local versionsof the corresponding global tests of Spokoiny [16]. Concluding
remarks and discussionare made in Section 3. All the proofs are given in the
Appendix.
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2. Local Functional Testing

2.1. Local hypothesis testing problem. Consider again the white
noisemodel (1). Let - ¢ p [0; 1] be a subinterval of length ¢. We want to test the
null hypothesisthat there is no signalon - ¢ :

(5) Ho:f(t)=0;, 8t2-¢:

We do not specify any parametric form for f under the alternativ e hypothesisand
wish to test the null hypothesis(5) againstaslarge a classof alternativ esaspossible.
As in the estimation problem, we have to assumesomeregularity conditionsonf to
distinguish it from completely irregular white noise. In particular, we assumethat f
belongsto a Besor ball, Bp.,(- ¢ ;M), of radiusM on - ¢ . Besw classesare known
to have exceptional expressive power: for particular choicesof the parameterss,
p, and g they include the HAlder (p = g = 1) and Sobolev (p = g = 2) classes
of smooth functions, and functions of bounded variation sandwiched betweenB {.;
and B%;1 . We refer to Meyer [15] for rigorous de nitions and a detailed study of
Besor spaces.

As we have mertioned in the Introduction, to be able to distinguish betweenthe
two hypotheses,the set of alternativesshould also be separatedaway from zeroin
terms of the averagepower on - ¢ . We considerthen the nonparametric alternativ e
hypothesis of the form

a

©
©  Hif2FC(ie) = T 280 eiM)c(f), °(70)

The “rst (regularity) constraint bounds the set of possiblealternativ es, while the
secondone cuts out the alternatives\to o close" to the null hypothesis.

2.2. Minimax local testing rate. A (non-randomized)test Ais de ned
as a measurablefunction of the data with two values0 and 1 that correspond to
accepting and rejecting the null hypothesis respectively. As usual, the quality of
the test A is measuredby the Type | and Type |l errors. The probability of the
Type | error is de ned as

®A) = P o(A= 1);

while the probability of the Type Il error for the composite nonparametric alter-
native hypothesisH; is de ned as

T(A°(;6) = sup  Pr(A=0):
f2F (° (" ¢)

We focus on the asymptotic hypothesistesting problem asthe noiselevel " and
the length of the interval ¢ monotonically tend to zero. Our aim is to evaluate the
fastestrate of decay to zeroof ° ("; ¢) for which testing with prescribed® and ~ is
still possible.

Consider rst testing the null hypothesisHg : f(t) = 0,t 2 - ¢, against a con-
stant alternative Hq: f (t) = ¢, where obviously °(f) = ¢®. Simple calculus showvs
that for the prescribed ® and ~ the testing is possibleif ¢ > (Z1;, @ + Z1; -)"¢ 1 172,
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whereZy; @ and Z4; - are the corresponding quantiles of the standard normal dis-
tribution. The necessarycondition for asymptotic (as" ! Oand ¢ ! 0) distin-
guishability (non-trivialit y) of these and the more general hypotheses(5) and (6)
is, therefore, the requiremert "¢ i 1521 0,

To de ne the minimax rate °("; ¢) for local hypothesistesting (5){(6), consider
the new variablesu = "¢ i 2 and any other variable v, so that the correspond-
ing Jacobian is not zero. For any two functions g("; ¢) and g%("; ¢) we sa that
g%"; ¢) = 0¢:1=2(g("; ) if gu;v)=g(u;v)! Oasu! Ofor any xed v.

Denition 2.1. A sequence ("; ¢) is called the minimax rate of local testing
if °(";¢) = 0.4:1=2(1) @as”! Oand ¢ ! 0O monotonically and the following two
conditions hold:

(i) forany °Y"; ¢) = 0.4 1=2(°("; ¢)), onehas

£ o, o
jnf @A)+ (Ao 2% 8) = 1j 01 12(1);

(i) for any ®> 0 and ™ > 0 there exists a constart ¢> 0 and a test A‘.’; ¢ sud
that

®ALe) - ®+ 0 1-2(1); T(ALeicc(e) - T+ 0 a2(L):

The rst condition states that local testing with a rate faster than °("; ¢) is
impossible, while the secondone guaraneesthe existenceof a test with the rate
°("; 6).

