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Abstract.

We examine an 1880 theorem of Laguerre concerning polynomials with all real roots
and a 1968 inequality of Samuelson for the maximum and minimum deviation from
the mean, and establish their equivalence and present several proofs. We also study

related inequalities attributed to

e J. M. C. Scott (1936)
e Brunk (1959)

e Boyd (1971) & Hawkins (1971).

Also examined is a 1918 inequality of Szokefalvi-Nagy and some 1935 extensions
of Popoviciu concerning the standard deviation and range of a set of real numbers
and equivalent inequalities for the internally Studentized range due to K. R. Nair in
1947/1948 and G. W. Thomson in 1955, as well as related bounds on the standard

deviation attributed to

e Guterman (1962)
e Margaritescu-Voda (1983)

e Bhatia-Davis (1999).

Extensions and applications in statistics and matrix theory are provided, as well as

biographical information and an extensive bibliography.
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Résumé.

Nous étudions un théoreme de Laguerre (1880) au sujet des polynomes dont toutes
les racines sont réelles et une inégalité de Samuelson (1968) au sujet de l'écart
maximal et minimal de la moyenne et établissons leur équivalence et présentons

plusiers preuves. Nous étudions également des inégalités connexes attribuées a

e J. M. C. Scott (1936)
e Brunk (1959)

e Boyd (1971) et Hawkins (1971).

Sont également étudiées une inégalité de Szokefalvi-Nagy (1918) ainsi que des ex-
tensions de Popoviciu (1935) au sujet de 'écart-type et de 1’étendue de nombres
réels et des inégalités équivalentes pour ’étendue transformée de Student obtenues
par K. R. Nair (1947/1948) et G. W. Thomson (1955), de méme que des bornes de

I’écart-type s’y rapportant, attribuées a

e Guterman (1962)
e Margaritescu-Voda (1983)

e Bhatia-Davis (1999).

Des extensions et des applications aux statistiques et a la théorie des matrices
sont présentées, de méme que des informations biographiques et une bibliographie

détaillée.
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1. Introduction and Overview

The purpose of this thesis is to examine an inequality, most commonly attributed to
P. A. Samuelson (1968) in the statistical literature, for the maximum and minimum
deviation from the mean, given a set of n observations with known standard devi-
ation. As observed by Arnold and Balakrishnan [6] the publication by Samuelson,
“How deviant can you be?” in the Journal of the American Statistical Association
[219] “... spawned a torrent of generalizations, several of which referred to bounds
on order statistics. It also spawned a flurry of rediscoveries of earlier notes on these

topics. Ultimate priority seems hard to pin down ...”

We will establish the equivalence of Samuelson’s Inequality and an 1880 theorem
of E. N. Laguerre [111], virtually unnoticed in the statistical literature, concerning
polynomials with all real roots. The bounds provided by Laguerre’s Theorem involve
the first three coefficients of an n-th degree polynomial while Samuelson’s Inequality
is in terms of the standard deviation (and the mean) of a set of n real numbers
(observations). Several proofs of this Laguerre-Samuelson inequality will be given

and the associated literature surveyed.

Related inequalities attributed to H. D. Brunk (1959) [43], D. M. Hawkins (1971)
[88], A. V. Boyd (1971) [39], and J. M. C. Scott (1936) [225] will also be examined.
Of special note are inequalities due to J. von Székefalvi Nagy [237] in 1918 and T.
Popoviciu [208] in 1935 concerning bounds on the variance and range of a set of
real numbers, and equivalent inequalities for the internally Studentized range! due
to K. R. Nair (1947/1948) [171], [174] and G. W. Thomson (1955) [247]. These
inequalities are also presented with proofs. Other bounds for the variance, due to
Bhatia and Davis (1998) [33], Guterman (1962) [84], and Margaritescu and Voda
(1983) [133] are also studied.

Separate sections are devoted to various extensions and applications of these inequal-
ities in statistics, polynomials, and matrix theory. Also included is some historical

and biographical information and an extensive bibliography with over 225 entries.

1For a discussion concerning internally Studentized and externally Studentized range, see [59].
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2. The Laguerre-Samuelson and Related Inequalities.

2.1. The Laguerre-Samuelson Inequality.

Throughout this thesis x1,zs, ..., z, will denote n real numbers with (arithmetic)
mean

1 n

n 4

(2.2) 5= Jl S (3 — 7)? = \l

Then

(2.3) zT—syn—1<z;<z+svn-—1 forall j =1,2,....,n

or equivalently

(2.4) (z; —7)> < (n—1)s forallj =1,2,...,n.

Equality holds in (2.4) if and only if all the z; other than z; are equal and so then
x; is either the largest or the smallest of the z; ; equality holds on the left (right) of
(2.3) if and only if the n — 1 largest (smallest) z; are all equal.

We see, therefore, that given the mean and standard deviation of a set of real num-
bers, their minimum is bounded below and their maximum bounded above. These
bounds are often referred to as “Samuelson’s Inequality” in the statistical literature?
in view of the inequalities established in 1968 by the American economist and No-
bel laureate Paul Anthony Samuelson® (b. 1915) in the Journal of the American
Statistical Association [219].

2Cf. e.g., Arnold [4], Borwein, Styan and Wolkowicz [37], Chaganty and Vaish [52], Farnum
[70], Kabe [99], Margiritescu [130], Mathew and Nordstrém [137], Murty [169], Patel, Kapadia
and Owen [197] (p. 263), Puntanen [215] (Example 6.16, pp. 275-276), and Wolkowicz and Styan
[259].

3For biographical information, see §7.5.



The inequalities (2.3) were (almost certainly first) established in 1880 by the well-
known French mathematician Edmond Nicolas Laguerre* (1834-1886) in the Nou-
velles Annales de Mathématiques (Paris) [111]. Laguerre’s results were obtained in

a completely different notation and context®.

Laguerre’s interest focused on n-th degree polynomials with all roots real. Let
x1,%,..., T, denote the roots, all of which we will assume to be real, of the n-th

degree polynomial equation with n > 2:

(2.5) f(x) = apz" + a1z ' +aga" > +---+a, 17 +a, =0.

