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The problem of loss adaptation is investigated: given a fixed parameter, the goal is to construct an
estimator that adapts to the loss function in the sense that the estimator is optimal both globally and
locally at every point. Given the class of estimator sequences that achieve the minimax rate, over a
fixed Besov space, for estimating the entire function a lower bound is given on the performance for
estimating the function at each point. This bound is larger by a logarithmic factor than the usual
minimax rate for estimation at a point when the global and local minimax rates of convergence differ.
A lower bound for the maximum global risk is given for estimators that achieve optimal minimax
rates of convergence at every point. An inequality concerning estimation in a two-parameter statistical
problem plays a key role in the proof. It can be considered as a generalization of an inequality due to
Brown and Low. This may be of independent interest. A particular wavelet estimator is constructed
which is globally optimal and which attains the lower bound for the local risk provided by our
inequality.
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1. Introduction

There are two major formulations for the problem of estimating a function based on noisy
data. One common approach is to fix attention on each point and use squared error loss to
measure the accuracy of an estimate. Another approach based on integrated squared error
loss gives a more global measure of accuracy.

In both the local and global approaches theory has been developed for the construction of
minimax estimators over a given function space; see, for example, Pinsker (1980),
Ibragimov and Hasminski (1984), Donoho and Liu (1991) and the references in Efromovich
(1999).

Local and global theory have also focused on the construction of estimators which are
simultaneously asymptotically (near) minimax over a collection of parameter spaces. Such
estimators are called adaptive and, for a given loss function, are ‘optimal’ over a range of
parameter spaces.

When attention is focused on adaptive estimation there are some striking differences
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between local and global theories. Under integrated squared error loss there are many
situations where rate adaptive estimators can be constructed. In particular, Efromovich and
Pinsker (1984) constructed fully adaptive estimators over a range of Sobolev spaces. Recent
results focus on more general Besov spaces; see, for example, Donoho and Johnstone
(1995), Cai (1999) and Hirdle et al. (1998).

When attention is focused on estimating a function at a given point, rate-optimal adaptive
procedures typically do not exist. A penalty, usually a logarithmic factor, must be paid for
not knowing the smoothness. Important work in this area began with Lepski (1990) where
attention focused on a collection of Lipschitz classes; see also Brown and Low (1996b) and
Efromovich and Low (1994). Connections between local and global parameter space
adaptation can be found in Cai (1999) and Efromovich (2002).

As just mentioned, for estimating a function at a point the payment of a logarithmic
penalty can be viewed as a necessary price for adapting over different parameter spaces.
Here we consider a complementary question: whether, given a fixed parameter space, we
can construct an estimator that adapts to the loss function in the sense that the estimator is
optimal both locally and globally. Specifically, for a given Besov space, we investigate
whether an estimator can be constructed which is both minimax rate-optimal at each point
under rth power loss (1 < r < oo) and also minimax rate-optimal under integrated rth
power loss.

To date, adaptation has mainly focused on different smoothness classes, although some
recent nonparametric function estimation literature can also be viewed as falling within the
area of loss adaptation. For example, Bickel and Ritov (2003) have studied nonparametric
density estimators whose integrals provide efficient estimators of the corresponding
functionals; Efromovich (2004) describes an estimator for censored data that achieves a
similar multi-purpose goal. Cai (2002) is another example where a minimax rate estimator
of the unknown nonparametric regression function is given such that the derivatives of this
estimator attain the minimax rate for estimation of the derivatives of the function. These
problems can all be viewed as one of finding a single estimator of the unknown function
which are optimal for a variety of loss functions.

In the present setting we consider the class of estimator sequences that achieve the
minimax rate, over a fixed Besov space, for estimating the entire function and establish a
lower bound on the ratewise performance of any such sequence for estimation of the
function at each point. This bound is larger by a logarithmic factor than the usual
minimax rate for estimation at a point when the global minimax rate of convergence is
faster than the local minimax rate of convergence. Hence, no estimator sequence can
simultaneously have minimax rate both globally and at each point when the global and
local minimax rates of convergence differ. We should emphasize that the loss of the
logarithmic factor is not caused by trying to be adaptive over several function classes. We
have a fixed function class but more than one loss function. We also consider estimators
that achieve optimal minimax rates of convergence at every point and give a lower bound
for the maximum global risk.