Dene p° = min(p;2); = sj 1=+ 1=2, and s= s 1=(2p%) + 1=4. To
derive the minimax rate ch the local testing on - ¢, note that by time rescaling
and normalization f{u) =~ ¢f (¢ u), 0- u- 1, the problem can be transformed
to the global testing on the whole unit interval, wherekfkjo.q) = kf k., . The Besor
norm (the Ly-norm + the Besosr semi-norm) is not homogeneousunder rescaling
and, as a result, a Besos ball B;zq(— ¢ ;M) on- ¢ doesnot transform to a Besos
ball on [0; 1]. However, the semi-norm itself is homogenousand only it is, in fact,
essetial in nonparametric settings. In particular, all the existing results for global
testing remain true when the Besor norms are replacedby the corresponding semi-
norms. Furthermore, it is easyto show that under suc rescaling, the resulting
Beso radius will be M ¢ s” which, unlike the standard global testing setting with
a xed Besor radius, will tend to zeroas ¢ ! 0. However, changing, in addition,
the noise level " to == "¢ i implies a Besor ball of a xed radius M. Thus,
for "¢ 1 s° 1 0, after the above transformations one can apply the corresponding
results of Lepski & Spokoiny [14] for global testing (see(2)) to get the minimax
rate °("; ¢) in this case:

°(m¢) = ¢ 2s% 1o (=[0:1]) = ¢ 2s% 14 8s®=(4s%%1) _ 8sP=(4s%%1) ¢ i @s+1) =(4s%+1) :

In the following Section 2.3 we show that the case"¢ i =21 0but "¢ 6! 0

is similar to a paramteric one and proposea test that achievesthe classical rate
"2l
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Summarizing all the above argumerts leadsto the following Theorem 2.1 that
establishesthe minimax rate °("; ¢) for the local hypothesistesting (5){(6):

Theorem 2.1. Given p= (s;p;q;M), wheresp> 1, p;q, 1, ands> 1=2 for
p, 2, the minimax rate of local testing (5){(6) as"! 0, ¢ ! 0 monotonically
and"¢i %21 Qis y

2

™) “(0) =

nBsN=(4s™41) ¢ i @5+D) =@s™+)  jf vgis'|

"2¢il otherwise

2.3. Nonad aptive minimax local test . In this section we construct
the rate-optimal test A%, under the distinguishability condition "¢ i =21 0. Sim-
ilarly to the rate-optimal test of Spokoiny [16] for global testing, the resulting test
statistics will be basedon the empirical wavelet coexcients of the data on - ¢ .

Given a compactly supported scaling function ' of regularity r > s and the
corresponding mother wavelet A, one can generatean orthonormal wavelet basis
f'j.k: Ajk;J . Jegontheinterval - ¢, wherej¢ isthe minimal integer such that
2ilejsupp' j < ¢. In fact, asymptotically we may assumethat jo = log, ¢ i .
The number of scaling coetcients, C. , is nite and dependson the support of the
scaling function, while the number of wavelet coe+cients on eat resolution level j
is[2¢] » 2ile (seeAnderson et al. [3] for details).

For clarity of exposition we usethe samenotation for interior and edgewavelets
and in what follows denote’ j, x by A,—w i1k LetJ =1fj | j¢ i 1g bethe set of
resolution levels for the consideredwavelet basisand let J; be the index set for the
jth level:

Jiei1=f(e i LK:k=0;:::5C j 1g
Ji=f(;K):k=0:::;200e  1g o, e
Then f is expandedin the orthonormal wavelet serieson - ¢ as
X X .
(8) f(t) = wi A (t);
j23 123
R ~
wherew, = . f (DA (t) dt.
>Hom Parsewal's identit y,
X X
(9) kfk?, = wi:
j23 123
Moreover, wavelet seriesconstitute unconditional basesfor Besos spacesB 5., (- ¢ ),

max(0; 1=pj 1=2)< s<r; p;q, 1, andthe Beso norm of f is equivalert to the
corresponding sequencespacenorm of its wavelet coe+cients:

H X ﬂl:p
kf kBﬁ:q 3 kabg;q = jw jP
8 3P ik C P ¢ ‘1
; . a 3
2 j1:j¢21(8+%| Hal 2y, WP . 1.qg<1;
+ 3 .
> P 1

i 1.1 . .
sup j, 272 129, IWijP " q=1
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(e.g., Section 6.10in Meyer [15], Anderson et al. [3]). The original testing setting
(5){(6) canthereforebe equivalertly reformulated in the wavelet domain, wherethe
sparsenes®f wavelet basesover Besos spacesis exploited to signi cantly reduce
the dimensionality of the problem.