Since we will assume that this polynomial has degree n we will now suppose, without
loss of generality, that

(2.6) a = 1.
Let
(2.7) =) and b= i

i=1 i=1
Then
(28) a; = — Z.’L‘Z = —tl and o = inxj = %(t% — tQ).

i=1 i<j
Laguerre [111] proved that
29 Db l<z<-Z4b/n—1 forallj=1,2,...,n
n n

where

(n—1)a? 2ay \/nta—13
(2.10) b= —5— - =

n n n

using (2.8). It follows at once that
(2.11) M _F  and  b=s,

n

4For biographical information, see §7.1.

SWhile several authors in the mathematical literature refer to Laguerre (cf. e.g., Lupasg [119],
Madhava Rao and Sastry [122], Mitrinovié¢ [160], pp. 210-211, Popoviciu [208], Sz.-Nagy [237],
[238], [239], and Weber [255], pp. 364-371), the only author who we could find in the statistical
literature to do so was Rodica-Cristina Voda [249] in 1983 (in Romanian), who also references
Mihéileanu [155].



respectively the mean and the standard deviation defined in (2.1) and (2.2) above,
and so the inequalities (2.9) coincide with (2.3).

Laguerre [111], however, did not observe that —a;/n and b were in fact the mean
and standard deviation® of the roots z; ; his interest was in obtaining bounds for the
roots, whenever they are all real, of an n-th degree polynomial given the first three

coefficients—in our formulation the first of these: ag = 1, cf. (2.6)".

In this paper we will, therefore, refer to the inequalities (2.3) or (2.4) as the “Laguerre-

Samuelson Inequality”.

While “Samuelson’s Inequality” is certainly the most popular name for (2.3), the
name “Extreme Deviations Inequality” is also used in the (relatively recent) statis-
tical literature®; in 1974 Arnold used “extreme deviance” in the title of his paper
[4], while “How deviant can you be?” is the title of the seminal paper by Samuelson
(1968) [219]; the 1992 survey paper by Olkin [190] is entitled “A matrix formulation
on how deviant an observation can be”. Much earlier, however, the term “extreme
deviate” appears in the title of the 1948 paper by Nair [173] and “extreme observa-
tion” in the titles of the papers by Hartley and David (1954) [86] and McKay (1935)
[138]. In the hydrology journal Water Resources Research, Kirby (1974) [104] uses

“standardized maximum deviate”.

Wolkowicz and Styan (1988) call (2.3) the “Samuelson-Nair Inequality” in their
Encyclopedia of Statistical Sciences entry [263], while Arnold and Balakrishnan in
their 1989 monograph Relations, Bounds and Approximations for Order Statistics
[6] present many inequalities related to and including the Laguerre-Samuelson In-

equality in their Section 3.2 entitled “Variations on the Samuelson-Scott theme”?.

In the naming of inequalities (2.3) or (2.4), it is difficult to give proper credit to
all discoverers (and rediscoverers) without the name becoming rather cumbersome.
Two additional researchers deserve special note for their work with the Laguerre-

Samuelson inequality. The Indian statistician Keshavan Raghavan Nair'® (b. 1910)

6The term “standard deviation” was introduced in 1893 (by Karl Pearson (1857-1936) “in a
lecture to the Royal Society”, cf. Hart [85], p. 626; Stigler [232], p. 328, “although the idea was
by then nearly a century old”, cf. Abbott [1], p. 105.

"Laguerre [111] did not assume that ag = 1 and so his results involve a1 /ag and as/ag instead
of our a; and as.

8Cf. Dwass (1975) [68], O’Reilly (1976) [192], and Quesenberry (1974) [216].

9Cf. [6], Theorem 3.3, pp. 4546, for six proofs of the Laguerre-Samuelson Inequality

10For biographical information, see §7.4.



established the Laguerre-Samuelson Inequality (2.3) in his 1947 Ph.D. thesis [171],
publishing his proof a year later in 1948 in the Journal of the Indian Society of
Agricultural Statistics [174], cf. also Nair [179], [180]. J. M. C. Scott!'! established
several inequalities (see §2.4 below) on ordered absolute deviations |z; — Z| in the
Appendix to the 1936 paper [199] by Egon Sharpe Pearson (1895-1980), assisted by
C. Chandra Sekar in Biometrika (London); as noted by Arnold and Balakrishnan
[6] (Theorem 3.2, p. 44), the Laguerre-Samuelson Inequality is a special case of one

of Scott’s inequalities.

2.2 The Brunk Inequalities.

Now let us arrange the x;’s in nondecreasing order:

(2.12) T(1) = Tmax = T(n—1) = *** = T(2) = Tmin = L(n)

so that x(; is the j-th largest. Then

S

(2.13) Pt S e = 2 ST+ 5V
and
(2.14) T—5Vn—1<Tnin =2 < T — i

The right-hand inequality in (2.13) and the left-hand inequality in (2.14) are the
Laguerre-Samuelson inequality (2.3). The left-hand inequality in (2.13) and the
right-hand inequality in (2.14) were established (possibly for the first time) in 1959
by Hugh Daniel Brunk (b. 1919), also in the Journal of the Indian Society of
Agricultural Statistics [43], and so we will refer to them as the “Brunk Inequalities”.
Unaware of Brunk’s results these inequalities were established again by Boyd (1971)
[39], Hawkins (1971) [88] and Wolkowicz and Styan (1979) [259], as well as by Lupas
(1977) [119], who considered bounds for the roots of an n-th degree polynomial with

all real roots.

