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Abstract

Covariance function plays a critical role in functional and longitudinal data analysis. In this
paper, we consider nonparametric covariance function estimation using a reproducing kernel
Hilbert space framework. A regularization method is introduced through a careful characteriza-
tion of the function space in which a covariance function resides. It is shown that the procedure
enjoys desirable theoretical and numerical properties. In particular, even though the covariance
function is bivariate, the rates of convergence attained by the regularization method are very
similar to those typically achieved for estimating univariate functions. Our results generalize and
improve some of the known results in the literature both for estimating the covariance function
and for estimating the functional principal components. The procedure is easy to implement
and its numerical performance is investigated using both simulated and real data. In particular

our method is illustrated in an analysis of a longitudinal CD4 count data from an HIV study.

Key words: Covariance function, convergence rate, functional data analysis, longitudinal data
analysis, method of regularization, phase transition, reproducing kernel Hilbert space, Sobolev

space, tensor product space.

!Department of Statistics, The Wharton School, University of Pennsylvania, Philadelphia, PA 19104.

The research of Tony Cai was supported in part by NSF FRG Grant DMS-0854973.
2Milton Stewart School of Industrial and Systems Engineering, Georgia Institute of Technology, Atlanta,

GA 30332. The research of Ming Yuan was supported in part by NSF Career Award DMS-0846234.



1 Introduction

Covariance function plays a critical role in functional and longitudinal data analysis. Important
examples include functional principal component analysis, functional linear regression, and func-
tional discriminant analysis. (see, e.g., Diggle et al., 2002; Ramsay and Silverman, 2002; 2005;
Ferraty and Vieu, 2006). Covariance function summarizes the dependency of observations at differ-
ent locations and characterizes many of the primary properties, such as smoothness and regularity,
of the sample path (see, e.g., Stein, 1999). It is of significant interest to estimate the covariance
function based on a random sample.

In the ideal setting where the whole random functions are observed in the continuum with-
out measurement errors, it is known that under mild regularity conditions the sample covariance
function converges to the population covariance function at the usual parametric rate, in terms of
integrated squared error (see, e.g., Bosq, 2000). However, the sample covariance function is only
of limited practical interest. In many applications such as longitudinal studies, it is only possible
to observe each curve at discrete sampling locations and with measurement errors. In this paper,
we study covariance function estimation in such a setting.

Let X(-) be a second-order stochastic process defined over a compact domain 7 C R, e.g.,

7 =10, 1]. Its covariance function is defined as
Co(s,t) = E([X(s) — E(X(s))][X () —E(X(@))]), Vs, teT. (1)

Let {X1,X2,...,Xn} be a collection of independent realizations of X. Suppose that we observe

the random functions X; at discrete points with measurement errors,
}/ij:Xi(T’ij)+5ijy j=1....m; 1=1,....n, (2)

where the sampling locations T;; are independently drawn from a common distribution on 7,
and ¢;; are independent and identically distributed measurement errors with mean zero and finite
variance 08. In addition, the random functions X, sampling locations 7', and measurement errors
¢ are mutually independent. Such a model is commonly adopted and suitable for a large number
of applications in functional and longitudinal data analysis (see, e.g., Shi, Weiss and Taylor, 1996;
Staniswalis and Lee, 1998; James and Hastie, 2001; Diggle et al., 2002; Miiller, 2005; Ramsay and
Silverman, 2005). The requirement that the same number of observations are taken from different
functions is not essential and only in place for ease of presentation and better illustration of the
interplay of the number of curves and sampling frequency on estimating the covariance function.

More general sampling schemes will be discussed in Section 6.



A number of nonparametric approaches have been introduced to estimate the covariance func-
tion based on model (2). See James, Hastie and Sugar (2000), Rice and Wu (2001), Yao, Miiller
and Wang (2005), Hall, Miiller and Wang (2006), Paul and Peng (2009) among others. A two-step
procedure is routinely taken in practice, where each curve is first estimated through smoothing and
the covariance function Cj is then estimated by the sample covariance function of the smoothed
curves (see, e.g., Ramsay and Silverman, 2002). Despite its popularity, there is relatively little
theoretical guidance as to how it performs. Hall, Miiller and Wang (2006) considered covariance
function estimation assuming that the sample path of X is twice differentiable and the curves are
either densely sampled with m > n'/49 for some 6 > 0 or sparsely sampled with m fixed. It was

1/443  the two-step procedure can estimate Cy as well as if the whole curves

shown that when m > n
are observed, i.e., at the rate of 1/n in terms of integrated squared error. Alternatively, one could
treat the problem of estimating Cy as a bivariate smoothing task. In the case where m is held fixed
as the number of curves n increases, Hall, Miiller and Wang (2006) show that Cy can be estimated
by a local polynomial estimator at the rate of n=2/3, the usual rate for bivariate smoothing. These
results appear to suggest that the different techniques should be employed depending on the sam-
pling frequency with the two-step procedure preferable in the densely sampled case, and the other
approach more appropriate in the sparsely sampled case where m is finite. It also remains unclear
what happens in more general setting where the random functions are of different smoothness with
the number of sampling points on each curve possibly growing slowly with n.

The gap between the requirement on sampling frequencies leaves us in an uncomfortable situa-
tion to choose between these two methods in practice. It is therefore of great practical importance
to address this dilemma and develop a more generally applicable and theoretically justifiable ap-
proach that can be used under different sampling frequencies. The main goal of this paper is to
offer such a solution in a more general setting using a reproducing kernel Hilbert space (RKHS)
framework. The proposed method is motivated by a careful examination of the function space in
which the covariance function Cj resides. By assuming that the sample path of X belongs to an
RKHS, we show that Cy necessarily comes from a tensor product space naturally connected with
the differentiability of the sample path of X. This observation reveals the distinction between the
covariance function estimation problem and the conventional bivariate smoothing problem as the
parameter space is no longer the usual Sobolev type spaces. To take advantage of this special fea-
ture, a novel method of regularization for estimating Cy is then introduced. The proposed method
enjoys desirable theoretical properties. It is shown that the estimator converges to Cy at the rate
of Op((nm/ logn)~2¢/2e+1) 1 n=1) under integrated squared error when assuming that the sample

path of X is a(> 1/2) times differentiable. Our results characterize the joint effect of the number



of curves n and the sampling frequency m, and improves those available in the literature.

The rate exhibits an interesting phase transition effect similar to those recently observed when
studying the mean function estimation for functional data analysis (Cai and Yuan, 2010). Namely,
when the functions are sparsely sampled, i.e., m < nl/2e log n, the convergence rates are determined
by the total number of observations N := nm. On the other hand, when the functions are densely
sampled, i.e., m > n'/2%logn, the rates remain 1 /n regardless of m. Perhaps more surprisingly,
our results suggest that the proposed method is to a certain degree immune to the “curse of
dimensionality”. Since covariance functions are bivariate functions, one would naturally anticipate
nonparametric estimation of Cy to be more difficult than estimating a univariate function such as
the mean function. It is, however, somewhat unexpected to see that the only price we pay here is
at most a logarithmic factor.