Performing the wavelet transform of (1) on the interval - ¢ one has

Y = w o+ "y 123, j23,;

R .
where the empirical wavelet coexcients of the data are Y, = . A (t)dY(t) and
» N (0; 1).
Let j- be the maximal integer such that j- < log,"i 2. Asymptotically we can

assumeagainthat j- = log,"i 2 and that j¢ < j- for sutciently small"¢ i 172, Set
J.-=1fj2J :j- j-g Letj, bethe resolution level de ned as
M 1
L 4 . 1 i1
(10) Ju= 2607 1 log, (M =") + 2—p0|092 ¢

Sincesp> lands > 1=2for p, 2, onecan easilyverify that j,, < j- for suxciently
small "¢ i 172,

Consider rst the casej, > j¢. Let J- = J; [ J+, whereJ; = fj¢ j
L:injui lgand 3y = fjy;:ii;j« i 1g. As in Spokoiny [16], for eadhj 2 J; ,
dene S; to be

X
(12) §= (Wi "3
123

while, for eah j 2 J, and for a given threshold , > 0, de ne S;(, ) to be

X £ o}
(12) Si(,)= (YPLGYi> )0 i)

12J

£ o
where 1(A) is the indicator function of the set A, b(,) = E »?1(j» > ,) =
2(©( ,)+ ,A(,)), »isaN(0;1) random variable, and © and A are its probability
and density function respectively.
With the above notation, introduce the following test statistics:

_ X

(13) T(w = S
j23,
and
_ X
(14) Q) = SGi)
j2d .

where

p?
(15) .i=4 (ijut8)log2
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Let VZ(j ) and WE(j ) be the variancesof T (j,) and Q(j ), respectively, under Ho.
It is easyto seethat

e X
Voz(j IJ) = 2"42]ui Je and WOZ(J “) — nd Jiide d(>J),
j23 +

£ o
whered(,) = E »*1(j» > .) i b(,)? and
£ a .
E»'1(i»>,) =66 ,)+2 3B+, ,)A\):

Finally, for a given signi cance level ® 2 (0; 1), de ne the following test:
7 . . Y
L T3Uw+ Q)
| d < T
Vi (i W+ WE(] m;

The resulting test statistic has a clear intuitiv e meaning and is essetially the
standardized sum of squaresof the thresholded empirical wavelet coetcients Y,
with the properly chosenlevel-dependert thresholds. The coexcients on the coarse
levelsj 2 J; are not thresholded. The resulting coexcients are certered to yield
ES; = OandES;(, ) = Ounder Ho. The null hypothesisis rejected when the above
test statistic is large.

Forj. - j¢,onecannot extract any information from the wavelet coexcients to
distinguish betweenthe two hypotheses,so testing is ertirely basedon the sum of
squaresof the scaling coexcients by performing the standard A?-test.

The following theorem establishesthe asymptotic optimalit y of the proposedtest
procedure:

(16) A =1

Theorem 2.2. Let the mother wavelet A be of regularity r > s, and let the
parameters 4 = (s;p;q; M) of the Besov ball By (- ¢ ;M) be known, where 1 -
p;q- 1,sp> 1 ands> 1=2for p, 2. For local functional hypothesis testing
(5){(6) at a givensigni cance level® 2 (0;1) de ne the following test

8 ¥ Y
) 2 1 P—“—“—M,Zli® if ju>je;
(17) AR = Vg (Gu)+ Wg(ip)
M > np ~ (0]

1 I2J¢ilYI2:"2= A% 1 ® it ju- Jes

where j, is givenin (10). Then, for any ~ 2 (0; 1), A‘.‘;¢ is a level ® asymptotically
rate-optimal testas"! 0, ¢ ! 0 monotonically and "¢ i 1721 0.