" ¥From four papers [226], [227], [228], and [229], we infer that J. M. C. Scott was at the Cavendish
Laboratory, Cambridge, in the mid-1950s. We have no further biographical information.
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Equality holds on the left of (2.13) if and only if equality holds on the left of (2.14)
if and only if

(2.15) L) == T(pn-1)
and then
(216) zmy=-"=2u-1) =2+ \/% and Ty =T —svyn—1

Equality holds on the right of (2.13) if and only if equality holds on the right of
(2.14) if and only if

(2.17) x(2) T— e e e — ‘/L‘(n)
and then

s
2.18 —Fiisvn—1 and e m gy =5 — '
(2.18) Ty =T+ svVn n T(2) Tny =7 i1

2.3 The Boyd-Hawkins Inequalities.

For the k-th largest observation or “order statistic” x(x) we have the following in-

equalities

(2.19) E—s\/%gx(k)gf—i-s nk fork=2,...,n—1.
Equality holds on the left of (2.19) if and only if

(2.20) Ty = =T-1) and gy == T(p)

and then

Ty = =agoy =THs U and agy = =1 =T - s/
Equality holds on the right of (2.19) if and only if

(2.21) 33(1) == .’E(k) and 33(k+1) == :r(n)

and then

.T(l):---:x(k):f-i-s nT_k and x(k+1)=---:x(n)=a_ﬁ—s pryiay

6



If we put £ = 1 in (2.19) then we obtain the same upper bound for . = 2(1) as
in (2.13) but a weaker lower bound. Similarly, if we put £ = n in (2.19) then we

obtain the same lower bound for Zmin = z(n) as in (2.14) but a weaker upper bound.

The inequalities (2.19) were established (possibly for the first time'?) in 1971 by A.
V. Boyd [39] in the Publikacije Elektrotehnickog Fakulteta Univerziteta u Beogradu,
Serija Matematika i Fizika (Belgrade)'® (in English) and, also in 1971, by Douglas
M. Hawkins [88] in the Journal of the American Statistical Association; see also
Wolkowicz and Styan [259], [260], [261]. As observed by Arnold and Balakrishnan
[6] (p. 49) and Wolkowicz and Styan [259], the inequalities (2.19) are “implicit” in
the papers by Mallows and Richter (1969) [126] and Arnold and Groeneveld (1979)
[12], while Scott (1936) [225] gives (without proof) the inequality

n—2
2 ]

(2.22) T <T+s

the special case of the upper bound in (2.19) for k& = 2.

A. Lupasg [119] considered an n-th degree polynomial with all real roots, and in 1977
established (2.19) as well as (2.3) for these roots. Arnold and Groeneveld (1979) [12]
give similar bounds to (2.19) for the expected value of the order statistic X taken
from a sample of the random variable X, with the mean and standard deviation
in (2.19) being replaced by y = EX and o = v/varX respectively. The sample
observations need not necessarily be independently and identically distributed, but

they are assumed to have common expectation and variance.

We will call (2.19) the “Boyd-Hawkins Inequalities”.

2.4. The Scott Inequalities.

The first (explicit) proof of the Laguerre-Samuelson Inequality in the statistical
literature was almost certainly that given in 1936 by J. M. C. Scott [225] in the
Appendix to the paper by Pearson and Chandra Sekar [199]; the Laguerre-Samuelson
Inequality appears there as a special case of (1.19a), the first of three inequalities

below, cf. Arnold and Balakrishnan [6], Theorem 3.2, p. 44, where it is observed

12Rodica-Cristina Voda [249], p. 547, comments (in Romanian) that (2.19) “este si el inclus
partial in rezultatul lui Laguerre” (p. 547) or (in English) “can be partially derived from an old
inequality due to Laguerre” (p. 548): no further details are given.

13The masthead of this journal also carries the French subtitle: Publications de la Faculté
d ’Electrotechnique de I’Université & Belgrade, Série Mathématiques et Physique.
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that “Scott’s ingenious constructive proof is apparently the only proof available in

the literature.”

Let us define the absolute deviations:

and let d(;) denote the i-th largest absolute deviation so that

(2.24) On) < On-1) <+ -+ < 0q).

Of course the i-th largest absolute deviation d(;) will not, in general, be equal to

|-T(i) — $|
Then
n(n — j) . ,
2.25 oy < - for 7 odd and j # n,
( ) ) jln—j)+1
n—1
2.2 < - f
(2.26) dm) < nn 1) or n odd,
1
(2.27) iy < 8= for j even.
J

We note that j = 1 in (2.25) is the Laguerre-Samuelson Inequality (2.4). The
inequality (2.26) is, of course, quite different to the Brunk Inequality, cf. (2.14):

S

Vn—1

(228) Tmin S xr—

Indeed, we obtain equality in (2.26) when (n — 1)/2 of the z; are equal to b and all

other z; are equal to —1/b, where

n—+

(2.29) b= —

i

On the other hand equality holds in (2.28) if and only if the largest n — 1 of the z;

are equal.



2.5 The von Szokefalvi Nagy-Popoviciu and Nair-Thomson Inequalities.

We define the range as:

(2.30) T = Tmax — Tmin = T(1) — T(n)-

Then the standard deviation and range satisfy the inequality string:

1 1
2.31 —r? <2< oyl
(2.31) 5, S8 S
or equivalently the inequality string:
(2.32) 45* < r? < 2ns?.

As pointed out in 1959 by Brauer and Mewborn [40], the left-hand inequality in
(2.31) was established (almost certainly for the first time) in 1918 by Julius von
Szokefalvi Nagy [Gyula Szokefalvi-Nagy|'* (1887-1953) in [237] and the right-hand
inequality (probably for the first time) in 1935 by Tiberiu Popoviciu®® (1906-1975)
in [208].

When n = 2, the inequality strings (2.31) and (2.32) collapse to equality throughout.
For n > 3, the left-hand inequality in (2.31) and the right-hand inequality in (2.32)
are sharp: equality holds if and only if

(2.33) Ty =+ =Tp_1) = %(x(m + x(n)) = %(:L‘max + Tnin)-

The right-hand inequality in (2.31) and the left-hand inequality in (2.32) are sharp
only when n is even: equality then holds if and only if

(2.34) Z(1) :---:x(l ) and x(%n—i—l) = =T

an

Popoviciu [208] showed that the right-hand inequality in (2.31) and the left-hand
inequality in (2.32) may be strengthened, respectively, to:

2 2
o _m*—1, dn® 2. )
(2.35) s < " and a1 <r% with n odd
equality holds in (2.35) if and only if
(2.36) T = F (o) B T(poy) T T Tw

4For biographical information, see §7.2.
5For biographical information, see §7.3.



or
(2.37) Ty == T(Ln-1)+1) and T(3m-1+2) = T T
In statistics the ratio
r
q=-,
S

or its multiple (1 — n~!)}/2¢q, is known as the “internally Studentized range”, cf.
David [59]; see also, e.g., Pearson and Hartley [200]'®, and we may rewrite the

inequality string (2.32) as
(2.38) 29<qg="_<vn
s

and (2.35) as

(2.39) % <q= g with n odd.