We then study a modification of the wavelet estimator of Delyon and Juditsky (1996).
We show that this estimator attains the optimal global rate and also attains the rate given
by that our lower bound for estimation locally at each point. This shows that our lower
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bound is sharp. These main results are stated in Sections 2—4; their proofs are completed
in Section 8. An inequality concerning estimation in a two-parameter statistical problem
plays a key role in our proof. An alternative proof can also be based on the two-point
testing techniques used in Lepski (1990) and Tsybakov (1998). The inequality used in the
present paper and presented in Section 6 can be considered as an ¢"-norm generalization
of an inequality in Brown and Low (1996b). A generalization of the Hammersley—
Chapman—Robbins inequality can also be deduced from our basic result. This
generalization may be of independent interest and is included as an additional proposition
in this section.

Our basic inequality also has some consequences relating to the possibility of
superefficient parametric estimation under ¢” loss. These are described in Section 7.

2. Trade-offs between global and pointwise risks

Consider the white noise model in which we observe Gaussian processes Y,(f) governed by
dY,(n) = f(ndt+n'2dW(n,  0<t<1, (1)

where W (t) is a standard Brownian motion and f is an unknown function of interest. This
canonical white noise model is asymptotically equivalent to the conventional formulation of
nonparametric regression; see Brown and Low (1996a) and Brown ef al. (2002). There is also
a slightly less direct equivalence to nonparametric density estimation; see Nussbaum (1996),
Klemeld and Nussbaum (1999), and Brown et al. (2004).

The accuracy of an estimate f » of f is measured both under the global L" risk

1
R 1) = By = £l = | 10— sl dr @
as well as under the pointwise ¢ risk,

R(f, f; 0) = Ef|fu(®) — Q)" 3)

for all x € (0, 1).
The benchmarks for the performance of an estimator f, over a function class F are the
minimax risks under the respective error measures. The global minimax L” risk is

Ry(F, n) = inf supE| |/, — 11,
Jn F

and the local minimax ¢” risk at a point x is

R(F, x, n) = inf sup E|f,,(x) — f(x)|".
fu F

We investigate the possibility of having a loss adaptive estimator. We want an estimator
which at every point attains the minimax pointwise rate while also attaining the minimax
global rate.

We use Besov balls as examples of the function class F. Besov spaces occur naturally in
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many areas of analysis. They include many traditional smoothness spaces such as Holder
and Sobolev spaces, as well as function spaces of significant spatial inhomogeneity such as
the bump algebra and the bounded variation. Full details of Besov spaces are given, for
example, in DeVore and Popov (1988).

A Besov space B‘;’q has three parameters: a measures the degree of smoothness, and p
and ¢ specify the type of norm used to measure the smoothness. For f € L?[0, 1] and
h >0, denote the Kth difference by AXf(r)=S"F ((~1)*f(¢ + kh). The modulus of
smoothness of order K of f is wk ,(f, h) = ||A(hK)f||Lp[o,1,Kh]. The Besov norm of index
(a, p, q) is defined for K > a by

L dm\ "
nres 171l + (L[h—“wK,p(f : h)]"T) ,  for g < oo, W
W1l + 1 %0k p(f, B)|locs for ¢ = co.
The Besov class B, (M) is a ball of radius M under the Besov norm || - HB%:
B (M) = {1 I/ 1l s, = M}

The estimation problems over the Besov class B‘;,q(M) under the local risk (3) and the
global risk (2) have important distinctions. Write v = & — 1/p. We will assume a > 1/p so
v > 0. It is shown in Cai (2003) that the minimax convergence rate over B, (M) under the
local risk (3) is n/*P" where I(a, p, r) = rv/(1 + 2v). The minimax rate under the global

L" risk for 1 < r < oo is A4y, (n), where

nm/(H—Za) when 7 < p(l " 2a)’
n O\ U4
1 —(r/2=p/9)+ h — 1 2
Ag,pr(n) = (log n) (log n) > when r = p(1 + 2a), 5)
n (1+rv)/(142v)
(log ) when r > p(1 + 2a);
n

see Donoho et al. (1995, 1996) and Delyon and Juditsky (1996). It will be convenient to
denote the exponent of the algebraic term in the rate of convergence by g(a, p, r). So

liaZa’ when r < p(1 + 2a), .
s = 1 when r = p(1 + 2a) ©
1420 emr=»r '

Note that g(a, p, r) = l(a, p, r) when p =00 and g(a, p, r) > l(a, p, ¥) when p < oc.
Therefore the local rate is the same as the global rate for p = co and is always slower than
the global rate for p < oc.