The construction of the test (17) helps in better understanding the classical
rate when "¢ i s° 6! 0. Using the wavelet expansion (8), the function f can be
represeried as a sum of its initial gross approximation fy generated by a nite
linear combination of scaling functions and complemenary details given by an
innite number of wavelet terms. When "¢ i 26! 0,j¢ > j- for suxciently small
"and ¢, both of these componerts are covered by a strong noise and no accurate
detection is available. For"¢ i 121 Qbut "¢ i s’ 6! 0it becomegpossibleto detect
fo, while the details are still non-distinguishable from the noise. Detection of f g is,
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in a way, a parametric testing problem that under generalregularity assumptions
has a classicalrate (e.g., Section 2.6.1 in Ingster & Suslina[12]). Finally, when
"¢is’ 10, for suxciently small " and ¢, onehasj¢ < j, < j» and it is now
possibleto detect the detailed wavelet terms. Howewer, the problem in this case
becomesnonparametric and, therefore, results in slower rates.

We "nish this section by the following two remarks.

Remark 2.1. For p , 2 corresponding to \spatially" homogeneoussignals
whosewavelet coetcients are concerrated on coarseresolution levels, the above
optimal test (17) can be simpli ed by truncating the wavelet seriesat level j, i 1
(seealso Abramovich et al. [2]). The resulting test A" ¢ becomes

8 n_ 0
) <1 JO—((]J-%>211® if ju>jes
Alg =, np A 0

"1 |23j¢i1Y|2:"2>A%-;1;® i ju- e

Remark 2.2. Usingthe results of Fan [7] onecanget asymptotic approximations
for b(,;) and d(, ;) :

ES (i > ) = P B2 12 W9 4 O %2 %19 ); k= L2

2.4. Adaptive local minimax test . The rate-optimal test derived in
the previous section relies on the knowledge of the parameters of the Besos ball
M= (s;p;q;M). Howewer, they are typically unknown in practice. In this section
we consider the adaptive local testing problem where the above parameters are
not speci ed a priori but are assumedto lie within a given range, and extend the
corresponding results of Spokoiny [16]for adaptive global testing. We rst construct
the adaptive test and then shaw its asymptotic optimalit y.

Assumenow that p= (s;p;q; M) isunknown, but 1=2< S Smax, 1 P Pmax:
1- g<1l,sp>1,and0< Mpp - M - Mpa. Denote such a range of p
by T. For ead given set of parameters p one may determine j,, from (10). In
fact, the range T determines essetially a range of admissible levels of the form
jmn * ju - Jmax. One performs a seriesof tests of type (17) for ead admissible
level and rejects the null hypothesisif it is rejected at least for one of them.

More precisely et jmin = ggm*+1 (1005 (Mmin =")+ 53— 100, ¢ 1 1), jmax = i 1,
where %9 = spax i 1=(2p%.«) + 1=4. Choose a mother wavelet of regularity
I > Smax. Sincethe number of admissiblelevelsis O(log("i 2¢)), a Bonferroni type
correction for multiple testing leadsto the following asymptotic adaptive test, where
we distinguish betweentwo possible casesdepending on whether j¢ lies below or
within the admissiblerange for j,, (cf. (17)):

(18) g, = Mg egd o > e
' MaXj, - j,- jmax A-z?‘;¢;jp; Je 2 [minsimax]
[

h
a =1 plUwtQUy i 2 a =
wggreA.’M“ 1 V2 Wag > 2loglog("i “¢) if ju > je,and A% ;.

2-n2 5 A2
120, = A e
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Note that jmin > j¢ if "¢ Smax | Oand jmax > je if "¢ 21 0. The rate of
testing is given in the following theorem:

Theorem 2.3. Supmwse"¢i ™21 Oas"! Oand¢ ! 0 monotonically. Then
the rate ° ("; ¢) of the adaptive test (18) for testing (5){(6) is

S OGS ¢ 1 254D <654 glloglog(" 26)) =6

o fu. — . IIi0 .
(e = if "¢is1oQ

"2¢il otherwise
Moreover, if "¢ i Shax | 0, then

®(A%,) = 01 12 (1);
sup_(A‘?‘;¢ ;C°(" €) = 0gi1=2(1) for some c¢> O:
u2T

Theorem 2.3 establishesthat if "¢ i $"!1 0, the adaptive test (18) is nearly rate-
optimal (up to an additional loglog("i ?¢)-factor). The results of Spokoiny [16]
imply that there is no adaptive testing without lossof exciency and suc an extra
log-log factor is an unavoidable (though inexpensiwe) price to pay for adaptivity in
nonparametric testing. In addition, the above theorem demonstratesthe degenerate
behavior of the error probabilities for A‘?}c when"¢ i Stac | 0, which is alsotypical
for adaptive global testing (seelngster & Suslina[12]).