The right-hand inequality in (2.38) per se was established probably for the first time
by Keshavan Raghavan Nair (1910-1996) in his 1947 Ph.D. thesis [171] (see also his
1948 paper [174] in the Journal of the Indian Society of Agricultural Statistics),
while the left-hand inequality in (2.38) and the inequality (2.39) were established
by Hugh Daniel Brunk (b. 1919) in his 1959 paper [43] (also in the Journal of
the Indian Society of Agricultural Statistics following a correspondence with Nair,
cf. [178]). These inequalities were also “given” by George William Thomson'?
in his 1955 Biometrika paper [247]'®, which is frequently cited in the subsequent

literature!®.

160n p. 89 in [200] it is observed that “This idea of ‘Studentizing’ the range [dividing by the
sample standard deviation] seems to have occurred first to W. S. Gosset [‘Student’] himself (see
letter of 29 January 1932 quoted by E. S. Pearson [198], p. 245).”

17"We have no biographical information on George William Thomson, except that in the mid-
1950s, c.f. [245], [246], and [247], he was affiliated with the Ethyl Corporation, Detroit, Michigan.

18Thomson remarks (on p. 268 of [247]) that “The bounded nature . .. of ¢ has not been noted by
any of the authors who have investigated this statistic”, while in an “Editorial Note” it is observed
(in the accompanying footnote on p. 268) that “The existence of these limits has no doubt been
noticed by others ... in the correspondence leading to the joint paper by David, Hartley and
Pearson [62], the first author [Herbert A. David] gave these limits in a letter of February 1954, but
they were omitted in the published paper. [signed] E. S. P[earson, Editor: Biometrika).

19Cf. e.g., Arnold and Balakrishnan [6], §3.2; Chaganty and Vaish [52]; David [57], p. 190; David
[58], and Olkin [190].
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We will call (2.31), (2.32) and (2.35) the “von Szdkefalvi Nagy-Popoviciu Inequali-
ties” and (2.38) and (2.39) the “Nair-Thomson Inequalities”.

2.6 Upper Bounds for the Variance.

The von Szokefalvi Nagy-Popoviciu Inequalities (2.31), (2.32) and (2.35) provide

these upper bounds for the (sample) variance s? of n real numbers:

1
(2.40) s? < ZTQ; with n even
2
-1
(2.41) s? < n4 —r; with n odd.
n

Tighter upper bounds for the variance s? are, however, provided by:

1 n
(2.42) $2< =3 (3 — 3)°,
"z
(2.43) 5* < (Tmax — ) (T — Zmin),
k(n—k
(2.44) §2 < %7’2,
where 7 is defined by
(2.45) T = %(:L‘(l) + :L'(n)) = %(xmax -+ mmin)

and k is such that z() is the smallest z; greater than or equal to the mean 7 , i.e.,

(2.46) Tmax = (1) 2+ 2 Tk) 2 T 2 Tkt1) = *** 2 T(n) = Tmin -

11



H. E. Guterman? | in a 1962 note in Technometrics [84], used (2.42) in the inequality

string:

(2.47) §% =

to prove (2.31), and so we will refer to the right-hand side of (2.42) as the “Guterman
Upper Bound” for the variance. Equality holds in (2.42) when z = 7.

We note that the right-hand inequality in (2.47) coincides with the inequality (2.43)

since

(2.48) Y- = 7+ = > (3 = ) = (max — 5)(@ — Tin).

The only place where we have found the inequality (2.43) explicitly?! is in the (as
yet unpublished) paper by Bhatia and Davis [33]. We will, therefore, refer to the
right-hand side of (2.43) as the “Bhatia-Davis Upper Bound” for the variance.

Equality holds in the inequality (2.43) if and only if j of the z;’s are equal and the

other n — j are all equal, i.e.,
(2.49) Tmax = T(1) = *** = T(j) = T(j41) = *** = L(n) = Tmin,

for some 7 =1,2,...,n—1.

The inequality (2.44) was apparently first given explicitly in 1983 by Margaritescu??
and Voda [133], though it is implicit in Theorem 2 in Brauer and Mewborn (1959)
[40]. We will, therefore, refer to the right-hand side of (2.44) as the “Margaritescu-
Voda Upper Bound” for the variance. Equality holds in (2.44) if and only if k£ of

the z;’s are equal and the other n — k are all equal, i.e.,

(2.50) Tmax = T(1) =" =T(k) 2 T 2 T(kt1) = *** = T(n) = Tmin -

Refer to §4.2 and §4.3 for additional information on these bounds.

20We have no biographical information on H. E. Guterman, except that in 1962, cf. [84], he was
affiliated with the U. S. Internal Revenue Service.

21Tt really is disguised in the right-hand inequality in (2.47) obtained by Guterman [84].

22We have been informed (on 26 April 1999) by Viorel Gh. Vod4 that “Dr. Mérgaritescu unfor-
tunately died in 1996—he was probably the best computing-skilled mathematician in Romania.”
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3. Proofs: The Laguerre-Samuelson and Related Inequali-

ties.

3.1. Proofs of the Laguerre-Samuelson Inequality.

From before, we have the “Laguerre-Samuelson Inequality” (2.3):
T—svn—1<z; <Z+svn-—1 forall j=1,2,...,n

or equivalently (2.4):

(z; — 7)< (n—1)s forall j =1,2,...,n.

We present nine different proofs of this “Laguerre-Samuelson Inequality”:

e 3.1.1. Laguerre (1880), Madhava Rao & Sastry (1940), Mitrinovi¢ (1970)

e 3.1.2. Thompson (1935)

e 3.1.3. Nair (1947, 1948), Kempthorne (1973), Arnold & Balakrishnan (1989)

e 3.1.4. Arnold (1974), Dwass (1975), Arnold & Balakrishnan (1989)

e 3.1.5. Arnold (1974), O'Reilly (1975, 1976), Arnold & Balakrishnan (1989), Murty (1990)
e 3.1.6. Wolkowicz and Styan (1979, 1980)

e 3.1.7. Smith(1980), Arnold & Balakrishnan (1989)

e 3.1.8. Merikoski and Wolkowicz (1985)

e 3.1.9. Olkin (1992).