Theorem 1 below states that, when the global and local minimax rates are different, any
estimator attaining the minimax rate at any fixed function f under the global risk (2) must
be suboptimal in terms of the maximum pointwise risk at ‘most’ points in (0, 1); the
minimum penalty is a logarithmic factor.
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Theorem 1. Suppose fn is an estimator based on (1) satisfying

Tim Ag,p,(n) - E|l /o = foll; = K < o0 ()
at some fo € B, (M") with p < oo and M' < M. Then, for any measurable set 2 C (0, 1)

with the Lebesgue measure m(Q) > 0 and any 0 < ¢ < m(Q), there exists a subset Qy C Q
with m(Q) = m(Q) — ¢ such that

la,p,r)
lim (log n) ’ inf  sup E[fu(x)— f(x)|" > 0. 8)

n—00 xeQ
0 fEB% (M)

In particular, for any € > 0, there exists a subset €y C (0, 1) with the Lebesgue measure
m(Q2g) = 1 — ¢ such that

(o, p,7) ~
Tim ( " ) inf sup  E|f.(x) — f(x)|" > 0. 9)
log n

n—o0 €Q
YE3%0 fe B, (M)

One of the main tools for the proof of Theorem 1 is a general constrained risk inequality
which may be of independent interest. This risk inequality can be used to derive a
generalized version of the Hammersley—Chapman—Robbins inequality as well as results
relating to the possibility of superefficient parametric estimation under ¢” loss. The
constrained risk inequality and these applications are given in Sections 6 and 7. The proof of
Theorem 1 using the constrained risk inequality will be postponed to Section 8. Alternatively,
Theorem 1 can also be proved using the testing arguments given in Lepski (1990) and
Tsybakov (1998).

A direct consequence of Theorem 1 is that if an estimator f,, attains the global minimax
rate of convergence at some f, then the set of points at which the estimator £, attains the
local minimax rate of convergence has measure 0.

Corollary 1. Suppose f » IS an estimator satisfying (7). Let p < oo and let A be the set of
points at which f, attains the pointwise minimax rate of convergence, that is,

A= {x S Tim a'@PD sup  E|fu(x) — ()] < oo}.

1700 SEB, (M)
Then the set A has Lebesgue measure (.

Therefore it is impossible for any estimator to simultaneously attain the global minimax rate
of convergence and the local minimax rate at every point when the global and local minimax
rates are different.

Remark. 1t can be seen from the proof of Theorem 1 that the conclusions of Theorem 1 and
Corollary 1 remain valid if condition (7) is replaced by
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m 1 - Ellfs— foll ] < o0

for any p > l(a, p, 7).

3. A rate-optimal wavelet estimator

Theorem 1 shows that the minimum penalty for a global rate-optimal estimator is a
logarithmic factor in terms of the maximum pointwise risk over B} (M). This lower bound
can in fact be attained. Delyon and Juditsky (1996) propose a wavelet estimator and show the
optimality of the estimator for density estimation and nonparametric regression over B“ (M)
under the Sobolev norm loss. In the following we use a slightly modified version of the
wavelet estimator given in Delyon and Juditsky (1996) for the white noise model (1) and
show that the estimator attains the optimal global rate and the local rate of (1n/log n)"*?" at
every point x € (0, 1). In this sense, the lower bound given in Theorem 1 is sharp.

Let the functions ¢ and ¥ be a pair of compactly supported father and mother wavelets
with [¢ =1. We call a wavelet v K-regular if v has K vanishing moments and K
continuous derivatives. Let ¢;(¢) =2/2¢(2/t — k) and v, x(f) = 2//>yp(2/t — k). These
functions, with appropriate treatments at the boundaries, form an orthonormal basis. For
simplicity in exposition, we work with periodized wavelet bases on [0, 1], letting

L =D pu(t—=1D, ph =D pult—1D, for ¢ € [0, 1].
lez leZ
Then the collection {¢? ,, k =1, ..., 2/ 97, j=jo =0, k=1, ..., 2/} is an orthonormal
basis of L?[0, 1], pr0v1ded the primary resolutlon level jj is large enough to ensure that the
support of the scaling functions and wavelets at level j, is not the whole of [0, 1]. The
superscript p will be suppressed from the notation for convenience. See Cohen et al. (1993),
Daubechies (1994) and Meyer (1991) for other boundary-corrected wavelet bases on the unit
interval [0, 1]. For wavelets on the line, see Daubechies (1992) and Meyer (1992).
For any /= jj, a function f can be expanded into a wavelet series

2! o) 27
SO="Expra®+ > Y 0pypu(o), (10)
k=1 Jj=1 k=1

where &4 = [J f(Dp1 k(1) dt and 0,5 = [ f(D; (1) dt.