3. Concluding Remarks and Discussion

We consideredthe problem of testing the presenceof a signal on an interval
when both the noiselevel and the interval length tend to zero against a nonpara-
metric alternative. We derived optimal (minimax) nonadaptive and adaptive tests
extending the analogousresults of Spokoiny [16] for xed-length intervals.

Although in the paper we consideronly one-dimensionalsignals, the extensions
of the obtained results to two-dimensional signals (e.g., image analysis) and, in
general, to d-dimensional signals are straightforward using d-dimensional wavelet
transforms. SeeHorowitz & Spokoiny [8] for the corresponding d-dimensionalglobal
testing problem.

As in Abramovich et al. [2] and Abramovich & Angelini [1], the results of this
paper canbedirectly appliedin FANOVA modelsfor testing local di®erenceamong
groups of signalsor their contrasts.

In practice one obsenes a discrete data sample of size n with noise variance
¥%. Therefore, the sampled versions of the derived tests should be applied with
empirical wavelet coetcients obtained by the discrete wavelet transform. Well-
known results (seeBrown & Low [5]) shav the asymptotic equivalence(under some
mild conditions) asn! 1, OI)the discrete model to the continuous\signal + white
noise" model (1) with " = ¥= n. The distinguishability condition "¢ i =21 0 for
discretedata naturally correspondsto the usual requiremert on the number of data
points n¢ sampledon - ¢ to tend to in nit y.
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4. App endix

4.1. Proof of Theorem 2.2. Consider Tst the case"¢ i 5’1 ¢, where
0 c® < M. In this casefor suzciently small " and ¢ we can assumethat
je < ju<j« and the proof is somewhatsimilar to that of Spokoiny [16] for global
testing with necessarymodi cations. The statistics T (j,) and Q(j,) are the sums
ofjui j¢ andj-i j, independert, squaredintegrable random variablesrespectively.
Moreover, under the null hypothesis, they have zero meansand variances V¢ (j )
and WE(j ). By the certral limit theorem, the resulting standardized test statistic
in (16) is then asymptotically normal N (0; 1) and the signi cance level of A‘.‘;¢ is
asymptotically ®.
Considernow the Type Il error of the test A‘.’; ¢ - It is straightforward to seethat
for any specic f 2 F(°("; ¢)), onehasasymptotically
U . . 1
“(Bei1)=© RWIZy o1 T UWTOU)
fvare (T(jp) + Q)92

where R(W) = (V@ (jn) + WE(Gw)=(Vare (T(ju) + Q). SinceR(W) is bounded
from above by one, the asymptotic behavior of (A% ;f) dependsonly on the ratio
Er (T(y) + Qu)=(Var (T(i,) + Qi) *2.

The following lemmas provide the necessarybounds for Es (T (j,.) + Q(j) and
Vars (T(ju)) + Q(j ). Their technical proofs essetially repeat the analogousargu-
ments of Spokoiny [16] (pp. 2491{2493)up to somewhatdi®erert notation and the
initial resolution level beingj ¢ .

Lemma 4.1. Foranyf 2 F(°("; ¢)),

+ 0vg i 1=2(1);

i ¢ 1 1 ) -
E¢ IT(l w+ QU Ekf k_2m i M 2"4$0i EM Poui P42 i Juse’;

Lemma 4.2. For any f 2 F(°("; ¢)) , there exist positive constants ¢;, ¢, and
c3 suchthat

Var (i) + QUi - ek kE, + cp 62k Te nE 4 gt g 1ue’,

Recall that kf k-2¢ =¢ , °(";¢). Substituting j, from (10) and °("; ¢) =
n8s"=(4s™41) ¢ i 25+1) =(4s™1) | emma 4.1 and Lemma 4.2 imply that there exists
a constart e suc that

_ Er (TG + QG
f2F (° (% ¢)) uVarf (TGw) + QGiw) z

> €,

wheree- > O satises©(Zy; @i €)= (in fact, & = Z1; @ + Z1; —). This shows
that the test A‘.’;m achievesthe asymptotic minimax rate.