Arnold and Balakrishnan [6], pp. 45-46, present six proofs, all of which are men-
tioned below (§3.1.3-3.1.5, 3.1.7-3.1.9). A further proof of (2.3) using optimization
techniques is given in an unpublished research report by Wolkowicz (1985), while
Arnold and Balakrishnan [6] imply in their Exercise 7 (p. 62) that (2.3) can also
be proved using the arithmetic/geometric mean inequality. As Arnold and Balakr-
ishnan [6] point out (p. 45): “It is instructive to ... consider several alternative
proofs. The alternative proofs often suggest different possible extensions ... The
Schwarz inequality?® may be perceived to be lurking in the background of many of

the proofs.”

Z3Named after [Karl] Hermann Amandus Schwarz (1843-1921) for the inequality he established
in 1888 in [224], pp. 343-345; the inequality was established, however, already in 1821 by [Baron]
Augustin-Louis Cauchy (1789-1857) in [47], pp. 373-374, and in 1859 by Viktor Yakovlevich
Bouniakowsky [Buniakovski, Bunyakovsky] (1804-1899) in [38], pp. 3—4. In this thesis we will call
it the Cauchy-Schwarz Inequality, cf. (3.14) below.
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3.1.1 Laguerre (1880), Madhava Rao & Sastry (1940), Mitrinovié (1970).

Our first proof is that given in 1880 by Edmond Nicolas Laguerre [111], cf. also
Madhava Rao and Sastry [122] and Mitrinovié¢ [160], pp. 210-211.

For any real scalar u, we have the sum of squares expansion:

3.1 u—xiQ——nuZ—Qtlu—l—tzz u—x:)% =u?—2zu+ 22
J J J
i=1

for any particular z;, since a sum of squared terms is always greater than or equal

to any one of its summands. Here ¢; and ¢, are as in (2.7).

Rearranging (3.1), we see that for any real u,

(3.2) (n— D 4+ 2(z; — t1)u+ (2 — 27) >0

Since this quadratic function in u is nonnegative, its discriminant must be non-

positive:

(3.3) Axj —t1)? —4(n — 1) (ts — z7) < 0.

Rearranging and simplifying (3.3) as a quadratic in z; yields:

(3.4) nxl — 2tz + 17 — (n— 1)ty <0

and so z; must lie in the closed interval [0y, o], where oy, oy are the roots of

(3.5) nai — 2tz 4+ 17 — (n — 1)t = 0.

These roots ay, as are:

2t £ \J42 —dn(B — (n—1)b)  —q T

(36) 2n n

using (2.10) and so (2.9) is established. O
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We may arrive at the inequality (3.4) more easily, however, cf. Madhava Rao and

Sastry [122], since

—{nz? —2t1z; + 1] — (n—Dto} = (n—1)(t2 —5) — (1 — x;)°

= (-1 2 — (X =)

1#] i#]
= (n=1)> (z; —&)*>0,
1#]
cf. (2.2), where
1
n—1iz
is the “reduced” mean of the n — 1 roots z, ..., z,, excluding z;. O

3.1.2. Thompson (1935).

Almost certainly the first proof in a statistical context is the following proof which
is implicit in the 1935 paper of William R. Thompson [244].

Let £ denote the “reduced” mean of the n — 1 real numbers z1, ..., z, excluding z;,
cf. (3.7), and let T and s denote the mean and standard deviation, respectively, of
all n observations, cf. (2.1) and (2.2). Then

(3.9) :z—ge:%(xj—@):nil(xj—i)
and so
ns® = ;(xz—:ﬁ—i—zﬁ—f)Z
= Z(xz - §3)2 + (z — $)2 —n(& - 5)2
1#£]
= > (zi—2)+nn—-1)F—z)
1#£]
(3.9) = Sm—af (e )
(3.10) > (e - a)



using (3.8). The inequality (2.4) follows at once.

This proof also shows that equality holds in (2.4) if and only if equality holds in
(3.10) and this is so if and only if z; = % for all 7 # j. Hence equality holds in (2.4)

if and only if all the z; other than z; are equal.

Thompson [244] obtains (3.9) explicitly—cf. his (6) on p. 215—but apparently does
not obtain the inequality (3.10). Thompson’s interest focused on the distribution of
the “Studentized deviations” (z; — Z)/s when the “‘observations” 1, ..., z, are in-
dependently and identically distributed as a normal random variable with unknown

mean and variance. O

3.1.3. Nair (1947/48), Kempthorne (1973), Arnold & Balakrishnan (1989).

We consider the n x n orthogonal matrix E =

1 1 1 1 1
Vi %G VA VA VA
€ » 0 0 0
1 1 1 U ) 0
Ve e o e e e (n-D(n-2)
1 1 1 —(n-1)

—_— —_— —_— - e 1
n(n—1) v/ n(n—1) v/ n(n—1) \/n(n—l) \/n(n—l)

the so-called Helmert matrix®* and let x = {z;} and y = Ex = {y;}. Then

n n
(3.11) Yozl =xx=xEEx=y'y =Yy > v} +y..
i—1 i=1
Since
1 & n o,
(3.12) Yy = % ;xz and Yn =4[ (T — x4)

it follows at once from (3.11) that

2
n 1 /2 n
3.13 2> - ; T —1,)%
(3.13) ,Z_lxz—n(2$> + (@~ )

i=1

24Named after Friedrich Robert Helmert (1843-1919) for the matrix he introduced in 1876 [90],
cf. also Harville [87], pp. 85-86, Lancaster [112], Read [218], and Stuart and Ord [233], Example
11.3.
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If we rearrange the components of the vector x so that z; is in the n-th position

then, with z, replaced by z;, (3.13) becomes (2. ).
ality holds in (3.13) if and only if e ality holds in (3.11) and this is so if and

only if yp = --- =y, 1 =0, i.e., all the x; are e al except for z,, (which we now

choose to be z;).