Despite the generality of the method, we show that the estimators can be computed rather
efficiently thanks to a representer theorem which makes our procedure easily implementable and
enables us to take advantage of the existing techniques and algorithms for smoothing splines to
compute the estimator. Moreover, we show that our estimate of the covariance function allows
explicit calculation of the functional principal components and therefore avoids the usual numerical
approximation (see, e.g., Ramsay and Silverman, 2005) where one has to trade numerical accuracy
with computational efficiency. An R package implementing our method has been developed and is
publicly available on the web. Numerical performance of the estimator is investigated using both
simulated and real data. In particular our method is illustrated in an analysis of a longitudinal
CD4 count data for a sample of AIDS patients.

The rest of the paper is organized as follows. Section 2 introduces the methodology for esti-
mating the covariance function Cy. The implementation of the proposed method for covariance
function estimation as well as computation of the functional principal components are discussed in
detail in Section 3. The practical merits of the method are demonstrated by simulations and by an
application to a longitudinal CD4 count dataset in Section 4. We study the rates of convergence
of the proposed estimate in Section 5. Section 6 discusses possible extensions of our work and its
connections with other related problems. The main results are proved in Section 7 and the proofs

of some technical lemmas are given in the Appendix.

2 Methodology

In this section, we introduce a regularization method for estimating the covariance function based

on discretely sampled data with noise. The sample path of X is assumed to be smooth in that it



belongs to certain reproducing kernel Hilbert space (RKHS). Our method is motivated by a careful
examination of the function space in which the covariance function Cj resides. We first show that
Cy necessarily comes from a tensor product space naturally connected with the differentiability
of the sample path of X and then introduce our estimation procedure based on this important

observation.

2.1 Covariance function and tensor product spaces

We begin by reviewing some basic facts of RKHS. Let H be a Hilbert space of functions on 7
associated with a inner product (-,-). A symmetric bivariate function K : 7 x 7 — R is said
to be its reproducing kernel if for every t € 7, K(-,t) € H and f(t) = (f, K(-,t))n for every
f € H. Since an RKHS H can be identified with its reproducing kernel K, we shall write H(K) in
what follows to signify the correspondence. As a concrete example, Sobolev space W3 of periodic
functions on 7 = [0, 1] that integrate to 0 and have square integrable second derivative forms an

RKHS when endowed with squared norm [(f”)? with reproducing kernel
1 1
K(s,0) = 2 Ba(s)Balt) — o Balls 1) 0

where B,(-) is the rth Bernoulli polynomial. The readers are referred to Aronszajn (1950) for
detailed discussions on RKHS.
Assuming that the reproducing kernel K is square integrable, Mercer’s theorem states that K

admits the following eigenvalue decomposition:

K(s,t) = peor(s)on(t) (4)

k>1

where the nonnegative scalars p; > py > ... are the eigenvalues and the eigenfunctions {¢g(-) : k& >

1} are a set of orthonormal basis of Ls(7), i.e.,

(05 1) = /T i (Dpn(t)dt = 03, (5)

where ¢ is Kronecker’s delta.
In this paper we shall assume that the sample path of X belongs to an RKHS H(K). Then we

can write

X() = appn(-) (6)

k>1
where x = (X, k)L, is the Fourier coefficient of X with respect to {pr(-) : & > 1}. It is

worth pointing out that, despite the resemblance, the expression given by (6) differs from the



usual Karhunen-Loéve expansion. In (6), the basis functions {¢y : £ > 1} are identified with the
reproducing kernel K and the function space H(K) whereas the basis functions used in Karhunen-
Loeve expansion are the eigenfunctions of the covariance function Cy and are not known a priori.
With the expansion (6), the first two moments of X can be given in terms of those for the Fourier
coefficients:
po(t) = EX(t) = E(wp)ew(t);
k>1

Co(s,t) = > Cov(ap, z;)p;(s)ek(t).

Jk>1

The above expression naturally identifies Cy with the tensor product space H(K ® K) =
H(K) ® H(K), an RKHS associated with reproducing kernel

K®K((81,t1),(82,t2)) :K(Sl,SQ)K(tl,tQ). (7)

With slight abuse of notation, let the operator ® also denote the tensor product of real-valued
functions on 7, i.e.,

f1® fa(s,t) = fi(s) fa(t). (8)
Then the tensor product space H(K ® K) can be characterized as follows. If fi, fo € H(K), then
f1® fo € H(K ® K) with

11 ® follyxory = 1fillzc | f2llz)- (9)

Linear combinations of such tensor products are dense in H(K ® K). The norm of a linear combi-
nation is given by

2

k k
> i@ f = {firs By (Fins i) (10)
=1 HKoK) bI=1

Our first result, which is proved in Section 7, shows that the covariance function Cy is a member

of H(K ® K).

Theorem 1 If the sample path of X belongs to H(K) almost surely such that IE||X||$1(K) < 00.
Then Cy belongs to the tensor product space H(K ® K).

Since {¢y : k > 1} is an orthonormal basis of Ly(7), it follows that {¢;(-)¢x(+) : j,k > 1} forms
an orthonormal basis of Ly(7 x 7). For a function f € Lo(7 x T ), write

Fs,t) = D Fineps(s)en(t). (11)

Jk=1



Recall that {py : k£ > 1} is the set of eigenvalues of K. It is clear (see, e.g., Wahba, 1990) that the
tensor product space H(K ® K) contains all functions f such that
||f||$1(K®K) = Z py ot [ < oo (12)
g k>1
As an example, we revisit Sobolev space W7 defined on 7 = [0, 1]. In this case, H(K ® K) consists
of periodic bivariate functions such that all its derivatives 0¥ f(s,t)/0s*0t! are square integrable
for 0 < k,1 < 2. It is noteworthy that this space differs from the second order Sobolev space defined

on a two dimensional torus.

2.2 Covariance function estimate

Theorem 1 shows that the covariance function Cy belongs to the tensor product space H(K @ K).
We are now in position to introduce the regularization estimate of Cy based on this important fact.
It is easy to see that the random vector Y;. := (Yi1,. .., Yi) has mean p;. := (uo(Ti1), - - - 5 o(Tim))
and covariance matrix ; := [Co(T}j,, Tijo)]1<j1 jo<m + 0@1. If the mean function pg is known, one
can regress [Yi;, — po(Tij )] [Yijo — to(Tijp)] on (Tij,, Tij,) to estimate Cp. In the light of Theorem
1, we consider the following method of regularization:
Cr= argmin {6,(C) + AICIymme } (13)
CeH(KRK)
where
1 - 2
0(C) = wmm = 1) Z Z (Yijy = po(Tij)][Yigo — 10(Tijp)] — C(T3jy, Tijo)) (14)
1=1 1<j1#j2<m
and A > 0 is a tuning parameter that balances the fidelity to the data measured by /¢, and
smoothness of the estimate measured by the squared RKHS norm.
Of course, the mean function pg is typically unknown in practice. In this case, we will replace
o by its estimate in defining £,,:
n
WO =3 > (M — Ty — i(Tiz,)) = C(T35,, Ti))* (15)
1=1 1<j1#j2<m
where [i is an estimate of p9. The problem of estimating the mean function pg has been extensively
studied. In particular, Cai and Yuan (2010) investigated the optimal rates for estimating po under
various settings. It was shown that with appropriate tuning parameters, the smoothing splines
estimate obtained by regressing Y;; on Tj; altogether achieves the optimal rate of convergence. We
shall therefore adopt the proposed spline estimate. Interested readers are referred to Cai and Yuan

(2010) for more detailed discussions on optimal estimation of the mean function.