Consider now the caseM - ¢* - 1. Then, asymptotically j, - j¢ and
the test (16) involves only the scaling coetcients. Under the null hypothesis
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P "
1201, 1 Y,2="2 has a A? distribution with C. degreesof freedom and the sig-

ni cance level of the test is clearly ® The Type Il error for any f 2 F(°("; ¢))

° —( AR H X 2_n2 A2 ﬂ
(Ang:f) = Px Y= <Az 10 ¢
12 gl
Let fo be the projection of f on the "nite-dimensional Iﬂnear spanof ' j, «, k =
0;:::;C j 1. Forany f 2 F(°("; ¢)) we have kfok? = 1235,  w? and
(19) (AL T) = XE ke (BE 4 )

where on;d(d) is the probability function of the noncertral A? distribution with ©
degreesof freedom and non-certrality parameter d. Sincef 2 B5,(- ¢ ;M) and
"eis’l ¢ M, X X
w2 - 2M2¢ 2. 22
j.de 123

(e.g., Meyer [15] and Spokoiny [16]). On the other hand, for any c and any f 2
w2 i 1
F(c's¢ci ™) X X
kfk?, = kfok®+ w? | c'Z
e 123

Hence,for c> 2, kfok? , (cj 2)"? and (19) yields
_(A"u(k F) - X(z:- Ci Z(A% i1 @)

where one can always nd ac= c( ) > 2 such that the above expressionwill be
lessthan any xed .

Finally, note that although the proof shaved that the test (16) achievesthe rate
n8s%=4sT+1 ¢ i (25+1) =(4s”1) for any 0- ¢ < M, this rate in fact coincideswith the
classicalrate "2¢ i  for non-zeroc®. =

4.2. Proof of Theorem 2.3. For conveniencede ne the following two
tests:

A‘.;li =1 max p 14w * QW P 2loglog("i 2¢) ;

maxtic fimn 055 p ima  V@(j 1) + WEQ )

A — X 2_u2 A2 .
Ale =1 Y="">A% 0 ¢
123§, i1

(

A PR .
] A if jmin >je;
Obviously, A%, = ¢ (D . <@ Jmm_ Je
max(As ;ATe ) otherwise
Under the null hypothesis,
Ya Ya
T+ QUw , o :
P —; Ju2[maxfje;jmndij-i 1l
AMERVH
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is a sequenceof O(log("i 2¢)) weakly dependert, asymptotically N (0;1) random
variables. Applying the well-known extreme value results for Gaussian random
variables (e.g., Leadbetter et al. [13]) one has

Po(A), =0)! 0 as "¢i21 0
The signi cance level of the test A(.;ZZB is clearly ® and therefore
&A%, ) - Po(A) = 1)+ Po(A?, = 1) ®+ 0.¢ 12(1):
Choose now any set of parametersu = (s;p;q;M) 2 T. Consider rst the case

"¢is°1 Qand"¢ i Shax | ¢®, 0+ ¢ < Mnpin. Then, for sutciently small " and
¢, jmin > j¢ . De_nejﬁ by

PO N VA SR TS
= 5057 9% 2p° 92 2loglog("i 2¢)
Given , for any f from the alternative
H . - 1
@) PiAY =0 B U OUD P ooz
(Ve + WEGiR) ¢ )
p HE el HE el

(Var (T(Gi5) + QG 7))

s . 2s+1 250
Substituting j;j and°("; ¢) =" a0 ¢ 1 a0 (2loglog("i ?¢)) =™ in (20) and re-
peating the argumerts in the proof of Theorem 2.2, a straightforward calculus im-
pliesthat it is always possibleto nd aconstart c such that forany f 2 F (c°("; ¢))