This is the third proof given by rnold and ala rishnan 6, p. , and follows that

given by . . airin a small section of the third part of his 1 h. . thesis
1 1 and p blished in 1 1 , and by scar empthorneinal 3  ersonal
comm nication 102 to arry . rnold?. O
1. . Arnol 1 ass 1 Arnol ala rishnan 1
arry . rnold and eyer wass 6 proved (2. ) sing the a chy-Schwar
ine ality
(3.1) (' )> aa- '

for any n x 1 real vectors a and . This is the second proof given by rnold and

ala rishnan 6, p. . Since [ ,(z; —Z) =0, it follows that

(31 ) xj—:iz—;(xi—f)

and so
(z;—2)* = izj(®s — T)

(n—1) (x; — 1)

= (n—-1) Li(@i—2)"—(n-1)(z; —1)*

from (3.1 ) with the vectorsa= =z, —2 ,_;and =(1,1,...,1)" both (n—1) x 1.

(3

Hence

> Pl =)

=1

(z; — 7) -

2 f rnold and ala rishnan [6], pp. 45 158, and rnold [4] here,in an ac no led ement,
it is observed that pon seein an earlier draft of this note, Oscar empthorne supplied me ith
three of several alternative proofs that he derived for Samuelson s ine ualit



from (3.1 ), and so (2. ) follows immediately. ality holds if and only if the

vectors a and  are proportional, i.e., all the z; except for z; are e al. O
1. . Arnol 1 illy 1 1 Arnol ala rishnan 1
ry 1
arry . rnold (1 ) gave a second proofin ~ which sed the hat matrix from
linear regression analysis see also eilly 11, 12,and rty 16

In the s alf ll-ran a ss- ar ov linear statistical model
(3.16) y= ,

where  denotes (mathematical) expectation and the model or design matrix

isn X with ran n. Then it is well nown that the n x n hat matrix
(31) = ()

is symmetric and idempotent, and hence nonnegative de nite, as is the resid al

matrix = —

We now let =2and = ( x) as in (centered) simple linear regression here

the n x 1 s m vector

(3.1) =(1,1,...,1),

while the n x n centering matrix

1
(3-1 ) = n— 5 !
is symmetric and idempotent. Hence
(3.20) :% I+x’1x xx' :% '—i—% xx'
and so the -th diagonal element of = -—
(3.21) S=1 % _ (mjn—j:)Q -

since  is nonnegative de nite the ag erre-Sam elson Ine ality (2. ) follows at

once.



ality holds in (2. ) if and only if e ality holds thro gho t (3.21) and this is so
if and only if all the elements in the -th row (and col mn) of  are ero, i.e., all

the z; except for z; are e al.

The proof given by eilly 1 1, 1 2,issimilarb t ses the model matrix =
( x)asin ncentered simple linear regession. This eilly proof is the fth proof
of the ag erre-Sam elson Ine ality given by rnold and ala rishnan 6, p. 6,
while the rnold- rty proof is their fo rth. O

d.. olo i yan 1 1
The proof given by Henry Wol owic and eorge . H. Styan (1 ,1 0) 2

Y

261, cf. also ancroft 23, haganty 0, hagantyand aish 1, 2, e dec er
and i 11, ontanen 21 ( xample 6.16, pp. 2 2 6), and Tren ler 2

essentially ses the following res 1t ( emma 2.1 in 261, p. )
a .l. X nxl1 T
(2.1) (2.2) z=x" n 2=x'" xn
= — 'n (3.1) nx1
(3.22) - Vn ! "x  Vn ' .
(3.22)
(3.23) x= +
0( 0.

The ine ality string (3.22) follows at once from the a chy-Schwar In-
e ality (3.1 ) witha = and = x. O

If in (3.22) we now s bstit te

(32 ) = i n = hj,
say, where
(3.2) ;=1(0,...,0,1,0,...,0)



with 1 in the -th position, then (3.22) becomes (2.3). The e ality condition
x= + = j;+ shows that e ality holdsin (2. ) if and only if all the z;

are e al except for z;. O

i ih 1 Arnol ala rishnan 1

rnold and ala rishnan 6, p. 6, give the following proof credited to William
Smith 231, as their sixth (and last) proof of the ag erre-Sam elson Ine ality.
This proof is based on the antelli Ine ality? , cf. e.g., atel, apadia and wen
1 ,p. 1

et denote a random variable with mean 0 and variance 1. Then

1

(3.26) rob( ) e 0
1

(3.2 ) rob( > ) s i >0

We now s ppose that is a discrete niform random variable with

i—z 1
(3.2 ) rob  =5"%T 2 forall =1,....n
n
Then  has expectation = 0 and variance =1.
If we s bstit te =(x —1I) 0 in (3.26) then it becomes
1 =2
1 14 x z
n
and so
& 2
(3.2 ) T 7T o

S bstit ting =(zr —2) 0in (3.2 ) gives

and so

(3.30) S

2 Named after Francesco aolo antelli (1875-1966) for a bio raphical account see en i [31].
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ombining (3.2 ) and (3.30) yields the ag erre-Sam elson Ine ality (2. ). O

d. . ri os 1an ol o i 1

eri os i and H. Wol owic in 1 3 de ne a consistent pert rbation as one
which preserves the rst two moments and the ordering of the z; s, and then state
that consistent pert rbations m st alternate. In other words, if z; x; « and
r; ,x; denote a positive or negative pert rbation respectively, then the only

consistent pert rbations are z; ,z; ,x orwr; ,r; ,T

ow, if we consider n n mbers z; > --- > x, and s ppose that z; T; T,
then apply a consistent pert rbation z; ,z; ,z, to xy, allz = z; and all
r = x,. This pert rbation ca ses x; to increase, so ;1 x; 1, cannot maximi e
x1. However, x1 does have a maxim m, so we m st have xo9 = --- =x,. S bstit ting

this scenario into (2.1) and (2.2) gives
(3.31) (r;—2)?=(n—-1) 2

which is e ivalent to (2. ) since x; — Z is maximi ed.