Remark 1 Other loss function may also be used in place of ¢, to measure the goodness of the fit
to the data in (13). One particular example occurs when the random function X follows a Gaussian
process and the measurement error € follows a centered normal distribution. In this case, it is not
hard to see that the random vector Y;. follows a multivariate normal distribution. It is then natural
to use the negative log-likelihood instead of 4,, in (13). Here we opt for ¢, because of its general

applicability.

3 Computation

We now turn to the implementation of the procedure as well as computation of the functional
principal components. The estimator C\ defined in the previous section is particularly easy to
calculate. An R package implementing our method has been developed and is publicly available on
the web at http://stat.wharton.upenn.edu/ tcai/paper/html/Covariance-Function.html.
Although the minimization in (13) is taken over infinite dimensional spaces, the solutions can

actually be found in finite dimensional spaces thanks to the so-called representer lemma.

Lemma 2 There exist m X m symmetric matrices Ai,..., A, whose diagonal entries are zeros
such that .
Cls:t) = S {IK (5, Tig) i<y ALK (6 T <} (16)
i=1

Lemma 2 can be proved by a similar argument as that of Theorem 1.3.1 in Wahba (1990) and we
omit the proof here for brevity. Write

Giyiy = [K(Tiyjy s Tigja) 1<y jo<ms 1<y, iz <n. (17)

Observe that for any function C'y that admits representation (16), its squared RKHS norm || Cy H%( K&K)

can be written as

ICM ko) = D trace(Giyiy Aiy Giyiy Ay ), (18)

i1,i2=1
which is a convex quadratic function of the entries of A;’s. Because /£, is also convex and quadratic,
computing C \, or equivalently solving for the A;’s becomes a convex quadratic programming prob-
lem and can be solved fairly easily. The readers are also referred to Wahba (1990) and Gu (2002)
for further discussions on algorithms and strategies to solve this type of problems efficiently.
Although our main focus is on the covariance function estimation, representation (16) also gives

rise to easily computable functional principal component estimates which can be useful in many



applications. By Mercer’s theorem, Cy admits the following spectral decomposition:

Co(s,t) = > Oktbr(s)tn(t) (19)
E>1
where {1 : k > 1} is a set of orthonormal basis on Ly and 6; > 03 > ... are the associated

eigenvalues. Note that {(0, 1) : k > 1} generally differs from the eigen system {(pg, pr) : k > 1}
of the reproducing kernel K. Estimating the functional principal components is one of the most
fundamental tasks in functional data analysis and has attracted a lot of attention in the litera-
ture (see, e.g., Ramsay and Silverman, 2005). In particular, ¢;s are commonly estimated by the
eigenfunctions of a covariance function estimation. Computing the eigenfunctions of a symmetric
bivariate function is generally non-trivial. Typically this is done by discretizing the covariance func-
tion estimation and approximate its eigenfunctions by the respective eigenvectors (see, e.g., Rice
and Silverman, 1991; Capra and Miiller, 1997). One therefore trades the computational complexity
with approximation accuracy. Fortunately in our case, the eigenfunctions of C\ can actually be

computed explicitly without resorting to such numerical techniques thanks to the representation

(16).
Let _ -
A 0 0O ... O
0 Ay O 0
A= ) (20)
0 0 0 A,
and _ -
Qll QlZ Q13 s an
QQl QQZ Q23 s QZTL
Q= (21)
L in QnZ Qn3 v an |
where
QiliQ = |:/ K(S,Eljl)K(S,TIiQh)dS R 1< il,iz < n. (22)
T 1<j1,52<m

Lemma 3 The eigenfunctions of Ci defined by (13) can be expressed as
Ue() =Ulg(), k=1,...,n, (23)
where Uy, is the k-th column of U = Q~Y/2V and V is the eigenvectors of QY2AQY?, and

g()=(K(,Ti1), -, K, Tim), K(-,To1), .., K(-, Tom)) - (24)



4 Numerical Experiments

This section considers the finite sample performance of our estimator. We shall first investigate
the numerical performance of the estimator through simulation studies and then apply our method
to the analysis of a longitudinal CD4 dataset. The theoretical properties of the estimator will be

investigated in Section 5.

4.1 Simulation studies

As mentioned in Section 3, the estimator C of the covariance function Cy can be calculated
efficiently by convex quadratic programming. To demonstrate the merits of the proposed estimator
in finite sample settings, we carried out a set of simulation studies with different combinations
of sampling frequency, smoothness, and sample size. A collection of random functions X;s were

generated independently as follows:

50
X(t) =Y CZpcos(knt),  te[0,1], (25)
k=1
where Zis were independently sampled from the uniform distribution on [—v/3,v/3] and ¢ =

(—1)F*1k=, It is not hard to see that the covariance function of X is

50
Co(s,t) = > k™>*cos(kms) cos(knt). (26)
k=1

Fifty random functions were simulated from this model with a = 2. From each function, m random
locations were uniformly generated from [0, 1] and noisy observations of the function is obtained
following model (2). Two values of m are considered, m = 5 and m = 10. The error standard
deviation oy is set to be 0.368 to yield an average signal to noise ratio of 2 : 1. We apply the proposed
method to the simulated datasets to obtain covariance function estimates as well as estimates of
the functional principal components. As is common in most smoothing methods, the choice of the
tuning parameter A plays an important role in the determining the performance of C\. Data-driven
optimal choice of the tuning parameter is generally difficult. Here we apply the commonly used
practical strategy of empirically choosing the value of A through five fold cross validation.

Figures 1 and 2 provide a visual inspection of a typically simulated data along with the proposed
covariance function estimation as well as the functional principal components. The fifty curves were
given in the top left panel of Figure 1. The top right panel of Figure 1 shows the observed data
for m = 5 where observations from the same curve are connected together. Also given in the lower

panels of Figure 1 are the first two estimated functional principal components based on m =5 or
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m = 10 observations on each curve together with the those obtained from the sample covariance

function as well as the truth.
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Figure 1: A typical simulated dataset: The top left panel shows 50 simulated functions. Noisy
observations at m = 5 random locations on each curve are given in the top right panel. The
bottom panels give the first two estimated functional principal components. The solid black lines
correspond to the truth. The red dashed and green dot-dashed represent those estimated with
m = 5 and 10 observations on each curve respectively. The blue long dashed lines are estimates
obtained from the sample covariance function, which is only computable when each curve is observed

completely without noise.
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Covariance function estimates obtained with m = 5 and 10 respectively are plotted along with
Cy in Figure 2. For comparison, we also included the sample covariance function based on observing
each curve completely and without noise. In a certain sense, it reflects how well an estimate can
perform when m = oo observations on each curve. It is evident that our estimate captures the main
characteristics of Cy with as few as five observations on each curve. When the sampling frequency
increases, the quality of the estimate improves. The difference between our estimate with m = 10
and the sample covariance function or Cy is negligible, which is also supported by our theoretical

development given in Section 5.