For the white noise model (1), let y;x = [¢,; (1) dY,(2), yix = [w;(t) dY,(0),
Zik = [@x(t)dW(s) and z;x = [, () dW(¢). The white noise model (1) is then
equivalent to a sequence model in which one observes an empirical wavelet coefficient
sequence:

Pk = Ep +n V25, k=1,2,...,2/, (11)

yj,k = ej,k + n_l/zzj,ka k = 19 25 ey 2]5 ] = 15 (12)

where [/ = j, and Z;; and z;; are independently and identically distributed as N (0, 1).
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Let Jo and J be integers satisfying nU+2% <2/ <2p0+29 and n <2/ <2n,
respectively. For j = Jy + 1, let

Ay =/ rn~1log(2/~/) (13)

and let 7;(y) = sgn(y)(]y| —A)+ be the soft threshold function. We define the following
wavelet estimator:

> N 5 1,(¥j,k)s if Jos<j<J,
Esok = Ysok and 6 = {0’ / if = J (14)
The estimator of f is given by
2% -1
fa(t) = Z Epipani(D) + Z Z 07,43 .4 (0). (15)

] J() k=1

The estimator given in (15) differs from the wavelet estimator in Delyon and Juditsky (1996)
in the choice of upper and lower resolution levels J, and J as well as in the choice of the
threshold 4;.

Over the Besov class B9 (M), the wavelet estimator f » 1s rate-optimal under the global
L" risk and at the same tlme is within a logarithmic factor of the minimax risk under the
pointwise ¢" risk at every point in (0, 1).

Theorem 2. Let f,, be the wavelet estimator given in (15). Let B‘;’q(M) be a Besov class with
a—1/p>0 0<g=<oo, and M > 0. Suppose the wavelet v is K-regular with K > a.
Then f is rate-optimal over the Besov class B, (M) under the global L" risk (2) and is
within a logarithmic factor of the minimax risk under the local risk (3) for any 1 < r < oc.
That is,

lim 4, ,,(n) sup E|f, - f]. < oo (16)
oo FEBY (M)
and
- n O\ lepn .
lim < ) sup  Ey[fu(x) — f(x)|" < oo, (17)
n=co \log n FEBY (M)

for every x € (0, 1).
The proof of Theorem 2 is given in Section 8.

Remark. The estimator f,, given in (15) depends on the loss function. It can be modified
slightly so that a single estimator f : satisfies (16) and (17) simultaneously for a range of loss
functions. Let 7* > 1 be fixed and, for j = Jy+ 1, set l* v/ r*n~llog(2/=/0). Let the
estimator f be defined as in (15) with 4; replaced by /1 Then the estimator f satisfies
(16) and (17) for all 1 < r < r*
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4. Local rate-optimal estimators

In the previous section, we considered the local performance of a global rate-optimal
estimator. We now consider the global performance of an estimator which is rate-optimal at

every point under the local risk (3).

Theorem 3. Suppose fn is an estimator based on (1). Let

Q ={x: lim n"*P"  sup E|f,,(x) — )] <o0yp. (18)

n—00 feEBS, (M)
If the Lebesgue measure m(S2) > 0, then for any fwith || f||ps < M and any p > la, p, r),
lim - E|f, — f||] = cc. (19)

It follows from Theorem 3 that, when the global and local minimax rates are different (i.e.
p < 00), if an estimator is minimax rate-optimal at every point under the local risk (3), then
it cannot attain the global minimax rate at any f in the interior of the parameter space
B, (M), and consequently the maximum global risk of the estimator over B, (M) must be
suboptlmal Moreover, it follows from Theorem 3 the penalty on the maximum global risk for
being local rate-optimal at every point is a power of n.

5. The case of p = o0

For a Besov class B9 (M), when p = oo, g(a, p, r) = l(a, p, r) and the global and local
minimax rates coincide. In this case the optimal global rate and the optimal local rate at
every point in (0, 1) can be attained simultaneously. For the class of analytic functions,
Efromovich (1999) showed that the global minimax rate under the mean integrated squared
error, is the same as the local minimax rate under the mean squared error, and in this case
a single estimator can attain simultaneously the global minimax rate and the local minimax
rate at every point in (0, 1).