Er (TG2) + QGD)
(Vare (T(2) + Q%)) ¢

(21) > P 2loglog("i 2¢) ;

and hence . ¢
i) _ _ .
Sup Pf A-.¢ - O - 0"¢ i 1:2(1).
f2F (c° (" ¢) ’
Considernext the case"¢ i 1 O0and"¢iSmax | ¢ My - - 1. Asymp-
totically, j¢ 2 [j min ;] max ], but

i ¢ i ¢
PlA2, =0 - P AY =0

and tpe previous argumerts remain valid for this caseas well. Summarizing, for
"¢iS 1 0the adaptive test Aé.‘;¢ always achievesthe optimal rate °("; ¢) up to
an additional loglog("i 2¢) factor.
Finally, suppose"¢ i s 61 0. Asymptotically, j¢ 2 [jmin;jmax] @gain, but now
usethe fact that . ¢ . ¢
lfa _ Li@ — "
Pr Alg =0 - Pr A%y =0
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The test A(.;Z?c doesnot dependon pand involvesonly the scalingcoezcients. Hence,

for "¢ i’ 6! O the adaptive test obviously achievesthe sameclassicalrate "2¢ i 1
asthe nonadaptive test in Section 2.2 without any price for adaptivity. =

Acknowledgmen t. Wearedelighted to thank Vadim Grinshtein and Yoav Ben-
jamini for fruitful discussionsand Vladimir Spokoiny for valuable remarks. Helpful
and constructive commerts of the reviewerswhich have substartially improved the
paper are gratefully adknowledged.

References

[1] F. Abramovich and C. Angelini, Testing in mixed-e®ets FANO VA models, J. Statist.
Plann. Infer. (2006), to appear.

[2] F. Abramovich, A. Antoniadis, T. Sapatinas, and B. Vidak ovic, Optimal testing in a
“xed-e®ects functional analysis of variance models, Int. J. Wavelets, Multiresolution
and Inform. Processing, 2 (2004), 323{349.

[3] L. Andersson, N. Hall, B. Jawerth, and G. Peters, Wavelets on closed subsets of the
real line. In: Topics in the Theory and Applic ations of Wavelets, L. Schumaker and
G. Webb (eds.), Academic Press, 1993.

[4] Y. Baraud, Non-asymptotic minimax rates of testing in signal detection, Bernoulli, 8
(2002), 577{606.

[5] L. D. Brown and M. G. Low, Asymptotic equivalence of nonparametric regression and
white noise, Ann. Statist. Assoc., 93 (1996), 961{983.

[6] M. S. Ermakov, Minimax detection of a signal in a Gaussian white noise, Theory
Probab. Appl., 35 (1990), 667{679.

[7] J. Fan, Test of signi c ance based on wavelet thresholding and Neyman's trunc ation, J.
Amer. Statist. Assoc., 91 (1996), 674{688.

[8] J. L. Horowitz and V. G. Spokoiny, An adaptive, rate-optimal test of a parametric
mean-r egression model against a nonparametric alternative , Econometrica, 69 (2001),
599{631.

[9] Yu. I. Ingster, Minimax nonparametric detection of signals in white Gaussian noise,
Problems Inform. Transmission, 18 (1982), 130{140.

[10] Yu. I. Ingster, Asymptotic ally minimax hypothesis testing for nonparametric alterna-
tives: |, I, 111, Math. Metho ds Statist., 2 (1993), 85{114, 171{189, 249{268.

[11] Yu. I. Ingster and I. A. Suslina, Minimax nonparametric hypothesis testing for ellipsoids
and Besov bodies, ESAIM: Probab. Statist., 4 (2000), 53{135.

[12] Yu. I. Ingster and I. A. Suslina, Nonparametric Goodness-of-Fit Testing under Gaussian
Models, Lect. Notes Statist.,, 169, Springer, New York, 2003.

[13] M. R. Leadbetter, G. Lindgren, and H. Rootz§n, Extremes and Related Properties of
Random Sequences and Processes Springer, New York, 1986.

[14] O. V. Lepski and V. G. Spokoiny, Minimax nonparametric hypothesis testing : the case
of an inhomogeneous alternative , Bernoulli, 5 (1999), 333{358.

[15] Y. Meyer, Wavelets and Operators. Cambridge Univ ersity Press, Cambridge, 1992.

[16] V. G. Spokoiny, Adaptive hypothesis testing using wavelets, Ann. Statist.,, 24 (1996),
2477{2498.

[17] V. G. Spokoiny, Adaptive and spatial ly adaptive testing of nonparametric hypothesis,
Math. Metho ds Statist., 7 (1998), 245{273.

[Received March 2005;revised August 2005]