m=5 m=10

m=co True

. 0.4 0.6 0.8 . 0.4 0.6 0.8

-1.0 -05 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

Figure 2: Covariance function estimation with different sampling frequency: Fifty Xs were first
simulated. Noisy observations are obtained at m = 5 or 10 random locations. The corresponding
covariance function estimate is given for each sampling frequency. Also given is the true covariance

function and the sample covariance function computed with each function observed completely.
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Clearly the value of « in our simulation model determines the smoothness of the simulated curves
and subsequently the difficulty of estimation. For comparison purpose, we now consider @ = 1.
Figure 3 shows a typical set of fifty simulated curves as well as covariance function estimates with
different sampling frequencies. It is obvious from the figure that the true covariance function is
not as smooth as the case when o = 2. As a result, higher sampling frequency is required to yield

estimates of similar qualities.
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Figure 3: A typical simulated dataset: The top left panel shows the fifty simulated functions,
followed by covariance function estimates obtained with m = 5,10 and 50 randomly sampled
observations from each curve. The bottom middle panel gives the sample covariance function

based on the fifty curves. The bottom right panel is the true covariance function.
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To obtain further insight, we repeat the experiment for 200 times with both n = 50 and n = 100
curves. To fix ideas, we focus on the case when o = 2, which corresponds to the situation when
the sample path of X is twice differentiable. The estimation error measured by integrated squared
error for m = 5, 10 or oo are reported in Table 1. It is evident from Table 1 that the proposed
method performs very well. It can also be observed that the performance improves as the sampling

frequency m or sample size n increases.

n=50 00229 (0.0011) 0.0142 (0.0005) 0.0046 (0.0004)
n=100 0.0142 (0.0005) 0.0073 (0.0003) 0.0025 (0.0002)

Table 1: Average integrated squared error ||C — C’0||%2: averaged over two hundred runs, the

numbers in parentheses are the standard errors.

4.2 Longitudinal CD4 count data analysis

To further illustrate the usefulness of the proposed covariance function estimator, we now apply
it to a longitudinal CD4 count dataset. The data, reported by Kaslow et al. (1987), recorded
CD4+ cell counts for a total of 369 infected men enrolled in the Multicenter AIDS Cohort Study.
The human immune deficiency virus (HIV) causes AIDS by attacking CD4+ cells and reducing an
individual’s ability to fight infections. A healthy person has around 1100 CD4+ cells per milliliter
of blood. CD4+ cells decrease in number from infection. Therefore the cell count constitutes a
critical assessment of the health of the immune system and progression of the disease. In this
particular study, the patients were scheduled to have their cell counts measured twice a year.
Because of missing appointments among other factors, the actual times of measurement is random
and relatively sparse. The number of observations per subject ranges from 1 to 12 yielding a total
of 2376 records. This dataset is a classical example of longitudinal data analysis and further details
can be found in Diggle et al. (2002).

One of the main objectives of the analysis of the data is to characterize the time course of
the cell counts. This can be accomplished by examining the covariance function. We applied
the proposed method to this dataset. The covariance function estimate along with the first three
functional principal components are given in the left panels of Figure 4. From a statistical modeling
perspective, it is of particular interest to check if the time course can be modeled by a stationary
process. From the covariance function estimate, however, this does not appear to be the case.

Along with the CD4+ counts, several other variables are also recorded in this dataset. In
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Figure 4: Covariance function and functional principal component estimation for the CD4 data.
The left panels correspond to the estimates obtained with the full data including a total of 369
men. The middle panels are estimates obtained with only record from those who used recreational
drug throughout the study. The right panels are estimates obtained with only record from those
who did not use recreational drug at all throughout the study. Note that the top panels are in
different color scales in order to better demonstrate how the function value changes within each

panel.
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particular, the participants were asked whether or not they were using recreational drug between
visits. Among the 369 men, 209 used recreational drug throughout the study, 36 stayed away from
it altogether. Of interest here is whether or not the two more homogeneous sub-populations of
those who used recreational drug on a regular basis or those who did not use it at all may display
different behaviors and therefore require separate modeling. To this end, we estimate the covariance
function as well as the functional principal components for both subsets and the results are given
in the middle and left panels of Figure 4 for comparison purpose. We note that the covariance
function estimates for the full data and the subsets are plotted with different color scale for better
visualization within each plot. It is interesting to note that many of the main characteristics of
the covariance function are shared in all three estimates. The estimate obtained from the full
data, however, displays strong covariation in the early phase of the study, which is absent from the
estimate based on only those who use drug regularly. Such discrepancy can be further witnessed
from the first three principal components. Although they are quite similar for time greater than 0,

significant and consistent differences can be observed at earlier times.

5 Rates of Convergence

In this section we investigate the theoretical properties of the covariance function estimator Cy and
establish the rate of convergence. Let P(«; My, cg) be the collection of probability measures of X

such that
(a) the sample path of X belongs to H(K') almost surely and IEHXH%(K) < Mo;
(b) K is a Mercer kernel with eigenvalues satisfying pp ~ k=2%;

(c) there exists a numerical constant ¢y > 0 such that EX*(¢) < ¢o[EX?()]? for any ¢t € 7, and

E (/T X(t)f(t)dt>4 < <IE (/T X(t)f(t)dt>2>2 , (27)

for any f € Lo(T).

The first two conditions essential specify the smoothness of X, which is more specifically related
to the decay rate of pj,. For example, when Sobolev space W2([0,1]) is considered, it is well known
that pp ~ k~2%. The last condition concerns the fourth moment of X and is satisfied with cq = 3
when X follows a Gaussian process.

The next theorem establishes the rate of convergence of C\ in terms of integrated squared error.
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Theorem 4 Assume that Ee* < oo, T;; are independent and identically distributed with a density

bounded away from zero on T and the mean function estimate [i satisfies

2a
logn\ 2+ 1
- 2
— =0 — 1. 28
17— o3, ((mn) +n> (28)

2
A 1 2a+1 1
lim lim sup sup P <||C'>\ - C'OH%2 >D (( ogn) + >> =0, (29)
) mn n

D—0o n—oo  £(X)eP(a;Mo,co

Then

2
if A=< (loEm )z,

The condition on the mean function estimation (28) is satisfied by the spline estimate suggested
by Cai and Yuan (2010). In particular, it was shown that the mean function can be estimated at the
rate of O ((mn)_%i1 + n_l) in terms of integrated squared error. It is quite surprising to note
that even though the covariance function is of higher dimension than the mean function, the two
rates at most differ by a factor of (log n)%ﬁr1 This is in stark contrast with the common wisdom.
Consider, for example, the case when the sample path of X belongs to Sobolev space W2([0, 1]), i.e.,
twice differentiable functions on [0, 1]. It is natural to think of C as a member of the second order
Sobolev space on the unit square W2 ([0, 1]2), i.e., twice differentiable functions on [0, 1]?. As shown
by Stone (1982), the optimal rate for estimating functions from W3([0,1]) or W3([0,1]?) is M ~*/5
and M~2/3 respectively if independent observations are available at M different locations. For
estimating the covariance function, a total of nm? observations {(Yij, — po(Tij,)) (Yijo — po(Tijy)) :
1 <i<mn1<j # j2 < m} are obtained. But there are significant redundancy among these
observations as we are observing nm Yj;s after all. Also the data are correlated due to the functional
nature of X;s.