Over a Besov class BY, (M), it is not difficult to construct a wavelet estimator which is
both global rate-optimal and local rate-optimal at every point in (0, 1). Using the same
notation as in the previous section, let Jy be an integer satisfying n(!72® < 270 < 25(1+29)
and let the estimator of f be a projection (truncation) estimator,

27

a0 =" Pk si(D). (20)

k=1

Then it is straightforward to verify that this wavelet estimator f, is simultaneously rate-
optimal under the global risk and the local risk at every point.
Furthermore, for any estimator f), that is both global rate-optimal and local rate-optimal
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at every point, the estimator must attain the same global rate at every function f in the
interior of BY% ,(M), that is,

0 < lim n"/"29E|\f, — fl|; < Tm a"/HOE||f, - f]|} < oo,
n—oo

n—oo

for all / with [|flp < M.

6. A general constrained risk inequality

Throughout this section, we let 1 < r < oo and let w satisfy

LI
roow
Let X be a (vector-valued) random variable having distribution Py with density fp with
respect to a measure 4. The parameter 6 takes two possible values, 6; or 6,. We wish to
estimate 6 based on X. Suppose the parameters 0; = (0;1, ..., 0;x) € RX (i =1, 2). For
any estimator ¢ based on X, its £" risk is defined by

R.(0, y) = E[|[0(X) — v

K
- J S 104) — pal”fy ().
k=1

Denote by s(x) = f4,(x)/ fo,(x) the ratio of the two density functions. (s(x) = oo for some x
is possible, with the obvious interpretation s(x)fg, (x) = fp,(x).) Write

K 1/r
A, =10 — 0| = (Z |92,,(_91,,/> : 1)
k=1
For 1 = w < o0, let
Ly = L(61, 65) = (Eg (s" (X)), (22)

and let I, = I(01, 62) = ||s]|oc Where the supremum norm is taken with respect to Py,.
When [,, < oo the following result gives a lower bound for the bias at 6, and, in
particular, the risk R(d, 6,) given an upper bound on the risk at 6.
Theorem 4. Suppose R,(0, 0,) < ¢! and A, > €,1,,. Then
|E,0(X) — Oslr = A, — €1, (23)

and, in particular,
R.(0, 6) = (A, —¢,.1,,)". (24)

Hence,

I
R0, 65) = A;(1 — “A’ ) (25)
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Proof. The triangle inequality yields
[E6,0(X) — 62]|¢r = (|62 — 6

o ||E926(X) - 01

[r.
It then follows from Hélder’s inequality that

[Eg,0(X) — 01,4 < (Eg,[04(X) — 01411 (g, s (X" < (g 02(X) — 01411 L,
and so

|[E6,0(X) — 64| < (B, [|0(X) — 01 ||})7 - [, < ¢, 1.

Therefore,
||E026(X) - 92||1f" = Ar - Er]w~

The inequality in (25) follows from Jensen’s inequality and the following elementary
inequality:

1-x)"=1-r, forO<x=<1land r=1.

The following result shows that the risk lower bound (24) in Theorem 4 is sharp.

Proposition 1. Fix A >0, B> 1 and 0 < ¢ < AB~'/". Let fy be the uniform distribution on
(0, 1) when 6 = 0 and the uniform distribution on (0, B~') when 6 = A. Then

in RO, A)=(A—e¢l,). 2
s 0, A) =(A—cly) (26)

Hence, the bound (24) is attained.

Proof. Following Brown and Low (1996b), it is easy to see that I,, = B'/”. Let the estimator
0" of 6 be

(5*()(): 0, if Blsx<l,
eBYT if0<x< B L

Then it is easy to verify that R,.(0, 0) = ¢” and R,(6, A) = (A — €l,,)". In view of Theorem 4,
this proves (26). O

Theorem 4 shows that estimators with ‘small’ risk at 6; must have ‘large’ bias at 6,
when /,, < co. In many common problems of interest, including Gaussian models, /,, < oo
for 1 = w < co. However, in the case of mean absolute error, in most problems of interest
I, = o0o. Then it is easy to construct estimators which have arbitrarily small risk for 6, and
zero bias at 6,. When I, = oo it is useful to focus on a subset where the likelihood ratio
s(x) is bounded under Py, and the measure of this subset is positive under Py,. The
following result then gives a lower bound on the mean absolute error at 6, for all
estimators with ‘small’ mean absolute error at 6.