The r n and oyd-Haw ins ine alities, as well as ( .1) of .1, can be proved
in a similar fashion. This proof is similar to that given by Sam elson? (1 6 ) 21
and Scott (1 36) 22 c¢f. rnold and ala rishnan (1 ) 6. O

d.. 1in 1

Ingram 1 in, in his1 2 s rvey paper 1 0, sed the following res It

(3.32)

(xj—2)° > (zi—z)*forall =1,...,n 0

i=1

n—1

To prove (3.32) we express both sides of its right-hand side as  adratic forms. et
x = (z1,...,2,)', = (1,...,1)" and where, c¢f. (3.2 ), ; =(0,...,0,1,0,...,0)
with 1 in the -th position all n x 1. We may write

1
3.33 z;—Z=xh; with h;j= ;—— |
j j j j
n

2 Samuelson states that Ri orous proof of the theorem ... is a problem in (non smooth) concave
pro rammin ... [219]
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cf. (3.2 ) above, and so the right-hand side of (3.32) becomes

(3.3 ) (z; —7)* = x'hjhi'x X' x=) (v, — 1)
where the centering matrix  is de ned as in (3.1 ). Then (3.3 ) holds if and only
if
! 1 ! ! !
n
is nonnegative de nite here A =( /n 4/ h;). Since the non ero eigenval es of

the matrices AA’ and A'A coincide, it follows at once that — h;h;" is nonnegative

de nite whenever

SAA= - Y (va vmy= )
2 = 2 \/_hjl n =

1- (n—1)n

is nonnegative de nite. The res 1t (3.32) follows at once.

S bstit ting = n (n — 1) in the right-hand side of (3.32) gives the ag erre-
Sam elson Ine ality (2. ).

Some disc ssion of this proof is given in 23, 0, 1, 1 1, and 2 see .3
below for additional commentary. O

rooso h rn n ali i s.

d. r n 1

To prove the r n ine alities r n sed the following res 1t ( 3, orollary

1), which we nd to be interesting in its own right

a ..l
0,1 rob( =1)
(3.36) 2 (o
(3:3) robl =0)=1-— and 1ob( =1)=

22



Since 0 1 we have 2 with probability one and so 2 and
rob( =1) . ombining these two ine alities yields
(3.3) > rob( =1)- ()%
and (3.36) is established. ality holds in (3.36) if and only if e ality holds
thro gho t (3.3 )ifand onlyif = rob( =1)and = 2 with probability one,
and so the e ality condition (3.3 ) follows at once. O

To prove the r n ine alities we now let the random variable  ass me each

of the n val es in (2.12) with probability 1 n. Then the random variable =

(x — ) , where the range =z — 2z , is distrib ted over 0,1. The
expectation = Z and the variance = 2. Hence
2 —\2
+(zx -7
2 __ 2 _
(3.3 ) = +( )= 5

and so from emma 3.2.1

1 5, ?24+(@x -2? (x -—1x)0?
(3. 0) n = n 2 2 ’
which simpli es to
(3. 1) 2 (n=1D(x -z
from which the left-hand ine ality in (2.13) follows at once. ality holds in

(3. 0) if and only if (3.3 ) holds and here this becomes (2.1 ).

To establish the right-hand ine ality in (2.1 ) we repeat the above arg ment with
=( -z ) . a

ol o i yan 1

Wol owic and Styan 2  provided a completely algebraic (non-statistical) proof
of the r n ine alities. Since n(z —2)= 7 ,(z  —x;) it follows that

2

n(x —2)? = il(x — ;)

23



= i(w )+ (z -z —w)

i=1 =1

2

Y%
w

— ;)
= > -z+z-z)’=n(z -2+ 7%,
from which the left-hand ine ality in (2.13) follows at once, with e ality if and

only if# =xq)=... =21 or (2.1 ) holds.

Ifn?(z—z )?is expanded similarily, then the right-hand ine ality in (2.1 ) follows
at once, with e ality if and only if (o) =+ =2@m) =2  or (2.1 ) holds. O

.A roo o h oy a ins n aliis.

d. olo i yan 1

ossibly the simplest proof of (2.1 ) is that presented in 1 by Wol owic and
Styan 2 . We se or emma 2.6.1 above, a version of the a chy-Schwar

ine ality given by Wol owic and Styan ( emma 2.1 in 261, p. )
(3. 2) - Vn ! "x vn '

where  and x are real nonn 1l n x 1 vectors and the centering matrix = — ' n
as in (3.1 ), with the n x 1 vector of ones. ality holds on the left (right) of

(3.22) if and only if

(3. 3) x= +
for some scalars and with 0( 0.
owlet = ,_ ;( - +1)andx= x4 , where ;is de ned asin (3.2 )
above and
3 ) T=Tm Tmeny TR T =7

Then ' x =2 )—Z, where the s bsample mean
(3. ) Z( ):Zx(z’) ( - —i—l) for 1 n.

2



oreover, ' =( — +1)7'—n~'. Hence (3. 2) implies

(3. 6) T — 711 T I() Ty T+

which, when = |, red ces to

asin (2.1 ). rom (3. 3) we note that e ality holds in (2.1 ) if and only if x =
+  for some scalars and . The e ality conditions for (2.1 ) follow at once.
a

rooso h on o ali ay ooii n aliis.

1. ar ari s oal 1 ha ia ais 1

The following short and simple proof of the left-hand side of (2.31) was given by
argaritesc and oda (1 3) 133, on acenco, argaritesc and oda (1 2)
, and by hatia and avis (1 ) 33

n n—1
Nai—z)? = (z —2)°+(@@ -7+ (vp—2)
=1 1=2
1 2 )2 P 2
= gz -z ) +20 -2+ (-2 -2) +§($(z)—x),
where
1 nr — 2x
o _n—QZ;E(Z) n—2
Hence
1 2n nl
2 2 2 2
n*° = 5(3: -z ) n_2(x—x) +§(aji—x)
1 2n
S 2 _ 2 a2
> 2(x x )+n_2(x z)°,
with e ality if and only if z(3) = --- = z(,_1). Th s
1
n 225(3; -z )Qa



with e ality if and only if 23y = --- = z(,_1) and z = 7, i.e., if and only if (2.33)

holds. O
r an 1 ha ia ais 1
To prove the right-hand ine ality in (2.31), H. .  terman sed the ine ality
string (2. )
12 1 & 1 1
(3. ) 2=—Z(aci—x)2 —Z(xi—x)2 “(z -z P=-2,
"= N =1
where
(3. ) T = %(IE(U +$(n)) = %(IE +x ),
s  terman observed, the left-hand ine ality in (3. ) follows at once since
it is well nown that ! ,(z; — )?is a minim m for =z.