To appreciate the importance of the association between Cy and the tensor product space, we
first consider the case when m is finite. The number of observations in this case is of the order
O(n) for estimating both the mean and covariance functions. Cai and Yuan (2010) showed that

the mean function can be estimated at the optimal rate of n=%/®. Similarly, the rate of n=2/3

can
be achieved, in particular, by the local polynomial estimate of Hall, Miiller and Wang (2006) using
the fact that Cy is twice differentiable. But as shown by Theorem 1, the space from which Cy
comes is the tensor product space W3([0,1]) ® W3([0, 1]), which is much smaller than W3([0, 1]?).
As a consequence, the rate attained by our method, (n/log n)_4/ 5 is much better than the best
possible rate of n=2/3 for estimating functions from second order Sobolev space on [0, 1]2.

It is also interesting to compare our results with those obtained by Paul and Peng (2009) who

consider a particular setting where Cy can be approximated by a function with a fixed number of
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non-vanishing eigenvalues and eigenfunctions from Wj. Under various regularity conditions, they
show that when m is bounded, the restricted MLE that based on this particular structure can
achieve the convergence rate of O,((n/logn)~%/?). See, e.g., Theorem 2.1 and Corollary 2.1 of
Paul and Peng (2009). The rate matches that from Theorem 4 because in this case it is well known
that a = 4. Despite the similarity, however, we note that the two approaches and therefore their
implications are very different. The particular covariance function model studied by Paul and Peng
(2009) is very specialized. The restricted MLE discussed in their paper uses the knowledge of this
particular model whereas our method does not require such information and achieves the same rate
for a much more general class of covariance functions. Moreover, we do not require many of the
technical conditions imposed by Paul and Peng (2009).

The situation when m is not finite is more complex because it is then necessary to address how
much data redundancy and correlation may affect our ability to estimate the covariance function.
Theorem 4 reveals an curious phase transition behavior of the convergence rate. When the functions
are densely sampled, i.e., m > nae log n, the sampling frequency does not matter and the rate is

determined solely by the number of curves:
IC = CollF, = 0y (7). (30)

This suggests that when sampled frequently enough, we can estimate the covariance function as well
as if the entire functions are observable. But when the functions are sparsely sampled, i.e., m <
nae log n, the rate is jointly determined by the number of curves and the number of observations

on each curve through the total number of observations NV := nm:
1€ = Coll3, = Op ((N/1og N) 251 (31)

Little is known about how other methods may behave when m is not finite. One exception
is Hall, Miiller and Wang (2006) who showed that, when assuming that the sample path of X is
twice differentiable, the two step procedure where one estimates each curve by smoothing and then
estimates Cp by the sample covariance function of those smoothed curves achieves the convergence
rate of 1/n if m > n!/**+ for some 6§ > 0. Our result is comparable and slightly better in that we
only require m > nza logn to achieve 1/n convergence rate for general aw > 1/2.

Although not our main focus, we note that convergence rates of the estimated functional prin-
cipal components can be easily derived from Theorem 4. To this end, we consider the theoreti-
cal properties of 1/3k for k < Ko where Kj is fixed. Without loss of generality, we assume that
(1, Y1) > 0. Then we have the following result.
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Corollary 5 Under the conditions of Theorem 4, if 0y is of multiplicity one, then

lim lim sup sup P (||1ﬁk - wkH%Q > D ((mn/ log n)fﬁ% + n_l)) =0, (32)
D—0o0 n—oo £(X)eP(a;Mo,co)

if A~ (mn/ logn)_%.

The results for estimating the functional principal components again improves the one given in
Paul and Peng (2009) who obtained the rate of O,((n/logn)~#?) in the case of a = 4 under a
much more restrictive setting. Theoretical analysis of functional principal component analysis can
also be found in Yao, Miiller and Wang (2005) and Hall, Miiller and Wang (2006) among others.
In particular, Hall, Miiller and Wang (2006) considered the case when m is bounded and showed
that, when assuming that the sample path of X has bounded second derivative, the optimal rate
for estimating the functional principal components is Op(n_2°‘/ (2a+1)) and can be achieved by local
polynomial regression procedures. They also show that when m > n'/4+% for some § > 0, the
optimal rate is O,(1/n) and can be achieved by the sample covariance function of pre-smoothed
X;s. Since the estimating strategy differs between the two situations, it is not clear how to deal
with the intermediate cases. In contrast, the functional principal components computed from our
covariance function estimation in a vanilla fashion are applicable to all cases. Under much weaker
conditions, it achieves the optimal rate of O,(1/n) when m > n'/4logn. The threshold is slightly
better than that (n'/4+9) identified by Hall, Miiller and Wang (2006). Furthermore, it attains a

4/5 of the optimal when m is bounded.

rate within a factor (logn)

Finally, we note that the rate achieved by the estimator C can not be much improved. As
stated in the next theorem, even if Cj is known a priori to be of rank one, i.e., X has a single
principal component, the best rate attainable is O((mn)fﬁil +n~1), which differs from that of C
by at most a factor of (logn)2*/(2e+1) To this end, let P’(a; My) be the collection of probability

measures of X such that X(-) = z¢(-) where z is a centered random variable with bounded second

moment and HQﬂH%(K) < My. It is clear that P’(a; My) C P(cv; Mo, co).

Theorem 6 There exists a constant d > 0 depending only on My and o3 such that for any estimate

C base on observations {(T35,Yi5) : 1 <i<n,1<j<m},

limsup  sup P (Hé —Col3, > d ((nm)—zfﬁ + n*l)) > 0. (33)
n—oo  L(X)eP!(a;Mp)

6 Discussions

We have developed a regularization method for covariance function estimation based on a random

sample of discrete observations with measurement errors. Despite its similarity to the standard
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bivariate smoothing problem, we show that covariance function estimation can be fundamentally
different from the usual Sobolev space based bivariate smoothing due to the fact that it lies in
a particular type of tensor product space. It is shown that the proposed method enjoy superior
theoretical properties to some of the known results in the literature both for estimating the co-
variance functions and for estimating the functional principal components. The procedure is also
easily implementable.

In the present paper, for ease of presentation we have assumed that there are equal number
of sampling points on each curve to better demonstrate the joint effects of the number of curves
n and the sampling frequency m on estimating the covariance function. It should be noted that
this assumption is not essential and can be easily relaxed. In a more general setting, one may have
different number of sampling points on different curves. Let m; be the number of sampling points
on the ith curve. Following the same argument, it can be shown that the proposed method enjoys
the same properties if the numbers of sampling points on individual curves are of the same order

of magnitude. That is, there exist constants ¢; > ¢3 > 0 such that

com < min m; < max m; < cim.

1<i<n 1<i<n

More generally, the number of sampling points m; may be itself random. In such a case, our results
continue to hold for m := E(m;) if there exists a constant 0 < 02 < oo such that var(m;) < o2.