Proposition 2. Suppose R((0, 0)) < ¢, and that there exists a measurable set Ay such that
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Po,(Ao) =p >0 and ||s(x) I(x € Ag)|leo =< ]go < oo, where the supremum norm is taken
with respect to Py,. Suppose Ay > ¢,1°, /p. Then

6110
Rl(é, 02) = PAl 1— =3 (27)
pA

Proof. The inequality in (27) follows from Jensen’s inequality and the triangle inequality

Ri(9, 62) = Ep, {[|0(X) — Oa]|0 I(X € Ao)} = p||6r — O1]lp0 — 1 12

6.1. Discussion

The Hammersley—Chapman—Robbins inequality gives a lower bound for the variance of
unbiased estimators. This is a classical inequality in mathematical statistics; see
Hammersley (1950), Chapman and Robbins (1951) and Lehmann (1983). The constrained
inequality given in Theorem 4 yields a generalization for other loss functions.

Proposition 3. Suppose O is an estimator of 0 which is unbiased at 0 = 0, and 0 = 6,. Then,
for r>1,

_ "> ‘92 — 0, |r
B0 = O = A G 700 (00 — Py
When r = 2, the left-hand side is varg, () and the right-hand side is maximized at ¢ = 1 and
inequality (28) becomes the Hammersley—Chapman—Robbins inequality.

The constrained inequalities given in Theorem 4 are useful for providing lower bounds in
nonparametric function estimation problems such as those given in Section 2. See also Cai
and Low (2006) for an application to estimating a nonlinear functional.

Besides the applications in nonparametric estimation problems, the constrained risk
inequality given in Theorem 4 is also useful for more standard parametric problems such as
estimating a bounded normal mean. In the next section we consider super efficiency in the
classical normal location—scale model.

(28)

7. Superefficiency in the normal location—scale model

Let X, X5, ..., X, be a random sample from N(u, v) with both the mean u and the
variance v unknown. Write o = (u, v). We wish to estimate 8 = T(w) = T(u, v), where T
is a continuously differentiable function. Then the minimax rate of convergence for

estimating 6 under ¢” loss is n'/?.

Theorem 5. Suppose A, — oo, and n/logA, — co. Let w1 = (1, v1) and 6y = T(w).
Suppose 0T (w1)/0u and OT(w,)/Ov are not both zero. If
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lim n"/?4,E,, |0 — 61" < oo

n—oo

and the parameter set Q contains an ellipsoid centred at w,
B(wy, by) ={o = (1, v) : | — i P + vy — v < b2}
with b* = r(log 4,)/n, then

r/2
Tim (" sup E,|0 — 6] > 0. (29)
log 4,

n—0oo weQ

Proof. Denote the sample mean by Y, = X and the sum of squares by Y, = > (X, — X)2
Then the statistics (Y}, ¥,) are sufficient and have joint density

nl/2
vi/2@1 /22020 ((n — 1)/2)

We first consider the case r > 1. Assume that OT(w;)/dv #0. Let u, =u; and
vy = (1 — ((log 4,)/wn)"/?)v;. Then w;y = (ua, v;) € Q. Standard calculations show that

w :uvz(y s y) v w-l v w
I (o, wy) = ij dy dy, = lw<7?) - (w— 1)(]/—?) ‘|

_ e(wfl)log An A:lv/r.

(1, ) = —n/@v)(yi—u) y(zn—1>/2—lew/<2v>.

—n/2

Therefore, for sufficiently large n,
L@, @) <24Y".
Using the Taylor expansion, one obtains
T(wz) = T(w1) + %(wl) (v2 —v1) + o(|[v2 —v1)).

So, when # is sufficiently large,

~1)2
n
= - =
A =T - T = (1)

where the constant ¢; = w™'/2v,|0T(w;)/dv| > 0.
By assumption, there exists a constant ¢; > 0 such that for sufficiently large =,

€= (B |0 — 0" < can™ 124717

It now follows from (24) that

-r/2 —1/2A—l/r2A1/r
R(6,02)>clr( n ) [_rczn n n |

log 4, cin12(log 4,)'/2

The second term inside the bracket tends to zero. Therefore,
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r/2
T n r r
lim <10gAn> Ey [0 —0|" > ¢ > 0.

n—oo

Now consider the case of » = 1. Again assume that 0T (w,)/0v # 0. Let

12
wy = (U2, v2) = (ﬂl, (1 - (lOgnA"> >V1>.