s mentioned above, the right-hand ine ality in (3. ) coincides with the recent

ine ality d e to hatia and avis 33

6. ) = w-af @ —DE-r )

ality holds in the ine ality (3. ), and e ivalently in the right-hand ine ality

in (3. ), if and only if of the z; s are e al and the other n — arealle al,i.e.,

(3. 0) TSI = SEG) 2 )= = Im) =T,

for some =1,2,...,n—1. O
ar ari s oal

second proof of the right-hand ine ality in (2.31) follows from de ning so
that the rst x; s are greater than or e al to the mean z and the other n —

observations are less than or e al to 7, i.e.,

(3. 1) TSI 222 T2 22w =2
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s mentioned in 2.6 above (and proved in 3. below), argaritesc and oda
133 showed in 1 3 that

(3. 2) n 2 %2.

ality holds in (3. 2) if and only if of the x; s are e al and the other n — are

alle al i.e.,

(3. 3) T o= =c=r) 2T = =T =T,

The right-hand ine ality in (2.31) and the left-hand ine ality in (2.32) follows

from (3. 2) by applying the arithmetic-mean geometric-mean ine ality.

If n=2 is even,

(n— ), 1 +n— \’ 2 _ 1Mo
3. 2 = ), Lf 4n—= Y} 5 _n
3. ) n - - 5 ,
with e ality in (3. 2) if and only if () =--- =2y and ( 1) =--- = 7(,) and
e ality in (3. ) if and only if = n 2= . Together, these e ality conditions

are identical to those given in (2.3 ).
Ifn=2 41isodd,

) n 2 (n—) ln2—12

3.
( n n

since (n—2 )?—1=(n—-2 —1)(n—2 +1) >0, withe alityin (3. 6) and (3. )

if and only if ) =---=x(yand x( 1) =--- =z and e ality in (3. ) if and
onlyif = or = +1. Together, these e ality conditions are identical to those
given in (2.36) and (2.3 ). O

In 3. below we present a proof of (3. 2) which is slightly shorter than that given
by argaritesc and oda (1 3) 133 we also give fo r simple proofs of (3. ) in
3.6.



h

proof of (2. ) was given by argaritesc and oda (1 3) 133 for centered
observations with = 0. We give an e ivalent proof for ncentered observations.
If we have order statistics as in (2.12), de ne s ch that the rst order statistics
are greater than the mean, and the nal n — order statistics are less than the
mean. Then

(3. 6) ;(%) —T)@ 1)+ _Xn: (2 —2)(z  —T)
= Z(ﬂf(i) -z)(zr -z )
= (n — );(x(,) - 33) + Zl(l‘(l) — x) l ;:L‘ )
(3. ) =) -7)- (n- ) -2 _ )
— (nn_ )(3? —z )2
_ (n— ),
asre ired. O
Ex y

The ine ality (2. 3) probably rst appeared implicitly within the right-hand in-
e ality in (2. ) obtained by  terman in 1 62. The right-hand ine ality in
(2. ), along with (2. ), provides a rst proof of (2. 3) as mentioned in 2.6 above.

(second) short and simple (new) proof of (2. 3) follows by observing that
1
(3. ) (z -3@EF-z )=>+=-D@ -—-z)(zi—-z )> >

ality holds on the right-hand side of (3. ) nder the same conditions as e ality
in (2. 3). O



third (relatively short and simple new) proof of (2. 3), follows from writing

n? = Z(fvi—x)Q:i(xi—l" +z  —z)

which directly leads to (2. 3). O

hatia and avis 33 established several more general versions of the ine ality
(2. 3). et the random variable  be de ned, with probability one, on the interval
, ,and let the mean = and variance = 2. Then, cf. 33, we have

the following ine ality in parallel to the hatia- avis Ine ality (2. 3)
3. ) o+ (=)0 =)= =)~ )

ality holds in (3. ) if and only if the random variable  either e als or

with probability one, i.e.,

The hatia- avisIne ality (2. 3) was introd ced in 33 as a special case of a more
general ine ality. If is a positive and nital linear mapping of a algebra

into a algebra and | , is a self-ad oint element of | then
(3.60) (- )2 - ) - )

If we s bstit te mathematical expectation for the positive and nital linear map-
ping in (3.60) then it becomes (3. ). The proof of (3.60) in 33 is similarto o r
proof above of (3. ).

n the other hand, if we consider a discrete random variable  in (3. ) s ch that

2



then we obtain a more general ine ality than (2. 3) involving a weighted variance

of n observations z1, ..., T,,

n n n n

(3.62) 2= k- (Z 95)2 ( -2 x) (Z e )

1 1 1 1

where 0, land 7 ;=1 Ifweset ;=1 nfor =1,...,nin (3.62) then
it becomes the hatia- avis Ine ality (2. 3).

The hatia- avisine ality (3.62) for the weighted variance may also be written in

matrix vector notation
(3.63) ’=x" x-x 'x=xX( - '),

where is a diagonal matrix with diagonal entries ;. It is interesting to note that
— '"is well- nown as the dispersion matrix associated with the m Iltinomial

distrib tion, cf. e.g., xample 1 .3in St art and rd 233.
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b b b wby 2 bv by 2 , v f pp b f
v i , 1 , i
i - i iy (2.
— 1 -2 )?
(13) 2 ( 5 2 — _2_( 2) 2
wi f - vii iy (2. 3)
1
(.1) 2z —n@E-z ) = -?—(z—1)?
S w v f i- wvib , i -
b 7 7
(=205 .
- = 5 —(Z—x)
-2 _ -2 _
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w, if w
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2 n their 1943 paper [200], p. 89, earson and Hartle use the term spread as an
alternate name for ran e at the be innin of their ntroduction.
2 For bio raphical accounts, see [46],[45], [230].
rnold and ala rishnan [6], p. 45.
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