We also note that although we have focused on random curves defined on a compact subset 7 of
the real line, the proposed method can be readily applied to functional data defined on more general
compact domains and the convergence rates established in Section 5 continue to hold with minor
modifications. Such extension could be useful, for instance, when modeling images. For example,
if the sample path of X belongs to the a-order Sobolev space on [0,1]%, the rate of convergence for
the proposed estimator given in Theorem 4 is changed to (nm/ log n)za/ (2atd) 4 p-1,

The study of the covariance function estimation given in this paper is expected to have implica-
tions in a number of related problems such as functional linear regression, classification or clustering
where the estimate of the covariance kernel plays a prominent role. We leave these topics for future

research.

7 Proofs

We prove the main results in this section. Throughout this section we use C' to denote a covariance
function and the lower case ¢ stands for a positive constant which may vary from place to place.

Two technical lemmas used in the proofs of the main results are proved in the Appendix.
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7.1 Proof of Theorem 1
Note that Cy(s,t) = go(s,t) — po(s)po(t) where go(s,t) = EX(s)X(t). By Jensen’s inequality,
HMOH?{(K) = HEX”%[(K) < E”X”%{(K) < 00, (34)

which implies that up € H(K). Therefore, uop ® po € H(K ® K). It remains to show that
g0 € H(K ® K).
It suffices to verify that
lgollFykery = D 0 ok "Elajzx)® < oo (35)
Jk>1
Observe that E(z;jxx)? < E(l‘?)E(ZEz) Therefore,

loolfyrery < D pj oy E(@)E(R)
k=1

= | Y pp'E(af)

k>1

_ <E||X||${(K))2 < 0.

2

This completes the proof of Theorem 1. i1

7.2 Proof of Lemma 3
We first show that @ks are orthonormal. Observe that
| s =a (36)

Therefore,
/T Ury (8)0n, (8)ds = Up, QUi = Vi, Q™V2QQ™ Vi, = bt (37)

where § is the Kronecker’s delta.

Denote by 0 the eigenvalues of QY/2AQY2, then
> Oedr(s)ydr(t) = g(s) (Z ékUkU];> g(t)
k k

— g(s) (Q*Vding(dr... V'Q?) gt
~ (s)A80)

= C)\(S7 t)v
which completes the proof. I

21



7.3 Proof of Theorem 4

For brevity, we shall consider here only the case when po(-) is known and (14) is employed in
defining C. The effect of this assumption in establishing the convergence rate of C is negligible
because of the condition (28), which essentially controls the error term that may come with using
an estimated mean function instead of the true mean function. The proof follows from the same
line of argument when using /i but gets considerably more tedious.
For technical purpose, we first introduce a class of norms on H(K ® K). To this end, recall
that any f € H(K ® K) can be written as
F(s,0)= D finei(s)en(t) (38)

Jk=>1
where fir, = (f,¢j(-)¢x(-))L,. By the construction of {¢} : k > 1}, we have
=3 £ and B = S vt fA (39)
Jk21 Jk>1
where ;3 = pjpi. Define, for 0 <a <1,
A2 = > v Fie (40)
Jk=>1

It is clear that || - [lo = [| - |z, and || - [[1 = [ - (oK)
For brevity, we shall assume that j(-) = 0 and 7" follows a uniform distribution without loss

of generality. Recall that

¢y = argmin {%(C) + AHCH%(KM)} (41)
CeH(K®K)
where
1 n
i=1 1<j#£k<m
Observe that
loo(C): = Elppn(C)
1
= —F Z Y1, Y1 — C(Thy, Tug))?
mim =1\ e
= Var(Y;1Y12) + E ([C(T11,T12) - Co(T117T12)]2> -
Write
C) = argmin {KOO(C') + /\HCH%{(K@K)} . (43)

CeH(KRK)
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Then
OA—COZ(CYA—CO)+(C’A—OA). (44)

The two terms can be regarded as deterministic and stochastic error respectively. Write

loo A (C) = lso(C) + AHCH?{(K@K);
emn)\(C) = lyn(C) + /\HC”%(K(@K)'

Denote G = DQEOO,)\(C’)\) and
Cr = Cy — Gy "Dl A (Ch), (45)
where D stands for the Fréchet derivatives. It is clear that the stochastic error can be further

decomposed as
CA')\—C’)\: (CA')\—C')\)—I—(C')\—C')\). (46)
We now bound C) — Cy, C’A — C~’>\ and C~’)\ — C separately.

We first consider the deterministic error Cy — C.

Lemma 7 There exists a constant ¢ > 0 such that

Gy — COHZ < MY Collry k-
Proof. Write

00(57t) = Z Ak ko Py (S)QOIQ (t)v CA(S’t) = Z Bk1k2¢k1 (S)onQ (t)
k1,ko=1 k1,k2=1

Then
Bk17k2 =1+ )‘71;1%2)_1%1@- (47)

It follows that

o0

HéA _COHLQ1 = Z (1+7}g_11]gQ)a(6k1k2 _aklkz)Q
k1,ko=1

2
o) A"y_l
—1 k1k: 2
= Z (1 +’Yk1]§2)a <1 + )\;_21 aklkz

k1,ka=1

Y

2 kik —1 2

c\” sup =2 1 2Z’Yk1k2ak1k2
S (o)

X Coll3y ko)

IN

IN
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Hereafter, we use ¢ to denote a generic positive constant which may take different values at each

appearance. Il

Next, we consider C’,\ —C).

Lemma 8 There exists a constant ¢ > 0 such that

EHC&—C&

<c (n_l + n i I 20)) 1601 /) 4 AL (e (1/20)) log(l/)\)) . (48)

Proof. By definition
Dfmm)\(c_')\) + DQEOO’)\(CB\)(C’)\ — C_')\) =0. (49)

Notice that

Dlyin A(C\) = Dl 3(Cy) — Dl A(C) = Dl (Cy) — Dl (C)). (50)

Therefore

E [Dlynr(Cr)f]° = E [Dlun(Cr)f — Dlo(Cr) ]’

- ;Var Z Z ([Ejyik—c_')\(ﬂj,Tik)] f(Tszzk))

n?m?(m — 1)2 ; ,
i=1 1<j<k<m

1 _
= m\/ar Z ([Yljylk - CA(T1j7T1k)] f(T1j7T1k))
| 1<j#k<m

1 _
= mvar 1<];<m ([CO(le,le) - C)\(leale‘)] f(le,le))

1

nm2(m =12 [V Y YyYuf(Ty, Tw)|T

1<j#k<m

We now bound the two terms separately. The second term can be bounded using the following

technical lemma which is proved in the Appendix.

Lemma 9 Let Y; = X(Tj) + ¢ where X is a mean zero second order stochastic process whose
probability law belongs to P(a; Mo, co), Tj are independent uniform random variables defined on
T, and €; are independent measurement error with mean zero and variance 08. Denote, for f,g €
Lo(T),

U= Y YYif(Z)e(Ty). (51)
1<j#k<m
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Then
E [Var(U|T)] < 4com*E </X(s)f(s)ds>2E </X(s)g(s)ds>2 +0(m?). (52)

In particular, if f = g, and g = pg,, then
E [Var(U|T)] < 4com™ag, i, agyk, + O(m?), (53)

where {a;i, : j,k > 1} is the Fourier coefficients of Co with respect to orthonormal basis {¢; ® ¢y, :
Jy k>1}.