Then, exactly as before, when » is sufficiently large,

~12
n
Ay = |T(w;) — T(w1)| = c3 <10gAn>

for some constant ¢3 > 0. Note that

o) (m\ T nf1 1 , 11\ »
o) = (v_l) exp{_i(v_z_v_)(” - ]e"p[‘(v_z‘v?) ?}
< exp {—g(logvz —logvy) —% (:—;— 1>(y1 _ﬂ)z]

Now suppose (y1 — u1)* = vy, then
(1, yy) < e llogva—logvtv/m—1ln/2 < o=(og 4/4(] 4 (1)) — 0,
Let Ag = {(», »2): (1 —w1)* = v1}. Then
Puy(No) = Py — ] = v)%) = 20(= (v /v2)'/?) — 2®(~1) = 0.3174.
So, when = is sufficiently large,
sup[s(y1, »2) - I((71, »2) € Ag)l <1 and P,,(Ag) =0.3.
Now applying inequality (27) with p = 0.3 and 130 =1, we have

-1/2 . czn—l/ZA;]
pesn='/2(log 4,)'2 ]

RS, 6,) =
(0, 1) = pes (logAn
Again, the second term inside the brackets tends to zero. So (29) holds.

The case of 0T(w;)/0v =0 and OT(w;)/0u # 0 are similar for both » > 1 and r=1. It
is in fact slightly simpler. We omit the proof here. O

Remarks. (i) It suffices to assume that there exists a non-zero directional derivative of 7' at
w1 = (U1, V1)-

(i) The result (29) holds if, for r>1, (u;+((r—n 'logd,)"/? v|) and
(1, (1 —(w'n"log4,)"*)v)) are in Q, and for r=1, (u; + (n 'log4,)"/?, v;) and
(11, (1 = (n~'log 4,)*)v) are in Q.

(iii) The result can be naturally extended to the case where X; has a multivariate normal
distribution.
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8. Proof of Theorems 1, 2 and 3

Proof of Theorem 1. We will use the constrained risk inequality given in Theorem 4 to prove
Theorem 1.
Suppose that

1
,g_rgoAa,p,r(n)EL D) — fol0)] dt = K < oo,

By Fubini’s theorem,

1 1
EJ Falt) = fo(hI” di = J EL7A(0) — fo(o)] d.
0 0

So, for sufficiently large n, say n = 25,

1
L E|fa(5) — fo(0)|" di < 2KA,", (n). (30)

Let 0 <y < %[g(a, p, r)— l(a, p, r)] and write
Sn={x  Elfu(0) = fo(0)|” = 0~ “PIn 7T},
Then equation (30) yields that

1
2KA,), (n) = L E|fa(t) = fo(0)|" dt

= | B0 ol a

= p P m(S,).
Since /(a, p, r)+y — g(a, p, r) < —y, the Lebesgue measure of S,, m(S,), satisfies
m(S,) < 2Kn" P AL (n) < 07V
for all sufficiently large n, say n =2%. Let n; = 2% and let ko be the smallest integer

satisfying 2775 < (1 — 277")e. Let ks = max{ko, ki, k2} and set

S=J Su and Q=Qns°

It is easy to see that m(S) < Y 32, m(S,,) < Zf:kOZ‘V"O < ¢. Hence,
m(Qy) = m(Q) — m(S) = m(Q) —e.
Note that for all x € Qy,

E|f () — fo(0)|” < n"“PDOnY) forall k = ke 31)
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We now show, using the constrained risk inequality, that for any fixed x € €2, there exists
J1 € BY, (M) such that for k > kx,

log ny\ 7"
ny

Elf () — fi)]" = c(

for some constant C > 0 not depending on x. We give only the proof for » > 1. The case of
r =1 is similar.
Let g be a compactly supported function satisfying the following conditions:

2(0) >0, lgll5 > o0, g€ B (M—M).

Such a function can be easily constructed either directly or by using wavelets. Write
)
b=2(1-1/r)|gl," and let

B ny v/(142v) 4 ﬁ B ny 1/(1+2v)
Ve = by log ny, an "\ by log ny '

‘Vikﬁnk =

Then

s —1pv
—_— d =1.
bylog ny e VuPu

Let
[1() =y, gBn (1 — X)) + fo(x). (32)

It is straightforward to check that f; € B, (M).

Write Py and Py for the probability measure associated with the process (1) with f = fj
and f = f), respectively. Then a sufficient statistic for the family of measures {Pg, P]} is
given by T, = log(dP]/dP§) with

7 o N(=pa/2, ps),  under Py,
! N(pn/2, pn), under P},

where
2 1
pu =l = folf = 28, el =2(1 - ) yioen
Write 0, = fu(x), 8y = fo(x) and 0; = f1(x). Then (31) can be rewritten as

—la,p,r) —v
Eg, 05, — 60]" < n;, ny -

Since T, is sufficient for { P}, P{'} we may apply Theorem 4(i) along the subsequence {ny}.
Let w satisfy 1/ + 1/w = 1. Noting that (r — 1)(w — 1) = 1, we have

(B0, 6y) = e/ "=D/2 = 1=1/ytlog miw=1/2 _ 7/

It follows from Theorem 4(i), after some algebra, that for £ = ki,
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0)\ " ~ e -
Eq[0s, — 01" = (g()) (1= 2 (O )

nk

log n) """
= Gy ()0 o,

Hence, for k = ky,

; log n Ka, p,r)
sp  E|f(x) — S| = (by g(0)) P () .
SEB, (M) ng

O

Proof of Theorem 2. The global optimality of the estimator (15) can be shown using the
same proof as given in Delyon and Juditsky (1996). In fact the proof can be slightly simpler
in the white noise model. We will prove the near-optimality (17) under the pointwise risk.

We need the following risk bound which can be derived from the general ¢" oracle
inequality given in Cai (2003: Theorem 7).

Lemma 1. Let y ~ N(0, 62) and let 6 = 3;,(y) = sgn(y)(|y| — A0), be a soft threshold
estimator of @ with A = 1. Then, for any 1 < r < oo,

E|6 — 6" < min(|6]", 2"A"0 ") + C(r)i e ¥ a ", (33)
where C(r) > 0 is a constant depending on r only.

We now recall the Minkowski inequality. Let X; be random variables, i =1, ..., n.
Then, for 1 < r < oo,

n

DX

i=1

E

< (Z(Ew)l/’) . (34)
i=1

Applying the Minkowski inequality (34), we have

270 oo 2/ r
E|fux) = I = B[ Y Gt — Enpuc@ + > > (0 — 009 u(x)
k=1 Jj=Jo k=1
270 R 270 .
< | 1@sak@IELE sk — Esok D"+ [k IEO sk — Osoi DY

k=1 k=1

J-1 2 R o 2J "
+ > Y IEO — 04N+ > |‘91k1/’1’f(X)|]
j=Jo+1 k=1 j=J k=1

=(M+L+T5+ Ty

It is easy to see that both 7| and 7, are small:
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Ty = O(n~“0+29) and T, = O(n~%/(1+29), (35)

Write 4;(x) = {k : 9, x(x) # 0}. Then card(4,(x)) < L, where L is the support length of 1.
For all f € B} (M),

10,4 < Co—Jja+1/2=1/p) (36)
for all (j, k), where C is a constant. It is then easy to verify that 7,4 is also small:
Ty =0(n™"). 37

We now consider the term 73. With 0 = n~'/? and 1 = (rlog(2/~7))!/2, the oracle inequality
(33) and the bound on the coefficient (36) yield that for Jy < j < J,

E|9jk — 04" < Cmin(Q2 /" @H12=1p) (i — o) Pp="12) 4 C(j = Jo) 122702 =r)2,
(38)
Let J, be an integer satisfying

1/(1+42v) 1/(142v)
" <22 <2l .
log n log n

Applying (38) together with the elementary inequality (a + b)"/" < a'/" + b'/" for a, b = 0,
we have

J-1

< > Y 2P|yl — 0l

J=Jo+1 ke (x)

J-1 J—1
<C Z 272 min(@ /@121 (G- g Pa Py 4 C Z 2112(j = Jg) /22U I0/2 =172
J=Jo+1 J=Jo+1
J-1 J-1
<C Z 212 CZ 2/2p=@+1/221/p) 4 C(log )2 p=/(1+20)
Jj=Jo+1 j=J2
n —v/(14+2v)
< C( > 1+ o(1)). 39)
log n

Combining (35), (37), (39), we have

R n —rv/(142v)
Bl ~ 0l = (o) 1+ o(1)

O

Proof of Theorem 3. Suppose, for some p > I(a, p, r) and some f with || f
Tim #” - E|lf, — £} < oc.

n—oo

g < M 5 that
2

Then there exists a subsequence n; such that
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lim n{ - E| f,, — fII; < oo.
I—00

It then follows from the same proof as that of Theorem 1 with A4, , () replaced by »” and n

replaced by n; that there exists a subset Q) C Q C (0, 1) with the Lebesgue measure
m(€2p) > 0 such that for all x € Qy,

/o \Mern .
lim( ) sup  E|f,,(x) — f(x)|" > 0.

i \log n; FEBY (M)
This contradicts the assumption that

lim n/@»"  sup  E|f,(x) — f(x)]" < o0

ne SEBY, ()

for every fixed x € Q. O
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