The second term can now be bounded using Lemma 9. By taking f = @i, ® g, in Lemma 9,

we have
. . 4 3
E|Var | Y YiYif (T, T)|T | | < em*apyr, agor, + O(m?). (54)
1<j<k<m
To bound the first term, denote by
V=Y ([Co(Ty;, Tur) — Ca(T1j, Tu)] f(Th;, Tik)) - (55)
1<j<k<m
Observe that
Var(Vi,) < E(V;2)
= Z E( [Co(T1j, Tik) — Ca(Tvj, Tur)] f(Thj, Tik)
1<j<k#m
1<j'#K <m
x [Co(Thjr, Tiw) — Ca(Tujr, Tuw)] f(Tiyr, Thwr))
m! - 2 3
< — t) — t t t
< o ([ (et - cageun)] ssinyasat) +em
< m? [Co(s,t) — Ci(s, t)]2 dsdt/ f2(s, t)dsdt + em?
TxT TxT

< ¢ <m4/\/ f2(s,t)dsdt + m3) .
TxT

Take f = ©r, @ Qhy, i€, f(5,1) = Pk, (8)pPk, (t). Then the first term can be bounded by con ™ (A +
m~h).

In summary, we have

E [Dlyn A (Ch)pry ® 01,]7 < en™ (agyhy hgry + A +m 1) (56)
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Therefore,

= E|Gy Dl (O

sfor- o

_ _ _ T 2
= E Z (14 V) (L + Mio,) > (Dlaa(b)pr, © or,)
k1,k2>1

IN

en”! Z (1+ ’Vk_ﬁcg)a(l + )‘fyk_llkﬁizaklklak‘zb
k1,k2>1

+en PN+ mh) Z (1+ 7]:122)‘1(1 + /\71;122)_2
k1,k2>1

Observe that

Z (1+ ’Yk_lllm)a(l + )"Yk_llkz)_gaklklakzb
k1,k2>1

Z (1+ ’Y;;ll)a(l + 7;;1)'1%11@1%2@
k1,k2>1

IN

2

= Z (1 +’7];11)aak1k‘1
ki1>1
2

IN

Z (1 + ’Yk_ll)akﬂﬂ

kyi>1

Recall that

A / i (8)i, (1) Cols, 1) dsd
TxT

_ E(/TX(t)apkl(t)dt)Q.

(e’ 2
St ks =E S (149 ( | xa, <t>dt) —E|X|2. (57)

k1>1 ki=1

We get

Hence the first term can be bounded by cn~!. Together with the fact that (see, e.g., Lin, 2000)

[e.9]

> (Ut ) (A My, 72~ ATt (20D 106 (1 /), (58)
k1,ko=1

The proof can now be completed by collecting all these inequalities. Il

It now remains to bound C — C,.
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Lemma 10 If there exists some 1/(2a) < b <1 such that

log(1/A)
nmA\20+1/(2a) -0, (59)
then for any 0 < a < b,
. )
HC')\ —Ch\|| =o0p (nil T LT log(1/A) + (nm)*l)\*a*i log(l/)\)) . (60)

Before proving Lemma 10, we state the following technical lemma which is proved in the Ap-

pendix.

Lemma 11 Under the conditions of Theorem 4, if 1/2a < b <1, then for any 0 < a <b

R V2 I Y PR
6=, =00 (setitaram ) [l A
Proof of Lemma 10: By Lemma 11,
N T N Y PR
6=, =0 (rsisiar) |6 (©2)
If a > 1/2a, then taking b = a yields
N = Y N PR
CA_CAa_Op<mn)\2a+1/(2a) G-, (63
Assuming that
log(1/)
nmi2e+1/(2a) - 0’ (64)
then
-, = Jer-ei) .

Together with the triangular inequality

o e

2o

\@_@

=(-o)[er-cn

a ‘

)

= Ch)(nfq'+»n*1A1*“*5%10g(1/A)+—(nfn)*lA*“*E%log(l/A)>.

a

Therefore,

CA')\—C_')\

2
a

——%w@—@

Now consider the case when a < 1/2a. From the previous discussion, we know that for any

b > 1/(2a) such that
log(1/)

A2/ (2a) 0, (67)
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we have

~ _ 112
Cn = Ca|, = 0p (07! + 0 N30 1og(1/2) + (mm) ATV log(1/)) (68)

Hence,

éz\ - é)\

2 _ o log(1/})
a P\ pmaatbt+1/(2q)
xOp, (n_l +n At log(1/A) + (nm)_lz\_b_ﬁ log(l/)\))

= 0p (nflx\bfa +n iAo log(1/\) + (nm)*l)\*a*i log(l/A)) :

To sum up, if there exists some 1/(2a) < b < 1 such that

log(1/A)
nm2b+1/(2a) 0, (69)
then for any 0 < a < b,
A A 2 _ -1 —1yl—a—= —1y—a—5-
Crn—Cy|| =o0p(n " +n"A 2a log(1/A) + (nm) =" A% 2a log(1/2) ) . 11 (70)

Combining the bounds on C — Cy, Cy—Cy and C) — C\\, we have

1€ = Coll}, = Op (A 07" 4+ 0™ AT725 log(1/4) + (nm) ' A72 log(1/2) ) . (71)
Taking
A ~ (nm/logn)~ Zat1 (72)
yields that
ICx = Coli3, = Op ((nm/logm) ™27 +n~") . N (73)

7.4 Proof of Corollary 5

As shown by Bhatia, Davis and McIntosh (1983),
sup [ — il < 821 - Oz, (74)

where §;, = minj<j<;(0; —0;4+1). The proof can then be completed by Theorem 4 and the fact that

0. is of multiplicity one. il
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7.5 Proof of Theorem 6
First note that, by taking d > 0 small enough,
lim sup sup P (HC’ — COH%2 > dn_1> >0, (75)
n—o0  L(X)€P’(a;Mo)
by taking () to be a constant function. It suffices to show that for some d > 0,
lim sup sup P (HC’ —Colli, > d(nm)_2a/(2a+1)> > 0. (76)
n—oo L(X)eP!(a;Mo)

In what follows, we shall assume that T' follows a uniform distribution on 7 for brevity. We
shall also assume that My = 1 and p; = 1 without loss of generality. Let X(-) = (v¢(:) where
P(B=1)=P(B=—-1)=1/2 and ¢ € H(K). Clearly L(X) € P'(; 1) if and only HwH%(K) <1
Let M = ¢p(nm)Y/ (2241 For a binary vector b € {£1}M, denote

2M
_ 2
() =M 3T bewpPen (). (77)
k=M+1
It is not hard to see that
2M
lllymey = M1 D biar =1, (78)
k=M+1
Furthermore,
2M
e — wllT, =M™ > k2 (benr — b_py)® = M-I H(b,Y) (79)
k=M+1

where H (-, -) represents the Hamming distance.
By Varshamov-Gilbert bound, there exists a collection of binary sequences {b(l), O e

{£1}™ such that N > 2M/8, and
HOW b0y > M/8,  V1<j<k<N. (80)

Therefore,
4y — Wy | 2o > clnm) 2/ Zoth), (81)

Let IIj be the probability measure of (X,T,¢) such that ¢ = ¢y, := (1 + ¥k )/2 and Iy be
such that ¢ = 1)y := 1/2. It is easy to derive that

1Co (k) — Co(wow) 17, = Itk @ vr — vour @ s |17, > e(mm) =24/t (82)

where Cpy(1x) is the covariance function of X when ¢ = 1. On the other hand, the Kullback-

Leibler distance from probability measure II; to IIy can be bounded by
K L(IT|TTp) < enm|yy, — Yo7, < c(nm)V/ o+ < clog N. (83)

The proof can now be completed using Fano’s lemma by taking cys large enough. il
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Appendix

In this appendix we prove Lemmas 9 and 11 which are used in the proof of the main results given

in Section 7.

A.1 Proof of Lemma 9

Observe that

U = Y X@)XT)fFTH(T)+ > X (Th)f(T))g(Tk)
1<j#k<m 1<j#k<m
+ Y @aX@)FTHaT) + > eenf(T)g(Th)
1<j#k<m 1<j#k<m

=: U1 +Us+U;s+ Uy
By Cauchy-Schwartz inequality,
E [Var(U|T)] < E[E(U?T)] < 4 (E(UT) + E(U3) + E(U3) + E(UY)) . (84)

We now bound the four terms on the rightmost hand side separately.

We begin with E(U?).

E(UT) = E( > X(le)X(sz)X(Tja)X(Tj4)f(Tj1)g(Tjg)f(fFja)g(ifj4))

1<j1#j2#j3F#ja<m

+E ( > X(le)Xz(sz)X(Tjs)f(I}l)g(EQ)f(sz)g(Tjs))

1< #je#i3<m
+E( 3 X2(le)X2(1}2)X(1}3)fQ(le)gQ(Tjg))

_3E ( / X(s)f(s)ds>2< / X(s)g(s)d8>2]
oot~ s ) (o) ([ oo
+Mm—0wf%E</X@) ) /X2 >]
ot [( [ xtos)” [ )

[(/X2 s20m) ([ 3o
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By Cauchy-Schwartz inequality,

(o) (xomes)]
o] (o
< fron) o fromon)

where the last inequality holds because of (27). Next, note that

[ tana) o) o)
< (@[(/X( d) (/X >d)]) (E (/XQ(s)f(S)g(S)d8>2D

Observe that

<

1/2

2
E ( / X2<s>f<s>g<s>ds)] = [ B0 )l (0 dsde

7‘2

< ﬁ[ EXSEX 0N F()9(s)f (Dg(t)dsdt
< e </TC’(S,s)f(s)g(s)ds)2.
We h
(s (] s ([ omms)
[ (/x d> (/X )] (/TC(s,s)f(s)g(s)ds>.
Similarly,

E

IN
VY
—
~
~
=
QU
»
~
[N}
VY
T
Q
U
~

( / X(s) f(s)ds)2 < / X2(s)gz(s)ds>_
E ( / X(s)g(s)ds>2 ( / X2(s) fz(s)ds>_ <
E K / X2(s) fQ(S)ds> < / X2(s)g2(s)d5>:

Collecting all these inequalities, we conclude that

Ewﬁgwm%</X@ ) (/X >+Onﬁ. (85)
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Now consider E(U3) = E(U3).

E(U3) = E( > €§1X(7}2)X(Tjg)fQ(le)g(sz)g(Tjg))

1<j1#j2#ja<m

1< #ja<m

= m(m—1)(m —2)od </Tf2(s > </ C(s,t)g )dsdt>
m —1)o? </T f2(s)ds> </TC(5,5)92(s)ds).

+E ( Z 6§1X2(T‘J'2)f2(z}1)92(1—‘]'2))

At last, we look at E(U?).

E(U;) = E( Y & (T)g (Tm)

1<ji#j2a<m

— m(m— 1) </Tf2(s)ds> </Tg2(s)ds>.
In summary, we have

E(U?) < 4com*E </X(s)f(s)ds>2E </X(s)g(s)ds>2 +0(m?).

The second statement of the lemma follows immediately from the fact that
Ak :/ (pk( ) ( )C[)(S t dsdt = (/ X (pk dt> I
TxT

A.2 Proof of Lemma 11
By definition
GA(Cy — ) = D*ou 1 (C1)(Cr — C).

First order condition implies that

Dlyna(C\) = Dl A(Cr) + D A (CL)(C — Cy) = 0,
where we used the fact that ¢,,,, ) is quadratic. Together with (49), we have

D% \(CL)(Cr — Cr) = D oo \(CA)(C — Ch) + D2 A(CA)(C — C))
= Do A (C)(C) = C\) — D*pn A (CA)(C — Ch)
= D*o(Cr)(Cr = Cp) = D?yn(Cr)(C — Ci).
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Therefore,

O — Cy = Gy ! [Dzzoo(@)(@ — Cp) = Dy (CL)(Cy — O] - (90)
Then
- 12 >
C)\H = > 1) M)
“ k1,ko=1
2
Z > WT T / h(s,t)dsdt| |
i=1 1<j#£k<m T
where
h(s,t) = (C(s,t) = Ca(s, 1))k, (), () € H(K ® K). (91)
Write
Z hjrjasi @ @ (92)
J1,52>1
Then
- 2
Z > T / h(s,t)dsdt
L i=1 1<j#k<m TxT
r 2
= Z hjle nm _1 Z Z 90J1 lJ 90]2 Tzk) / ‘Pj1(3)90j2(t)d5dt
[ J1,J2>1 i=1 1<j#k<m Tx
2
S Z _1[;2h]21]2 Z Fy]bljz _1 Z Z 90]1 ] §0]2 le) / ‘Pj1(s)‘»0j2(t)d3dt .
Ji,g221 Ji1,9221 i=1 1<j#k<m

Observe that

2
E ( Z Z e (i) jo (Tik) — / TSO]I( )@y, (t )dsdt)

i=1 1<j#k<m

2
%«WJLU ) wﬂﬁ%@@éﬂ%&%ﬂ%m)

1<j#k<m

3

2
1
= 7m2(7nl)2E< Z <Pj1(Tz‘j)90j2(Tik)>
1<j#k<m
1
= = 2 ElenTn)enTien Lo Tw)]
1<j#k<m
1<j'#k' <m
1 1 m! 2 1
. ~1 () (t -
~on [<m2(m—1)2 (m — 4)] ></Tﬂ%1(5)%()> +em ]
C
< —
nm
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where we used the fact that

(/TxT ©ir (8)j, (t)det>2 < /TXT 60?1(8%0?2 (t)dsdt = 1. (93)

Therefore, whenever b > 1/2¢,

A ~ 12
Cy—Cy

IN

IN

1 1 \a L )
0 () 30 (k) M) 2 Il
k1,k2>1
1 1 \a TN N _ 12
Op (nm) Z (1 +7k111€2) (1 + )\Pykllkg) 2 HC/\ - C)\Hb H90k1 ® SOkQHg
k1,k2>1
1 > ~ |2 -1 \— -1 \a+b
Op <nm) HC)\ N C)\Hb Z (1 +)\f}/k1k2) 2(1 +7k1k2) *
k1,ko>1
log(1/X) A _ 12
Or <nm+b+/<z> Cr=Gf, -0
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